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Preface

This book is devoted to new results of investigations of non-Archimedean functional
analysis, which is becoming more important nowadays due to the development of non-
Archimedean mathematical physics, particularly, guantum mechanics, quantum field the-
ory, theory of super-strings and supergravity [VV89, VVZ94, ADV88, Cas02, DDO0O,
Ish84, Khr90, Lud99t, Lud03b, Mil84, Jan98]. Recently non-Archimedean analysis was
found to be useful in dynamical systems, mathematical biology, mathematical psychol-
ogy, cryptology and information theory. On the other hand, quantum mechanics is based
on measure theory and probability theory. The results of this book published mainly in
papers [Lud02a, Lud03s2, Lud04a, Lud96c, Lud99a, Lud00a, Lud99t, Lud01f, LudOOf,
Lud99s, Lud04b] have served for investigations of non-Archimedean stochastic processes
[Lud0321, Lud0341, Lud0348, Lud01f, LKO2]. Stochastic approach in quantum field the-
ory is actively used and investigated especially in recent years (see, for example, and refer-
ences therein [AHKMT93, AHKT84]). As it is well-known in the theory of functions great
role is played by continuous functions and differentiable functions.

In the classical measure theory the analog of continuity is quasi-invariance relative to
shifts and actions of linear or non-linear operators in the Banach space. Moreover, dif-
ferentiability of measures is the stronger condition and there is very large theory about it
in the classical case. Apart from it the non-Archimedean case was less studied. Since
there are not differentiable functions from theadic fieldQ, into R or into anotheip’-adic
non-Archimedean fiel@y with p # p/, then instead of differentiability of measures their
pseudo-differentiability is considered.

Traditional or classical mathematical analysis and functional analysis work mainly over
the real and complex fields. But there are well-known many other infinite fields with
non-trivial multiplicative norms since the end of the 19-th century. If a multiplicative
norm in a fieldK or a norm in a vector spacé over K satisfies instead of the triangle
inequality stronger conditionjx+y| < max(|X,|y|) for eachx,y € K or in X respec-
tively, then it is called the non-Archimedean norm. Such fields and vector spaces with
non-Archimedean norms are frequently called for short non-Archimedean fields and non-
Archimedean normed spaces correspondingly. Therefore, mathematical analysis and func-
tional analysis over non-Archimedean fields develop already during rather long period of
time, but they remain substantially less elaborated in comparison with that of the classical
one.

The first chapter of this book is devoted to real-valued measures and in the second chap-
ter measures with values in non-Archimedean fields are described. Though the results of
these two chapters have served in investigations of quasi-invariant and pseudo-differentiable
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measures on topological totally disconnected groups which can be ndly-locmpact

such as Lie groups, diffeomorphism groups and geometric wrap or loop groups of Ba-
nach manifolds over non-Archimedean fields. They also were used for investigations of
representations of such groups in the series of papers [Lud99a, Lud00a, Lud99t, Lud9o8b,
LudO1s, Lud02b, Lud0348, Lud08] (for comparison, in the case of non-locally compact
groups oveR or C see, for example, also [VGG75, PS68, AHKMT93, AHKT84, Kos94,
Shim94, Lud99r, Lud01f]). But restricting by the scope of this book only few results illus-
trating applications of such measures are given in Chapters 3 and 4, which provide main
differences between the case of locally compact groups and non-locally compact groups.

Quasi-invariance and pseudo-differentiability of measures can also be used for studying
properties of transition conditional measures of stochastic processes, for solution of pseudo-
differential or anti-derivational stochastic equations.

In the case of locally compact groups there is possible to construct a nontrivial Haar
measure on a group and this serves to defiralgebra corresponding to this group. This
is the crucial point in investigations of their representations in linear spaces and finding
invariant closed linear subspaces [Nai68, FD88]. In particular, decomposition of unitary
representations in complex Hilbert spaces into a direct integral of topologically irreducible
representations can be accomplished with the help of this technique.

In the case of non-locally compact groups there does not exist any nontrivial Haar mea-
sure, but only a measure quasi-invariant relative to left (or right) shifts by elements of a
proper subgroup. Then it is possible to associate with the latter measure an algebra over
such group, but it is not the*-algebra, its structure is much more complicated, though for
it there is proved the analog of the Gelfand-Naimark theorem in Chapter 3 for real-valued
measures and its non-Archimedean counterpart for non-Archimedean valued measures in
Chapter 4.

Effective ways to use quasi-invariant and pseudo-differentiable measures are given in
the cited above articles of the author. Professor I.V. Volovich had been discussing with
me the matter and interested in results of my investigations of hon-Archimedean analogs
of Gaussian measures such as to satisfy as many Gaussian properties as possible as he has
planned to use such measures in non-Archimedean quantum field theory. The question
was not so simple. He has supposed that properties with mean values, moments, projec-
tions, distributions and convolutions of such measures can be considered analogously. This
matter we had been debating with Professor B. Diarra, who had doubted that all Gaussian
circumstances can be fulfilled. But thorough analysis has shown, that not all properties can
be satisfied, because in such case the linear space would have a structur® dihter
space (see 81.6 and §l1.6). Nevertheless, many of the properties there is possible to sat-
isfy in the non-Archimedean case also. Gaussian measures are convenient to work in the
classical case, but in the non-Archimedean case they do not play so great role.

Strictly speaking no any nontrivial Gaussian measure exists in the non-Archimedean
case, but measures having few properties analogous to that of Gaussian can be outlined.
Supplying them with definite properties depends on a subsequent task for which problems
they may be useful. For example, if each projectignof a measurqt on a finite di-
mensional subspacéover a fieldK is equivalent to the Haar measuxe onY, then this
is very well property. But in the classical case, as it is well-known, such property does
not imply that the measuneis Gaussian, since each measuyé¢dx) = f(x)Ay(dx) with
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f € LY(Y,A\v,R) is absolutely continuous relative to the Lebesgue measurenY and

this does not imply Gaussian properties of moments or its characteristic functional (see, for
example, [GV61, DF91, HT74, VTC85]). The class of measures having such properties of
projections is much wider than that of Gaussian and is described by the Kolmogorov and
Kakutani theorems.

This book is devoted to general theory of quasi-invariant and pseudo-differentiable
measures not restricting the theory by a particular class of measures. Earlier versions of
the results about quasi-invariant and pseudo-differentiable measures were communicated
to A.C.M. van Rooij and W.H. Schikhof (Nijmegen) in 1994-1995 and also to M. van der
Put (Groningen), who were interested in it. This text was thoroughly read by B. Diarra
(Clermont-Ferrand) who has recommended to write about real-valued measures and mea-
sures with values in non-Archimedean fields separately, because their theory differ sub-
stantially. Results of these investigations were also communicated at research seminars
and lectures of Mathematical Department of Blaise Pascal University in Clermont-Ferrand
and at Department of Mathematical Physics of Steklov Mathematical Institute in Moscow
and at Chair of Higher Algebra at Mathematical Department of Moscow State University
(M.V. Lomonosov), at the conference by non-Archimedean analysisagi\VJniversity
(Sweden).

The starting point for this work was specific non-Archimedean general measure theory
of A.P. Monna and T.A. Springer, A.C.M. van Rooij and W.H. Schikhof, etc. Also some
results of investigations of V.S. Vladimirov, I.V. Volovich, E.I. Zelenov and A.Yu. Khren-
nikov were used, who considered it for problems of non-Archimedean quantum mechanics.
More detailed discussions of sources and somewhat related works are given in comments
and introductions to each chapter.

This book is devoted to more specific measure theory of quasi-invariant and pseudo-
differentiable measures in Banach spaces including infinite-dimensional over fields. The
author has written this theory in details, though it also opens ways for further investigations
in this new area. The results of this book provide also wider classes of quasi-invariant
and pseudo-differentiable measures on non-locally compact groups and non-Archimedean
manifolds with the help of approaches described in papers on groups and manifolds cited
above.

In the first chapter quasi-invariant and pseudo-differentiable measures on a Banach
spaceX over a non-Archimedean locally compact infinite field with a non-trivial normal-
ization are defined and constructed and studied. Measures are considered with values in
R. Theorems and criteria are formulated and proved about quasi-invariance and pseudo-
differentiability of measures relative to linear and non-linear operator¥.oharacter-
istic functionals of measures are studied. Moreover, the non-Archimedean analogs of the
Bochner-Kolmogorov and Minlos-Sazonov theorems are proved. Convolutions of measures
and infinite products of measures also are considered. Convergence of quasi-invariant and
pseudo-differentiable measures in the corresponding spaces of measures is investigated.

In the second chapter measures are considered with values in non-Archimedean fields,
for example, the fieldQ, of p-adic numbers. Classes of quasi-invariant and pseudo-
differentiable measures on a Banach spaower a non-Archimedean locally compact infi-
nite field with a non-trivial normalization are described and studied. Their quasi-invariance
and pseudo-differentiability relative to linear operators and non-linear transformations on
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X is investigated. The corresponding theorems are demonstrated. The important instru-
ment for analysis of the measure is its characteristic functional. Therefore, characteristic
functionals of a measure are studied below. Other important cornerstones are the non-
Archimedean analogs of the Bochner-Kolmogorov and Minlos-Sazonov theorems, which
are investigated as well. Moreover, infinite products of measures are considered and the
analog of the Kakutani theorem is proved. Then spaces of measures are studied and a
convergence of nets of quasi-invariant and pseudo-differentiable measures is investigated.

In the third and the fourth chapters properties of quasi-invariant measures (real and
non-Archimedean valued respectively) relative to dense subgroups on topological groups
are considered. There predominantly non-locally compact groups are major objects such as

(i) a group of diffeomorphism®if f (t, M) of non-Archimedean manifol¥ in cases
of locally compact and non-locally compadt wheret is a class of smoothness,

(ii) a general Banach-Lie group over a classical or non-Archimedean field,

(iii) wrap or loop groups of real and non-Archimedean manifolds.

The main feature there consists in that algebras of quasi-invariant measures are in-
troduced and studied. Generally these algebras appear to be non-commutative and non-
associative over non-locally compact groups. Therefore, they do not indu¢& aagebra
and the Gelfand-Mazur theorem is not valid already for such algebras. Nevertheless, for
them analogs of the Gelfand-Mazur theorem are proved. One may mention that the non-
local compactness causes a twisted algebraic structure of measure spaces. This situation
can be compared with representation theory of groups in hon-Archimedean linear spaces.
Over infinite fields with non-trivial non-Archimedean multiplicative norms the aforemen-
tioned theorem is not accomplished due to existence of transcendental extensions of such
fields (see [Roo78] and references therein).

For reading of this book it is better to have some basic knowledge of the material con-
tained in works [Roo78, Sch84, DF91, Eng86, FD88], though below all necessary defi-
nitions and notations are given. The present book can be used for studying of this part
of functional analysis, for reference and for further investigations. Its results can be used
not only in Mathematics in functional analysis, theory of topological and Lie groups and
their representations, topological algebras, dynamical systems, probability theory, random
functions and stochastic processes and equations, integral transforms, but also in quan-
tum mechanics and quantum field theory, mathematical biology, mathematical psychology,
cryptology, information theory, etc.
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Chapter 1

Real-Valued Measures

1.1. Introduction

There are known works on integration in a Banach space over theRfiefdeal numbers

or the fieldC of complex numbers [Bou63-69, Chr74, Con84, DF91, Sko74, VTC85]. But
for a non-Archimedean Banach spa¥ewhich is over a field with a non-Archimedean
multiplicative norm, this theory is less developed. Integration theory is a very im-
portant part of the non-Archimedean analysis. The period is such that the advances of
qguantum mechanics and different branches of modern physics related, for example, with
theories of elementary particles lead to the necessity of developing integration theory in a
non-Archimedean Banach space [ADV88, DDOO, Ish84, Mil84, VVZ94, Jan98]. Certainly,

it may also be useful for the development of non-Archimedean functional analysis.

As it is well-known non-Archimedean analysis develops rapidly in recent years and
has many principal differences from the classical analysis [Khr90, Roo78, Sch84, Sch89,
Sch71, VVZ94]. Linear topological spaces over non-Archimedean fields are totally dis-
connected. Therefore, classes of smoothness for functions and compact operators are de-
fined for them quite differently from that of the classical case. In such spaces also the no-
tion of the orthogonality of vectors has obtained quite another meaning. We mention also
that in the non-Archimedean case the Radon-Nikodym theorem and the Lebesgue theorem
about convergence are not true in the classical form, but their analogs are true under more
rigorous and another conditions. Very strong differences are for measures with values in
non-Archimedean fields in comparison with that of with real- or complex-valued, because
classical notions of-additivity and quasi-invariance have lost their meaning.

Nonetheless, the development of the non-Archimedean functional analysis and its ap-
plications in non-Archimedean quantum mechanics [VVZ94, Khr90, Jan98] leads to the
necessity of solving such problems. Frequently advances of quantum mechanics on man-
ifolds and quantum field theory are related with diffeomorphism groups and wrap or loop
groups, their representations and measures on them [Ish84, Mil84, Lud99t, Lud00a]. In
publications [Lud96, Lud98s, Lud99t, Lud98b, Lud00a] quasi-invariant measures on dif-
feomorphism and wrap or loop groups and also on manifolds were constructed. Then such
measures were used for the investigation of unitary including irreducible representations
in complex Hilbert spaces of topological and Lie groups [Lud99t, Lud98b, Lud99a]. The
theorems demonstrated in this book enlarge classes of measures on such groups and man-
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ifolds. As the consequence this also enlarges classes of availablecrgptesis. For ex-
ample, theorems analogous to that of the Minlos-Sazonov type characterize measures with
the help of characteristic functionals and compact operators. Compact operators are more
useful in the non-Archimedean case, rather than nuclear operators in the classical case. Of
exceptional importance are theorems of the Bochner-Kolmogorov and Kakutani type char-
acterizing products of measures and their absolute continuity relative to others measures.

In this chapter measures are considered on Banach spaces, though the results given
below can be developed for more general topological vector spaces, for example, it is pos-
sible to follow the ideas of works [Mad91c, Mad91a, Mad85], in which were considered
non-Archimedean analogs of the Minlos-Sazonov theorems for real-valued measures on
topological vector spaces over non-Archimedean fields of zero characteristic. But it is im-
possible to make in one chapter or book. In this book, apart from articles of Madrecki,
measures are considered also with values in non-Archimedean fields (see Chapter 2). For
the cases of real-valued measures also Banach spaces over non-Archimede#h difelds
characteristichar(K) > 0 are considered. Recall that a real-valued measwo® a locally
compact Hausdorff totally disconnected Abelian topological gr@ug called the Haar
measure, if

(H) m(x+A) =m(A)for eachx € G and each Borel subsétin G. It is useful to start
from measures on the fieldl equivalent to the Haar measure up to a multiplier which is a
measurable function oK.

Many of definitions and theorems described below are the non-Archimedean analogs of
classical results. But frequently their formulations and proofs differ strongly. The reader,
need not be familiar with the part of classical functional analysis about measures in infinite-
dimensional spaces, because this book contains all necessary definitions and results.

Below in 82 sequences of weak distributions, characteristic functions of measures and
their properties are defined and investigated. The non-Archimedean analogs of the Minlos-
Sazonov and Bochner-Kolmogorov theorems are presented. For this quasi-measures also
are considered, because they are tightly related with measures. In 83 products of measures
are described together with their density functions. In the present chapter broad classes
of quasi-invariant measures are defined and constructed. Further theorems about quasi-
invariance of measures under definite linear and non-linear transformatiois— X are
demonstrated. 84 contains a notion of pseudo-differentiability of measures. This is very
important, because for functions: K — R there is not any notion of differentiability,
that is there is not such non-linear non-trivial functibn Then criteria for the pseudo-
differentiability are studied. In 85 theorems about converegence of measures there are given
with taking into account their quasi-invariance and pseudo-differentiability, that is, in the
corresponding spaces of measures. The main results are Theorems 2.27, 2.35, 3.4, 3.20,
3.24,3.25,4.2,4.3,4.5,4.7,5.7-5.10.

The first chapter tackles real-valued measures. Below in the second chapter measures
with values in non-Archimedean fields are considered as well. This is caused by differences
in definitions, formulations of statements and their proofs in two such principally distinct
cases. To avoid repeating when differences are small only briefly matters are discussed in
the second chapter and refereing the first.

Notations. Henceforth,K denotes a locally compact infinite field with a non-trivial
norm, then the Banach spaXas overK. In the present chapter measureshave values
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in the real fieldR. We assume that eithéf is a finite algebraic extension of the field of
p-adic number§), or char(K) = p. In the latter casK is isomorphic with the fieldr,(0)

of formal power series consisting of elemerts: 5\ a;6!, wherea; € Fp, (6] = p~%,
Fp is the finite field ofp elementsp is a prime numbefN = N(x) € N, N denotes the set
of natural number®l = {1,2,3,...}. If x# 0, ay # 0, then|x| = p~N, certainly|0| = 0.
Mention thatQ, is of zero characteristichar(Qp) = 0. Recall that each non-zemadic
numberx can be written in the formx = 357\ X; p!, wherex; € {0,1,...,p— 1} for each

j, while xy # 0 andN = N(x) € N. The norm of suckx is |x| := p~N, while |0| = 0. An
equivalent multiplicative norm i|¢ with a marked positive constaat> 0.

These imply that the locally compact fiekd has the Haar measures with valuedin
[Roo78]. IfX is a Hausdorff topological space with a small inductive dimengidX) =0
(see [Eng86]), theft denotes an algebra of subsetsXof As a rule we usé& D Bf(X)
for real-valued measures, whelBf (X) is a Borelo-field of X in 82.1, Af(X, ) is the
completion ofE by a measurgin 82.1.

Remind that a topological spa¢éis called zero-dimensional, X is a non-voidT;-
space having a base of topology consisting of clopen subsets, where alduibsit is
called clopen if it is closed and open simultaneously. Then each zero-dimensional space is
regular (Tychonoff) space.

For any subseA of a topological spack a boundary oA is defined a&r A:=cl(A)N
cl(X\ A) = [cl(A)]\ Int(A), wherecl(A) denotes the closure & in X andInt(A) is the
interior of Ain X. Suppose thaX is a regular space amds a non-negative integer,<On €
Z. Put

(MU1)ind(X) = —1ifand only if X = 0;

(MU2)ind(X) < nif for each pointx € X and every its neighborhoddan open subset
U C X exists suchthatc U C V andind(FrU) <n-—1;

(MU3) ind(X) = nif ind(X) < nand the inequalitynd(X) < n—1 is not satisfied;

(MU4) ind(X) = = if the inequalityind(X) < nis not accomplished for any.

The numbeind(X) is called the small inductive dimension of the topological space

1.2. Distributions and Families of Measures

2.1. For a Hausdorff topological spacé with a small inductive dimensiomd(X) =0
[Eng86] the Boreb-field we denote by f(X), whereBf stands as the abbreviation from
two words. Henceforth, measurgsire given on a measurable spd#eE), whereE is a
o-algebra of subsets K. The completion of relative top we denote byAf(X,p). The
total variation of a measunewith values inR on a subsef is denoted by|p/a|| or |W/(A)
for Ae Af(X,p). Recall that

H[(A) = SngZ IW(E)|

it is first defined ork and then is extended on the completion for eA&hAf(X, 1), where
Ttis an arbitrary finite partition of a sét
If pis non-negative and(X) = 1, thenitis called a probability measure.
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A measureuon E is called Radon, if for each> 0 there exists a compact sub€at X
such that||p/x\c)|| < €. Henceforth,M(X) denotes a space of norm-bounded measures
U] = M (X) < oo, M{(X) is its subspace of Radon norm-bounded measures.

Remind also the following facts.

. Definitions. A family of subsetd S, : n€ Y} in a setX is called shrinking, if for each
k,n € Ythere existsn € Y so thatS, C ScNS,, whereY'is some set.

An ultra-metric spacéX,d) is called spherically complete, if every shrinking sequence
{Bn:ne N} of balls inX has a non-void intersection. By a spherical completiof, T >
of a normedK-vector spaceE the pair< F, T > is so called consisting of a spherically
complete spackE and aK-linear isometryT : E — F such thafF has not a proper spherically
complete linear subspace containing in itS{E). The spherical completion is frequently
denoted simply also bl instead of< F, T >.

For a normed-linear spacee two vectorsx,y € E are called orthogonal, jfax+ by||=
max(||aX|,||by||) for all a,b € K. For a real number 6<t < 1 a finite or an infi-
nite sequence of elemernks € E is calledt-orthogonal, if|laixy + -+ - + amXm+ -+ || >
tmax(||axi,...,||[amXml,...) foreachay,...,am,--- € K with agxg +- - - +amXm+- - - € E.

We say, that a Banach spdeever a fieldK complete relative to its non-Archimedean
multiplicative norm has the countable typekEifs a closed-linear span of some countable
its subset.

If Zis aK-linear subspace of the normed sp#&ceverK, thenE is called the immediate
extension ofz, if 0 is an unique element i& orthogonal to the subspacé

Let w be a non-void set and there is given a functiarnw — (0,%). For a function
f:w— K put

| f]ls:=sup{|f(X)|s(X) : X € w}.

The set of all functiond : w — K, for which the norm|| f||s is finite, forms theK-vector
space denoted Wy’ (K, w;s), which is the Banach space relative to the ngenfls.

By co(K, w;s) we denote the closed subspacé“iiK, w;s), consisting from all func-
tions f, satisfying the additional condition: for eabh> 0 the sef{x € w: |f(X)|s(X) > b}
is finite. If a functions takes only one fixed value, for example, the unit, then we amit
from the notation of the Banach space.

Further we shall need two theorems.

Il. Theorem (5.13 [Ro078]).For each Banach space E over the figldccomplete rela-
tive to its non-Archimedean multiplicative norm the following conditions are equivalent:

(a). Each maximal orthogonal system of elements in E is a basis.

(B). Each close&-linear subspace in E has an orthogonal complement.

(y). Each close&-linear subspace in E of countable type has an orthogonal comple-
ment.

(8). E is not an immediate extension of of any its proper cldsémhear subspace in
E.

(¢). Each countable orthogonal system of elements in E can be extended up to an
orthogonal basis in E.

Ill. Theorem (5.16 [Ro078]. For an infinite-dimensional Banach space E over the
field K complete relative to its non-Archimedean multiplicative norm conditions €)
from Theorem Il are equivalent with any of the following conditi¢hs 1):

(). Each close&-linear subspace in E is spherically complete.
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(n). E has an orthogonal basis and is spherically complete.

(0). Each strictly decreasing sequence of values of a norm in E converges to zero.

(1). The normalization groupk := {|x| : x € K, x # 0} of the fieldK is discrete in
(0,0). For a numbente K so thatO < |1 < 1 and | is the generator of the normalization
group 'k of the fieldK there exists a sab and a function s w — (|1,1] so that E is
isometricallyK-linearly isomorphic with g(K, w;s), where the set of values of a function s
is well ordered.

If E is infinite-dimensional and of countable type o¥erthen conditions(a —1) are
equivalent to the spherical completeness of the Banach space E.

2.2.As usually denote bgo(a,K) the Banach spaa(a,K) = {x: x=(xj: j € a),
card(j : |xj|lk >b) < Og for eachb> 0}, wheren is a set considered as an ordinal due to the
Kuratowski-Zorn lemmagard(A) denotes the cardinality &, the norm ig|x|| := sup(|x;| :
j € a). A dimension ofX overK is by the definitiondimk X := card(a). Each Banach
spaceX overK in view of Theorems 5.13 and 5.16 [Roo78]Kslinearly topologically
isomorphic withcy(a, K), since the fieldK is spherically complete. For each closéd
linear subspacek in X there exists an operator of a projectiBn: X — L. Moreover, an
orthonormal in the non-Archimedean sense baslslias a completion to an orthonormal
basis inX such thaP_ can be defined in accordance with a chosen basis.

If Ac Bf(L), thenP 1(A) is called a cylindrical subset iX with a baseA, B- :=
P 1(Bf(L)), Bp:= U(B": L C X,L is a Banach subspace ,diXt < [p). The minimalo-
algebracBy generated by, coincides withB f(X), if dimk X < Oo. Henceforward, it is
assumed that < wyp, wherewy is the initial ordinal with the cardinalityJo := card(N).
This implies that there exists an increasing sequence of Banach subkpacesg; C -
such thatl(U[Ln : n]) = X, dimk L, = K, for eachn, wherecl(A) = A denotes the closure
of Ain X for A C X.

We fix a family of projectionsPl'_'nm :Lm— Lnso thatPl'_':“Pl'_'k” = Pl'_‘km forallm>n> k.
Projections of the measugeonto linear subspacdsdenoted by (A) := (P %(A)) for
eachA € Bf(L) compose the consistent family:

ML, (A) = L, (PLHA) ML) (1)

for eachm > n, since there are projectoPé‘r:“, whereky < Og and there may be chosen
Kn < Og for eachn.

An arbitrary family of measure§u , : n € N} having property(1) is called a sequence
of weak distributions (see also [DF91, Sko74] in the classical case).

By B(X,x,r) we denote the bally: y € X, ||[x—y|| <r}, which is clopen (closed and
open) inX.

2.3. Lemma.A sequence of weak distributiofig,, : n} is generated by some measure
pon Bf(X) if and only if for each ¢ 0 there exists b> 0 such that

[k, [(B(X,0,r) NLn) — [ue,[(Ln)| <c

for each r> b and every re N and

Suplp,|(Ln) < eo.
n
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Proof. We consider the non-trivial case, when, are non-zero. In the case of
i with values inR we can use the Jordan decompositipa- i — u~ of the measure
M, wherep" andp~ are non-negative measures so thatA) = supsa g M(B) and
K (A) := —infgca e M(B) and [y (A) = ut (A) +p (A) for A€ E, sinceX is the Radon
space in view of Theorem 1.2 81.1.3 [DF91].

Recall that the clasgx of all countably compact subsets ¥is compact, that is for
each sequenck, in xx with N;_; K, = 0 there exists a natural numbere N so that
N, Ky = 0. A topological spac« is called countably compact if from each countable
open covering oK it is possible to choose a finite sub-covering®fENg86]. A measure
K on X is called Radon if it is approximated from below by the clasg that is for each
A€ E and eveng > 0 there existX € xx such thafp|(A\K) <.

Therefore, reduce the proof to the variant, when the megsusenon-negative and
H(X) = 1, since for O< u(X) < oo substitutqu(A) on u(A)/U(X) in case of necessity.

If a sequence of weak distributiofig,, } is generated by the measyrghen for 0< € <
1 choose > 0 such thap(B(X,0,r)) > 1—¢, since lim_»H(B(X,0,r)) = 1. Therefore,
W (B(X,0,R)NL) = u(P_1(B(X,0,R)NL)) > u(B(X,0,R))> W(B(X,0,r)) > 1—¢ for each
R>r.

Vice versa let a sequence of weak distributions satisfying conditions of the lemma be
given. On the algebrBy define a finitely additive mapping(A) := _(A) for A< B-.

Consider a cylindrical sé&, with a baseB,, in L, so that",,A, = 0 andA,1 C A, for
eachn. For eacn choose a closed s€}, such thaC, C B, andpy, (Bn\ Cn) < 4. Then
takeDy, := Nm_1{X: P, X € Cn} NLp, henceD, is closed and

n

Bn\Dn Z Bm\Cm S

Em.
1

Ih%E

For sets), := P (Dn) we getdy1 C Jn and(,dn = NnAn andp(An) < p(dn) + Sm_1€m-
If iM e U(Jn) = O, then limy_. U(An) = 0, sinces i,_;€m can be taken arbitrary small.

Therefore, we can consider the variant when each Bass closed. Hence eaodh,
is weakly closed irX, since the fielK is sphericallty complete and the toplogically dual
spoace of all continuouk-linear functionals onX separates points iK. Then for each
0 <r < o the closed baB (X, x,r) is weakly closed and weakly compact, sitcés locally
compact. SinceB(X,0,R)NNr_1An = 0, thenN_1(B(X,0,R)NA,) = 0. Then there
exists a natural niumber so thatB(X,0,R)N A, = 0, since each such sB{(X,0,R)N A,
is weakly compact anél,+1 C A, for eachn. Thusp(An) = i, (An) < W, (Ln) — M, (a0
B(X,0,R)) < ¢ for r < R. Sinceg is arbitrary then lim_.. l(As) = 0, consequentlyl is
o-additive.

2.4. Definition and notations. A function @: X — R of the form@(x) = @s(Psx) is
called a cylindrical function ifps is a B f(S)-measurable function on a finite-dimensional
overK spaceSin X. For@s € L*(S i, R) for pwith values inR we can define an integral
by a sequence of weak distributiofiss, : n}:

J 900100 | s 00, (00
S

whereLP(S W, R) denotes the space of gltmeasurable real-valued functions 8rwith
finite norm || f{|p := [ /5| f (X)|P|1 (dX)]}/P, where 1< p < c.
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2.5. Lemma. A subset AC X = co(wp,K) is relatively compact if and only if A is
bounded and for eache 0 there exists a finite-dimensional owersubspace IC X so that
AcCL®:={yeX: d(yL):=inf{|x—y|:xe L} <c}. B

Proof. If Ais bounded and for eaah> O there existd“ with A C L®, then there is a
sequencdk(j): j € N} € Z such that lim_«k(j) =, AC {xe X: |xj| < p ) j=
1,2,...} =1 S but X is Lindebf, Sis sequentially compact, consequentlyjs compact
(see §3 10.31 [Eng86]). K is compact, then for eaah> 0 there exists a finite number
m such thatA c USL1 B(X,xj,c), wherex; € X. Therefore, A C L for L = spark (X :
j=1,....m):= (X_ZlebJXJ bj € K).

2.6. Remarks and definitions. When the characteristic of the field is zero,
char(K) = 0, thenK as theQ, linear space is isomorphic wit@y, wheren € N :=
{1,2,...}. The topologically dual space ov&, (that is, of continuous linear function-
als f : K — Qp) is isomorphic withQg [HR79]. Forx andz € Qg we denote byz,x) the
following sumy|_; xjzj, wherex= (xj : j =1,...,n),Xj € Qp. Each numbey € Qp has a
decompositiory = 5, a p', where mln(l. a # O) =:0rdp(y) > —oo (ord(0) := ) [NB85],

a € (0,1,...,p—1), we define a symbdly}, := 3 0ap for |y, > 1 and{y}, = 0 for
Ylp < 1.

For a locally compact fiel&k with a characteristichar(K) = p > 0 let ij(x) :=
for eachx =3 ; a;6) € K (see Notation). FoE € K* we denote(x) also by (&, x). AII
continuous characteps: K — C have the form

Xe(x) =& n(E) 1)

for eachn((&,x)) # 0, xz(x) := 1 for n((§,x)) = 0, wheree = 1* is a root of unity,
z=pdEX) K — R, n(x) == {x}p and& € Q* = Qf for char(K) = 0, n(x) :=
T 1(x)/pand§ € K* =K for char(K) = p> 0,x € K, (see 8§25 [HR79]). Each character
is locally constant, hence: K — T is also continuous, whefe denotes the discrete group
of all roots of 1 (by multiplication).

For a measurg there exists a characteristic functional (that is, called the Fourier-
Stieltjes transformatiorf) = 6, : C(X,K) — C:

)i= [ xelf 00, @

where eithee= (1,...,1) € Qp for char(K) = 0, ore=1 € K* for char(K) = p>0,x€ X,
f isin the spac@(x K) of continuous functions fronX into K, in particular forz= f in
the topologically dual (conjugate) spaké overK of all continuousK-linear functionals
onX,z: X —K, ze X*,08(z) =:[i(z). It has the following properties:

6(0) =1 forp(X) =1 (3a)
and6(f) is bounded o€(X, K);

sup|O(f)| = 1 for probability measures;; (3b)
f

0(z) is weakly continuous, that i$X*, o(X*, X))-continuous (4)
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o(X*,X) denotes a weak topology of, induced by the Banach spa¥eoverK. To each
x € X there corresponds a continuous linear functiotiaX* — K, x*(z):= z(x), moreover,
6(f) is uniformly continuous relative to the norm on

Co(X,K) :={f € C(X,K) - |[f][:= feuxplf(X)IK < o}

0(z) is positive definite orX* and onC(X,K) (5)

for pwith values in[0, ).
Property (4) follows from Lemma 2.3, boundedness and continuity. @nd the fact
that due to the Hahn-Banach theorem therg;is X with z(x) = 1 for z# 0 such that

Z|xeL) =0and
/Xe u(dx) = /Xe

wherelL = Kxz, also due to the Lebesgue theorem 2.4.9 [Fed69] for real measures. Indeed,
for eachc > 0 there exists a compact subSet X such thafp|(X \ S) < ¢, each bounded
subsetA C X* is uniformly equicontinuous o8 (see (9.5.4) and Exer. 9.202 [NB85]), that
is, {Xe(z(X)) : z€ A} is the uniformly equicontinuous family (by<c S). On the other hand,
Xe(f(x)) is uniformly equicontinuous on a boundad- Cy(X,K) by x € S.

Property (5) is accomplished, since

N
Z (fi—fj) Ol|0(,—/ Zcx,xe X))|?u(dx) > 0,

particularly, forf; = z; € X, wherea; is a complex conjugated numberdg.

We call a functiona® finite-dimensionally concentrated, if there exists X, dimk L <
Oo, such tha®|x,) = u(X). For eachc > 0 andd > 0 in view of Theorem 1.1.2 [DF91]
and Lemma 2.5 there exists a finite-dimensional d¢esubspacé. and compacs c L°
such thaf|X \ ||, < c. Let6"(z):= 6(P.2).

This definition is correct, since C X, X has the isometrical embedding inko as
the normed space associated with the fixed basiX,dafuch that functionalg € X sep-
arate points inX. If ze L, then|6(z)— 6-(z)| <cx bx g, whereb = |X||y, g is in-
dependent ot andb. Each characteristic function@lk(z) is uniformly continuous by
z € L relative to the nornj| = || on L, since|8(z) — 8-(y)| < | gL Xe(Z(X) — Xe(Y(X))]
L (dX)] 4] Ji s [Xe(z(¥) — Xe(Y(X))] H(dX)|, where the second term does not exce€d 2
for ||L\ S|l < ¢ for a suitable compact subsgt X andye(z(x)) is an uniformly equicon-
tinuous byx € S family relative toz € B(L,0,1).

Therefore,

8(z) = lim By(z) (6)

n—oo

for each finite-dimensional ové&r subspacé, wherefy(z)is uniformly equicontinuous and
finite-dimensionally concentrated & C X, z€ X, cl(U,Ln) = X, L, C Ln41 for everyn,
for eachc > 0 there aren andq > 0 such thai6(z)— 8;(z)| <cbqgfor ze L; andj > n,

g = const> 0 is independent fron, candb. Let{e; : j € N} be the standard orthonormal
in the non-Archimedean sense basiXire; = (0,...,0,1,0,...) with 1in j-th place. Using
countable additivity of, local constantness ¢f, considering alz = be; andb € K, we
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get thatB(z) on X is non-trivial, whilstu is a non-zero measure, since due to Lemma 2.3
W is characterized uniquely biyy }. Indeed, forp with values inR a measurgy onV,
dimkV < Oy, this follows from the properties of the Fourier transformatioon spaces of
generalized functions and also bf(V, b, C) (see 87 [VVZ94]), where

F(9)(2):= lim Xe(z(x))g(x)m(dX),
—® JB(V,0,r)

ze 'V, mis the Haar measure oh with values inR. Therefore, the mapping — 6, is
injective.

2.7. Proposition.Let X=KI, j e N,

(a). p andv be real probability measures on X, supposés symmetric. Then
Jx (x)v(dx) = [y V(x)u(dx) € R and for each0 < | < 1 is accomplished the following
inequality:

Hixex: 909 <1)< [ (1-R0v(e0/(1-D).

(b). For each real probability measure p on X there exists p® such that for each
R > r and t > 0 the following inequality is accomplished:

u(xeX: x| =R <c [ [1-pyE)v(dy)

wherev(dx) = C x exp(—|¥2)m(dX), m is the Haar measure on X with values|)
so that m(B(X0,1)) =1, v(X) = 1,2 > c= const> 1is independent from tt = c(r) is
non-increasing whilst r is increasing, € 0.

Proof. (a). Recall thatv is symmetric, ifv(B) = v(—B) for eachB € Bf(X).
Therefore, [y Xe(z(X))V(dX) = [x Xe(—2z(X))v(dx), that is equivalent tofy[Xe(z(X)) —
Xe(—=z(X)v(dx) =0 orv(z) e R. If 0 <l <1, thenp([x € X : V(x) <1]) = u([x:
1-9(x) > 1-1]) < fx(1—9()MAX)/(1—1) = fy(1—x)v(dx)/(1 1) due to the
Fubini theorem.

(b). Letv(dx) = y(x)m(dX, wherey(x) = C x exp(—|x|?), C > 0, v(X) = 1. Then
F(y)(z) =:y(z) > 0, andy(0) = 1 andy is the continuous positive definite function with
Y(z) — 0 whilst|z| — oo. In view of (a) we deduce that

(x: X] > tR) < [ [1-pO@)v(dy)/ (1)

wherel§| =1/t,t > 0,1 =1(R). Estimating integrals, we géb).

2.8. Lemma. Let in the notation of PropositioR.7 vg(dx) = ys(X)m(dX), ys(X) =
C(&) exp(—[x€[?), ve(X) = 1, & # 0, then a measure; is weakly converging to the Dirac
measured with the support irD € X for |§| — co.

Proof. We have:

CE) t=Cq(&) 1= 5 [P —p" Y exp(—p?[E[) < o

lez

where the sum by < 0 does not exceed 3= jn, j = dimk X, n= dimg K. HereK is
considered as the Banach sp&gwith the following norm| x|, equivalent t x|k, for
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X = (Xg,...,Xj) € X with x; € K as usually|x|p = max<i<j[X|p, fory= (y1,...,yn) € K
with yi € Qp: |Y|p := Max <i<n|¥i|q,. Further we infer that

—s-1

1
I+s 1 pts | — i
P ygoexp<2m 2 xp" ) = /p .. Exp(2Tig)dp+B(s),

wheres+1 < 0, lims_, —«(B(s)p~5") = 0, thereforesup[f(z)R|zlx : z€ X, |z| > p®] < 2.
Then taking G# & € K and carrying out the substitution of variable for continuous and
bounded functiong : X — R we get

lim [ f(x)vg(dx) = f(0).
|&|]—o0 /X
This means that; is weakly converging t@ for |§| — co.

2.9. Theorem.Let g and @ be two measures iM(X) such that{y (f) = fi(f) for
each fe I, where X= co(a,K), a < wy, I' is a vector subspace in a space of continuous
functions f: X — K separating points in X. Then | Lb.

Proof. Remind that a measure defined on the Barallgebra of a topological space
is called a Borel measure. The Borel measurie the topological spacX is calledt-
smooth, if for each increasing nflt; : j € J} of open subsets; in X with a directed set
J the equalityu(U;c;Uj) = limjeyu(V;) is satisfied. In the seta relation< directsJ if it
satisfies conditionéD1 — D3):

(D1)if x<yandy < zinJ, thenx < z;

(D2) x < x for eachx € J;

(D3) for all x,y € J there exists an element J so thatx < zandy < z.

In the family a7 (X) of all Borel probability measures in the topological Tychonoff
(completely regular) spacé the weak topology is defined by the base of neighborhoods of
ameasur@ e M (X) ofthe formU (i; fy,..., fixe) :={vea (X): | [fx fidv— [y fidy <
g,i=1,...,k}, whereke N, € >0, fy,..., fx are functions from the spa€®(X,C) of all
bounded continuous complex-valued functionson

Proposition 4.5 §1.4[VTCB85] states that the 86t(X) of all T-smooth probability mea-
sures in a topological groug with the convolution operation of measures and the weak
topology ina;(X) is the topological semigroup with the neutral elemést This semi-
groupa+(X) is Abelian, if the groupX is Abelian.

Let at firsta < wy, then due to continuity of the convolutigpx ; by &, and Proposition
4.5 81.4[VTC85] and Lemma 2.8 we get = i, since the family™ generate8 f(X). Now
leta =wp, A= {xe X: (f1(x),...,fn(X)) € S}, vj be an image of a measurg for a
mappingx — (f1(x),..., fa(x)), whereSe Bf(K"), fj € X — X*. ThenV1(y) =fu(y1f1+
o+ Ynfn) = fo(yafi + -+ ynfn) = V2(y) for eachy = (yi,...,y¥n) € K", consequently,
V1 =Vo OnE.

Let X be a set andl be a subset in the familgX of all real-valued mappings from.
drical set relative to the paiX,I"). The Borel seB is called the base of the cylinder and
f1,..., fx are called its generator elements. The set of all cylinders is denoteby ).

Remind that a finite Borel measugeon a Hausdorff topological space¢ is called
Radon, ifu(B) = sup{UK) : K C B,K is compac} for eachB € Bf(X). If the latter
condition is satisfied for the sBt= X, then the measungis called tight.
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The Prohorof’s theorem 3.4 81.3 [VTCB85] states that i a completely regular Haus-
dorff topological spacd, is some family of real-valued continuous functions frensep-
arating points inX, if also a finitely additive functiom: ¢ (X,I") — [0,1] with p(X) =1
is regular and tight, then there exists a unique extensign ugf to a Radon probability
measure oIX.

Further we can use the Prohorov theorem 3.4 §1.3 [VTC85], since compositions of
f € ' with continuous functiong : K — R generate a family of real-valued functions
separating points of. This finishes the proof.

2.10. Proposition. Let y and p be measures (X ) and M(X) respectively, where
X = co(0,K), o < o, X =[11X, n€ N. Then the conditiofi(z, ...,z,) = [, (z)
for each(z,...,z,) € X — X* is equivalent to = [/, -

Proof.  Let = Myp, then {z,....z0) = fyXe(Za(x)) P or(dx) =
Mit1 Jx Xe(z (%))l (dx ). The reverse statement follows from Theorem 2.9.

2.11. Proposition.Let X be a Banach space ovér suppose |, pand b are proba-
bility measures on X. Then the following conditions are equivalent:

M is the convolution of two measures p= i * [, and

f(z) =u(z)pe(z) for each zc X.

Proof. Let u= W * . This means by the definition thatis the image of the measure
M1 ® Mo for the mappingxg,x2) — X1+ X2, Xj € X, consequently,

2 = [, Xe(2(6+32) (19 o) (0001 32)

2
=1 [ xelz00)m(x) = fu(@)fe().

On the other hand, ifuf = 1, theni= (W * )" and due to Theorem 2.9 above for real
measures we haye= iy * .

2.12. Corollary. Letv be a probability measure on the Boretalgebra Bf(X) and
U« v = W for each |, ther = &.

Proof. If zp € X — X* and{i(z) # 0, then from{(z)V(zp) = [i(2o) it follows that
Vo(z0) = 1. From the property 2.6(6) we get that there exists N with {i(z) # 0 for each
zwith ||z|| = p~™, sincef{0) = 1. ThenV(z+2) = 1, that is,V|(g(x z,p-m) = 1. Sincep
are arbitrary we gel|x = 1, so we infer that = § due to §2.6 and §2.9.

2.13. Corollary. Let X and Y be Banach spaces oter

(a) let p andv be probability measures on X and Y respectively, suppasé F Y is
a continuous linear operator. A measwrés an image of p for T if and only f = 1o T*,
where T' : Y* — X* is an adjoint operator. (b). A characteristic functional of a real
measure W on B(X) is real if and only if p is symmetric.

Proof. It follows immediately from §2.6 and §2.9.

2.14. Definition. We say that a real probability measyren B f(X) for a Banach space
X overK and 0< g < « has a wealg-th order ifyq () = [x [2(X)|9u(dX) < o for each
ze X*. The weakest vector topology X relative to which all(q . : 1) are continuous is
denoted byrq := 14(X*, X).

2.15. Theorem.A characteristic functiongli of a real probability Radon measure L on
Bf(X) is continuous in the topology, for each g> 0.
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Proof. For eachc > 0 there exists a compact subSet= S X such thay(S) > 1—c/4
and

1R < | (L XelzODMA] +] [ (1= XeZR)MEN)] < [1-Re(2) +¢/2,

wherep:(A) = (MANS)/U(S) andA € Bf(X). Define the measung := p(BN&)/WS)

for eachB € Bf(X). Then the measung has the compact support, consequently, it has any
strong orderp, 0< p < o, that is by the definitiorfy ||x||Pdpc(X) < 0. Sincetp, (X*,X) C

Tp, (X*,X) for each 0< py < p2 < o, then we can consider @ p < 1 without loss of
generality. In view of the inequalitjl. — exp(it )| < 2|t|P for eacht € R we deduce thgtL —
fo(X*)| < 2Wp . (X*) for everyx* € X*, wherei = (—1)1/2. Thus|1— i(x*)| < 2Wp 1, (X°) +

c/2 for eachx* € X*. Therefore, ify)p ,(X*) < c/4, then/1—fi(x*)| < c, consequently, the
characteristic functiongl is continuous at zero in the topology(X*, X).

2.16. Proposition.For a completely regular space X with zero small inductive dimen-
sion indX) = 0 the following statements are accomplished:

(a). if (kg) is a bounded net of measureslfi(X) that weakly converges to a mea-
sure p inM(X), then(fig(f)) converges tqi(f) for each continuous fX — K; if X is
separable and metrizable the¢flg) converges t@ uniformly on subsets that are uniformly
equicontinuous in CX, K);

(b). if M is a bounded dense family in a ball of the spateX) for measures iM(X),
then a family(fi: p € M) is equicontinuous on a locallit-convex space X,K) in a
topology of uniform convergence on compact subsets<S

Proof. (a). Functionsye(f(x)) are continuous and bounded oh whereff) =
Jx Xe(F(x))p(dx).

The Ranga Rao’s proposition 1.3.9[VTC85] states that if a{pg} of Borel prob-
ability measures in a separable metric spXceveakly converges to a Borel probability
measurgu in X and if T C Cy(X,C) is a bounded pointwise equicontinuous subset, then
lim; suprr | [x fdpy — fx fdp =0.

Then Statemen(a) follows from the definition of the weak convergence and Proposi-
tion 1.3.9[VTC85], since the linear spaparc{xe(f(x)) : f € C(X,K)} over the complex
field is dense ifC(X,C).

(b). For eacle > 0 there exists a compact subSet= Sc X such thatp|(S) > |u(X)| —

c/4. The seV, := {f € C(X,K) : |f(x)| < c/?2Vx € &} is a neighborhood of zero in the
topologyt. in C(X,K) of the uniform convergence on compact subse®$.iWithout loss
of generality we can considgfX) = 1 renormalizinguin case of necessity. Therefore, for
pe Mandf € C(X,K) with |f(x)|k < c< 1forxe Swe get

MO0 —Re(F)| = 2| [ [06/%(100) ~XE2(~ 1)/ (20) (x|
< 2] [ [(x&2(10) ~x& A~ 1(9) /(2 (x|

*2/X\s[(Xé/2<f<X>> — X&) /(20)Pu(dn)] < c.

We have thaX is theT;-space and for each poixtand each closed subsgin X with x ¢ S
there is a continuous functidn: X — B(K, 0,1) such thah(x) = 0 andh(S) = {1}. Thus
the family {Rgl: pe€ M(X)} is equicontinuous at zero (X, R) in the topologyrt..
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2.17. Theorem.Let X be a Banach space ov€r y: ' — C be a continuous positive
definite function,(lg) be a bounded weakly relatively compact net in the sgdeex)
of Radon norm-bounded measures and there el (f) = y(f) for each fe I and
uniformly on compact subsets of the complefipwherel” C C(X,K) is a vector subspace
separating points in X. Thefug) weakly converges to @ M (X) with fijr =y.

Proof. We show thatg has a unique limit point in the spaeoé; (X) of Radon prob-
ability measures inrX. Suppose the contrary that there exist two distinct limit points
M1, 2 € M¢(X). Then there would exist two nets , and Wz o weakly converging tqu
Thatis, limp iy p = limg iz o= limp ig(f) = y(f), f €. On the other hand, from the weak
convergence it follows that ligfiy o( f) = fu(f) and limpfiz o f) = flo(f) for eachf e T.
From the letter equalities we deduce that= {3 = y. But in view of Theorem 2.9 we get
M = k. Thus{pg} has a unique limit point € 2/¢(X). From the relative compactness of
{ug} it follows thatpg weakly converges tpandyi(f) = y(f) for everyf cT.

2.18. Theorem.(a). A bounded family M of measuresM(K") is weakly relatively
compact if and only if a familyfl: p € M) is equicontinuous oK".

(b). If (uj : j € N) is a bounded sequence of measured/itK"), y: K" — Cis a
continuous and positive definite functiqiy(y) — y(y) for each ye K", then(p;) weakly
converges to a measure | wiih=y.

(c). A bounded sequence of measuygs in M¢(K") weakly convereges to a measure
pin M¢(K") if and only if for each y= K" there existdim .., {1j(y) = f(y).

(d). If a bounded nefyg : B € J} in Mi(K") converges uniformly on each bounded
subset irk", then(pg) converges weakly to a measure [Mig(K"), where ne N.

Proof. (a). The relative compactness of the famillyimplies due to the Prohorov’s
theorem 1.3.6[VTC85] and Proposition 2.16 above that the faffiilyu € M} is equicon-
tinuous. Vise versa if the familyfi: p € M} is equicontinuous then due to Proposition 2.7
the familyM is dense, consequently, it is weakly relatively compact.

(b). We have the following inequality: ligsup .y, ([x € K" : x| > tR]) < 2 fin (1 -
Re(n(&y))y(dy) with |§| = 1/t due to §2.7 and §2.8. In view of Theorem 2.(if) con-
verges weakly tquwith l=.

(c). If u weakly converges tq, theni(y) converges tqu(y) for each vectory €
K". The converse statement follows frofin) and the bijective correspondence between
measures and characteristic functionals.

(d). From the condition it follows that the functign= limfig is positive definite. The
uniform convergence qgfiz"to x in some neighborhood of zero implies the continuity of
y in this neighborhood. Due to the positive definitenesy tfis in its turn implies that
y is continuous everywhere. The spd€® is the countable union of bounded subsets, for
example, of balls. Therefore, there exists a subsequgice& € N} such that limig, (y) =
y(y) for eachy € K. In view of (b) we have thati, weakly converges tg, wherepis a
measure withu=.

Suppose now thatg does not converge torelative to the weak topology. Consider a
metric p the convergence relative to which is equivalent to the weak convergence of mea-
sures. This is possible, since the sp&€X,C) is separable. In view of the Nagata-
Smirnov’s metrization theorem 4.4.7 [Eng86] a topological space is metrizable if and only
if it is regular and has @-locally finite base. Recall that a family of subsets is called
o-locally finite if it can be presented as a countable union of locally finite families.
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Thenp(ug, 1) does not converge to zero, hence there exists0 so that the selp :=
{B€J: p(ps, ) > c}is co-final withJ. The net{{is : B € Jo} converges ty uniformly on
each bounded subset. In accordance with the fact proved above there exists the sequence
{Bk : k} C Jo so thatyg, weakly converges tp. But this is impossible, singg(ug, , 1) > €.
Thus limgc; p(Hg, 1) = 0 and inevitablyug weakly converges ta.

2.19. Corollary. If (fig) — 1 uniformly on some neighborhood®in K" for a bounded
net of measuresglin M (K"), then(ug) converges weakly .

Proof. Sincellg is positive definite for eacf, then|1—ig(2y)|= [1—{ig(y) +Ps(y) —
fg(2y)| < |1—e(y)|+ [2(1— Relg(y))[*/2 From this it follows that the convergence of
the nety to 1 is uniform on each bounded subseKih. Applying Statementd) of the
preceding theorem we deduce the demonstration of this corollary.

2.20. Definition. A family of probability measureM C M(X) for a Banach spack
overK is called planely concentrated if for eaclr O there exists &-linear subspac&cC X
with dimk S=n < Og such that inf(S°) : pe M) > 1—c, whereS":= {xe X : infyes|ly—

X|| < c}. The Banach spadd; (X) is supplied with the following nornjp| := |p/(X).

2.21. Lemma. Let S and X be the same as§8.20; z,...,z, € X* be a separating
family of points in S. Then asetE S'N(xe X :|zj(x)| <rj; j=1,...,m)is bounded for
eachc>0andr,...,rm € (0,0).

Proof. A spaceSis isomorphic withK", consequentlyp(x) = max(|z| : j=1,...,m)
is the norm inS equivalent to the initial norm. Suppose thatHrthere exists a sequence
{x} so that lim||x|| = . Then for some K j < n we would have lim|z;(x)| = o
contradictingx, € E for eachk € N. ThusE is contained in the baB(X,0,R) for some
O0<R< oo,

2.22. Theorem.Let X be a Banach space ouw€with a familyl”  X* separating points
in a family of probability measures & M;(X). Then M is weakly relatively compact if and
only if a family{p, : p€ M} is weakly relatively compact for eached” and M is planely
concentrated, where,jis an image measure df of a measure u induced by z.

Proof. Remind the following. Suppose thAtis a metric space with a metrfzin it.
On the spacer (X) introduce the Prohorov’s metra(, v) := inf{b > 0 : y(A) < v(A?) +
bVAcBf(X)}, whereA?:= {x € X : p(x,A) < b},b> 0. The Prohorov’s criteria states that
if a net{y; : j € J} of probability measures in the metric spaXeonverges in the metric
d to a probability measurg, thenp; weakly converges tp. If pe a4(X), then from the
weak convergence qfj to p it follows that lim; d(p;, ) = 0. Thus the weak topology in
M(X) is metrizable.

The necessity follows from Lemmas 2.5, 2.21 and the Prohorov’s criteria.

Prove the sufficiency. For eaach> 0 andn € N find a finite-dimensional subspace
Shc C X so that for eaclu € M we havep(Ync) > 1—c2 "1, whereY, ¢ = cl(%{”*l) is
the closure of the2"~1 open neighborhood of the s8t.. Consider now a finite set of
functionalss, ..., X €I separating points i, c. Choose real numbers, ..., ry, € (0,00)
satisfying the condition:

infuem e (B(K, 0,rj)) > 1— c2"1/k, for eachj = 1,... kn, wherepi: (A) == p({x €
X1 Xj(x) € A}) for each Borel subseétin the fieldK..

In accordance with Lemma 2.21 the seti= y_1(Yac N {X: [Xj(X)| < rj V] =

1,...,kn}) is bounded. The sé& is closed anK C %7{”71 for eachc > 0 andn € N.



Real-Valued Measures 15

In view of Lemma 2.5 the sé€ is compact. Moreover,

e Kn
H(X\K) < Zl(H(X\Yn,c) + Zlux;*(K \B([K,0,rj)) <c.
n= i=

Applying the Prohorov’s criteria we deduce that the fanhilys weakly relatively compact.

2.23. Theorem.For X andl" the same as in Theorem 2.22 a sequefige j € N} C
M (X) is weakly convergent to@ M (X) if and only if two conditions are satisfied

(a) for each zc I there existdimj_. [1;(z) =f(z) and

(b) a family {y; } is planely concentrated.

Proof. The necessity of these two conditions follows from Theorem 22. Now prove the
sufficiency. In view of Theorem 2.18 and Conditi¢am) we have thaf)x weakly con-
verges inK for eachx* € I'. Due to Theorem 22 the sequeng : k} is weakly relatively
compact. Applying Theorem 17 we deduce the statement of this theorem.

2.24. Proposition. Let X be a completely regular space with the zero small inductive
dimension indX) = 0, ' ¢ C(X,K) be a vector subspace separating points in(}, :
neN) C M(X), pe M(X), limp_en(f) = () for each fe I'. Then(p,) is weakly
convergent to U relative to the weakest topolog)(, ") in X relative to which all fe I" are
continuous.

Proof. Recall the A.D. Alexandroff's theorem. L€{y; : j € J} be a net of measures
in a (X), pe am:(X). If X is a metric space, then thhesmoothness qgfi is not necessary.
Then the following conditions are equivalent:

(a) 4; weakly converges tq;

(b) lim;;(F) < W(F) for each closed subsktin X;

(c)lim;p;(U) > u(U) for each opetJ in X;

(d) limj p;(B) = u(B) for eachB € Bf(X) so thatu(Fr(B)) =0.

In view of A.D. Alexandroff's theorem it is sufficient to show that lim(U) > w(U) for
eacho(X,I") openU in X. At first show this relation for each op&he ¢ (X,I"). Consider
an arbitrary cylindetdp := {x € X : (f1(X),..., fa(X)) € Vn}, wherefy,...,fn e, Viis
open inK". Under the mapping — (f1(x),..., fa(X)) we get the images, v, in K" of
measuresl, P, wheren € N. For anyy = (y1,...,Y¥n) € K" we have

limVn(y) =lim{ S fk] =f S f | =V(y).
im On(y) 'W“(k;yk k) u(k;yk k) v(y)

In view of Theorem 18, weakly converges te, consequently&qvj( h) > Vv(Vh) and
inevitably lim;p; (Uo) > p(Uo).

Let nowU be an arbitrary open subset adglC U. Then limyp;(U) > lim;;(Uo) >
H(Uo).

By the definition of the topology (X, ") eacha(X,I")-open subsdtl in X is a union
of some family of open cylindrical subsets. Denotedpythe family of all open cylinders
Up € U. The family u is ordered by inclusion and the measyrés t-smooth, hence
M(U) = supy,e4 K(Uo), consequently, linu;(U) > pU).

2.25. Let (X,U) = [»(X,Uy) be a product of measurable completely regular Radon
spaceg Xy, Uy) = (X, Uy, Ky), whereK, are compact classes approximating from below
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each measurg, on (X,,U,), that is, for eaclt > 0 and elementé of an algebradJ, there
isSe Ky, SC Awith ||A\ §|, <c.

2.26. Definition. Let X be a Banach space ou€rthen a mapping : X — C is called
pseudo-continuous, if its restrictioi, is uniformly continuous for each subspdce: X
with the finite dimensionlimk L < Og over the fieldK.

Letl be a family of mapping$ : Y — K of a setY into a fieldK. We denote b)fZ(Y, r)
the minimalo-algebra (that is called cylindrical) generated by an algé€lf¥al) of subsets
of the formCy,__1,.e := {x € X : (f1(X),..., fn(X)) € S}, whereSe Bf(K"), f; e . We
supplyY with a topologyt(Y) which is generated by a bager, t.e: fj €I, Eis openin
K™).

2.27. Theorem. Non-Archimedean analog of the Bochner-Kolmogorov theorem.
Let X be a Banach space ovir X2 be its algebraically duaK-linear space(that is,
of all linear mappings f. X — K not necessarily continuous). A mappifig X — C
is a characteristic functional of a probability measure p with valueRiand is defined
on C(X2,X) if and only if 8 satisfies conditiong.6(3,5) for (X2 1(X?)) and is pseudo-
continuous on X.

Proof. (). Fordimg X = card(a) < Og a spaceX? is isomorphic withK®, hence the
statement of theorem for a measyréollows from Theorems 2.9 and 2.18 above, since
6(0) =1 and|6(z)| <1 for eachz.

(I). We consider now the case gfwith values inR anda < wp. In 82.6 (see
also 82.16-18,24) it was proved th@t= {1 has the desired properties for real proba-
bility measuregt. On the other hand, there & which satisfies the conditions of the
theorem. Let6(y) = B(y)he(y), wherehs(y) = F[C(&)exp(—||x€[?)](y) (that is, the
Fourier transform byx), ve(K?) = 1, ve(dx) = C(§)exp(—||x€||>)m(dX) (see Lemma
2.8), & #0. Then6(y) is positive definite and is uniformly continuous as a product
of two such functions. Moreovef(y) € L}(K® m,C). For& # 0 a function fg(x) =
Jka 6 (Y)Xe(X(y))m(dy)is bounded and continuous, the function exp(&|By =: s(x) is
positive definite. Since; is symmetric and weakly converges &g, hence there exists
r > 0 such that for eachg| > r we haveys(y) = fxa C(&) exp(—|| XE[|3)Xe(y(X)m(dX)
= [ IXe((y(¥) + Xe(=y(x))]2"*exp(~|X|[5)C( &)m(dx /2 > 1~ 1/Rfor |y| <R, conse-
quently,yz (y) = Z%(y) for ly] <R, wherel; is positive definite uniformly continuous and
has a uniformly continuous extension K. Therefore, for eack > 0 there exists > 0
such thati|ve — kg x K¢ || < ¢ for each|g| > r, wherekg (dx) = {g(x)m(dX is ac-additive
non-negative measure.

Recall the following proposition about positive definite functions (see also 1V.1.3
[VTC85]). Let (Q,8) be a measurable space,be ao-finite measure o and let
f:QxQ — C be a measurable and x v-integrable positive definite function, then
Jaxg fd(vxv)>0.

From this proposition we also use the following corollary. [@t3) be a measurable
group, let alsw be a symmetric probability measure srand letg: Q — C be a measurable
positive definite function, theif, gd(vv) > 0.

Hence due to this corollary there exists> 0 such that/q 65 (y)Xe(—X(y))vj(dy)
> 0 for each|j| > r, consequentlyfs (x) = lim j| e [xa B¢ (Y) Xe(—X(y))vj(dy) > 0. From
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the equalityF [F (vs) (—y)](X) = yz(X) and the Fubini theorem it follows that

/sze m(dy = /92 U+y)vj(du).

Fory =0 we get

Jm [ t0om(as = [ foom(@n = lim im [ f(on;0mi(ax

and IE\“m IJI||m | < B (u)vj(du)| <1.
From Lemma 2.8 it follows thaf (y) = 6(y), since by Theorem 2.18 = lim g o, B¢

is a characteristic function of a probability measure Bifi(K®), where f(x) =
Jka B(Y)Xe(—x(y))m(dy).

(111). Now leta = wyp. It remains to show that the conditions imposedboare suffi-
cient, because their necessity follows from the modification of 2.6 (s{rtas an algebraic
embedding intoX?). The spaceX? is isomorphic withK”™ which is the space of ak-
valued functions defined on the Hamel ba&isn X. The Hamel basis exists due to the
Kuratowski-Zorn lemma (that is, each finite system of vectorA is linearly independent
overK, each vector irX is a finite linear combination ovét of elements from\). LetJ be
a family of all non-void subsets i\. For eachA € J there exists a function@l : KA — C
such thaBa(t) = 8(Tyeat(y)y) for t € KA. From the conditions imposed dhit follows
that 4(0) = 1, 64 is uniformly continuous and bounded o, moreover, it is positive
definite (or due to 2.6(6) for eaah> 0 there aren andqg > 0 such that for each > nand
z € KA the following inequality is satisfied:

(i) 16a(2) - 8(2)| <cbq,

moreoverL; O KA, gis independent orj, c andb. From (1,11) it follows that onB f(K#)
there exists a probability measuug such thatya = 5. The family of measure$pa :
A € J} is consistent and bounded, singe= pg o (P2)~1, if AC E, whereP2 : KE — KA
are the natural projectors. Indeed, in the case of measures with valResaohyy, is the
probability measure.

Remind the Kolmogorov's theorem (see also Theorem 1.1.4 [DF91]). Suppose that
(X, 1) =jen(Xj, u;) be the product of measurable Radon spa¥esu ) = (Xj, Uj, ),
then each bounded quasi-measuréXnu ) is a measure.

In view of the Kolmogorov’s theorem on a cylindrioadalgebra of the spadé” there
exists the unique measuuesuch thatia = po (PA) 1 for eachA € J, whereP” : KN — KA
are the natural projectors. Fro® = K/ it follows thatp is defined orfj(xa,x). Forpon
C(X2,X) there exists its extension @f (X, ) (see §2.1).

2.28. Definition. [Sch89] A continuous linear operatdr : X — Y for Banach spaces
X andY overK is called compact, i (B(X,0,1)) =: Sis a compactoid, that is, for each
neighbourhood) > 0inY there exists a finite subsatC Y such thaSc U +co(A), where
co(A) is the leastK-absolutely convex subset M containingA (that is, for eacta and
b e K with |a| <1, |b| <1 and for eactx,y € V the following inclusionax+by € V is
accomplished).
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2.29. Let B, be a subset of non-negative functions which Bf¢X)-measurable and
let C be its subset of non-negative cylindrical functions. By we denote a family of
functionsf € B, such thatf (x) = lim,gn(X), gn € C;, gn > f. For f € B, let

/xf(x)u*(dx) = ngiyrgeg/xg(x)p*(dx).

2.30. Lemma. A sequence of weak distributiofyg,) of probability Radon measures
is generated by a real probability measure p on(Ef of a Banach space X ovét if and
only if there exists

() Ilm/GE YU (dX) =1,

[€]—o0 /X

where [y Gg (X)W (dX) := S ({HL, - n}) and

S({Ha) = lIm | Fa(Yen) 09 Hea(AX), Yen(y r!vz Yi),

Fn is a Fourier transformation byyi,...,yn), Y= (yj : € N), yj € K, y¢(yi) are the same
as in Lemma.8for K1; here m(n) =dimk L, < Do, ¢l(U,Ln) = X = co(to, K).

Proof. If a sequence of weak distributions is generated by a meastinen in view of
Conditions 2.6(3-6), Lemmas 2.3, 2.5, 2.8, Propositions 2.10 and 2.16, Corollary 2.13, the
Lebesgue convergence theorem and the Fubini theorem, also from the proof of Theorem
2.27 and the Radon property pft follows that there exists > 0 such that

| G0 (@9 = [ Geloutar = lim [ vealy)fe, (v)m, (dy).

since limj_.., x; = 0 for eachx = (x; : j) € X. In addition, limg ., S ({1, }) = [x W(dX) =

1. Indeed, for eacle > 0 andd > O there exists a compa®t C X with |[ux\v)ll < ¢
and there existag with V. C Lﬂ for eachn > ng. Therefore, choosing suitable sequences of
c(n),d(n), Vemy andLj, we getthat [, ve n(y)fL,(Y)m,,(dy): n€ N]is a Cauchy sequence,

wherem, is the real Haar measure &g, the latter is considered a}{)“(”)b, b= dimeK,
m(B(L,,0,1)) = 1. Here we us&; (x) for a formal expression of the lim§ as the integral.
ThenGg(x) (mod P is defined evidently as a function faror {p, : n} with a compact
support, also fop with a support in a finite-dimensional subspaceverK in X. By the
definitionsupp(p, : n) is compact, if there is a compaétc X with supp(,) C B,V for
eachn. That is, Condition (i) is necessary.

On the other hand, if (i) is satisfied, then for eacl O there exists > 0 such that
| [x Ge(X)(dx) — 1| < ¢/2, when[| > r, consequently, there exigtg such that for each
n > ng the following inequality is satisfied:

1 [ R 00m (08)] < 1M rmocom -1

+ SUD’Fn(yz,n)(xﬂ||HLn|(Ln\B(x,o,R))H-

[x|>R

Therefore, from link—esup,-r|Fn(Ye,n)(X)| = 0 and from Lemma 2.3 the statement of
Lemma 2.30 follows.
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2.31. Notes and definitions. SupposeX is a locally convex space over a locally
compact fieldK with non-trivial non-Archimedean normalization aid is a topologi-
cally dual space. The minimura-algebra with respect to which the following family
{v*:v* € X*} is measurable is called @algebra of cylindrical sets. TheX is called
a RSspace if onX* there exists a topology such that the continuity of each positive
definite functionf : X* — C is necessary and sufficient férto be a characteristic func-
tional of a non-negative measure. Such topology is callecR#&azonov type topology.
The class ofRSspaces contains all separable locally convex spaceskavétor exam-
ple, I*(a,K) = co(a,K)*, wherea is an ordinal [Roo78]. In particular we also write
Co(K) := co(un, K) andl”(K) :=1%(wp,K), wherewy is the first countable ordinal.

Let nk (I°,co) denotes the weakest topology Bhfor which all functionalspx(y) :=
sup, |[Xnyn| are continuous, where= S, xn&, € Co andy = ¥ yn€; € 1*, &, is the standard
base incy. Such topologynk (I, co) is called the normal topology. The induced topology
on ¢y is denoted by (o, Co).

2.32. Theorem.Let f:[*(K) — C be a functional such that

(i) f is positive definite,

(i) fis continuous in the normal topology 1, cy), then f is the characteristic func-
tional of a probability measure onp(K).

Proof. The case of the topological vector spaXeover K with char(K) > 0 and a
real-valued measunecan be proved analogously to the proofs in Chapter IKfgwalued
measures as well as fohar(K) = 0 due to §2.6 and §82.25-2.30 (see also [Mad85]).

2.33. Theorem.Let p be a probability measure og(&), then 1 is continuous in the
normal topology r (1*,co) on I°.

Proof. In view of Lemma 2.3 for eaclt > O there existsS(¢) € ¢y such that
ML 0.5l = 1—€, whereL(y,z):= {X € Co : [% — Yn| < |21, for eachn € N}. There-
fore,

11— RX)| < e+ [[2m(EX) llcor(0.56))) ML 0,56 Il

hence there exists a constaht- 0 such thatl — i <&+ Cpge)(X).

2.34. Corollary. The normal topology w(1”, co) is the R-Sazonov type topology on
[*(K).
2.35. Theorem. Non-Archimedean analog of the Minlos-Sazonov theorenkor a
separable Banach space X ou€rthe following two conditions are equivalent:

(1) 8: X — T satisfies condition®.6(3,4,5) and

for each c> 0 there exists a compact operatof X — X such thatRe(6(y)—6(x))| < ¢
for |Z(&z)| < 1;

(I1') 8 is a characteristic functional of a probability Radon measure p

on E, wheréeZ is an element z X — X* considered as an element of ¥nder the natural
embedding associated with the standard base@bg K), z=x—y, x and y are arbitrary
elements of X.

Proof. (Il — 1). For a positive definite functiod generated by a probability measyre
in view of the inequality|8(y) — 8(x)|? < 26(0)(8(0) — Re(8(y— X)) (see also Propositions
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IV.1.1(c)[VTCB85]) and using the normalization of a measurgy 1 we consider the case
y = 0. For eaclr > 0 we have:

IRe(8(0)-8(x)| = /x(l* [Xe(X(u)) +Xe(—x(u))]/2)Kdu)

< [ 206 0dw) ~ X2 (x(w)/ (@0)Pudu) +2 (du)
B(X,0,r) X\B(X,0,r)

< 2Tr"/B N(X(u)u(dx) +2u([x:  [x]| > r]).
(X,0,n)

In view of the Radon property of the spageand Lemma 2.5 for each > 0 andd > 0
there are a finite-dimensional oviér subspacé. in X and a compact subs@ C X such
thatW C L2, [ x\w) [| < b, hence|p x5 < b.

We consider the following expression:

A=t [ nlewn(e W),

where(ej) is the orthonormal basis ¥ which contains the orthonormal basislof= K",
n=dimk L. Then we choose sequendgs= p~! and 0< §; < bj, subspacek; andr =r;
such thabjrj < 1,W; Cc B(X,0,rj), 0<rj <rj.1 < o for eachj € N and the orthonormal
basis(e;j) corresponding to the sequericeC Lj;1 C --- C X. We get, due to finiteness of
nj :=dimk Lj, thatlimj; . J(j,I) =0, SiﬂCGH[.l‘{X;HXHNj}H <bj,n(x(u)) =0forxe XL,
with |[x|| < bj, ue B(X,0,rj). Then we defing)j := min{d: d € 'k andd > |J(j,1)|},
evidently, gj; < p|J(j,l)| and there ar€;; € K with [ |k = g;;. Consequently, the
family (&;,) determines a compact opera®rX — X with &;(Se) = &; |t due to Theorem
1.2[Sch89], where¢ = conste K, t # 0. Therefore|Re(8(0)—0(z))| < ¢/2+ |2(Sz)|<

c [8(0) - 6(z)| < ¢/2+|ZSz)|< c. We choose such that||u|x\gx.o0,)l < ¢/2 with S
corresponding tdr; : j), wherery =r, L1 =L, then we take € K with |tjc = 2.

(I — I1). Without restriction of generality we may takg0) = 1 after renormalization
of non-trivial 6. In view of Theorem 2.32 as in §2.6 we construct usitg) a consis-
tent family of finite-dimensional distributiongu, }. Let m_, be a real Haar measure on
Ln which is considered aQf with a = dimk Lhdimg, K, m(B(Ly,0,1)) =1. In view of
Proposition 2.7 and Lemmas 2.8, 2.30:

[ G0, (@0 = [ ¥eal@)0()m, (d2),

consequently,

1 [ Falem) (M, (09 = [ Veol2) 0 B2, (d2) =:1n(®)

There exists an orthonormal basisXnin which S can be reduced to the following form

S = SCSE (see Appendix), wher&; = diag(s : j € N) in the orthonormal basisf; :

j) in X and S transposes a finite number of vectors in the orthonormal basis. That is,
12(&z)| = ma; |sj| x |zj|%. In the orthonormal basigg; : j) adopted toL, : n) we have
Z(Sz)|=max;ien([sji] % [zj| x |z]), [[S]l = max; [sj,|, where& = (s : ], € N) inthe
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orthonormal basige;), r = const> 0. In addition,p~|x|x < |X|p < p|X|k for eachx € K.
If & is a compact operator such tHRe(6(y)— 6(x))| < cfor |Z(&z)| < 1,z=x—Yy, then
|IRe(1-8(x))| < c+ 2|X(&x)| and

In(®) < [ Ven(2)lc+ 2(S2)kIm, (02) < ¢+ bS8
b = constis independent from, & and&,,

b:=px Sup[E|* | Ven(2)|zfm,(dz)< e.
[&]>r Ln

Due to the formula of changing variables in integrals (A.7[Sch84]) the following equality
is valid: Jn(&) = 1n(8)In(1)/[In(1)|&[?] for |€] # O, where

1) = [ Venl2)izfm, (d2).

Therefore,
1- [ Gr(m(dx) < c+blSI/EP

Then taking the limit with&| — c and then withc — +0 with the help of Lemma 2.30 we
get the statemerit — I1).

2.36. Definition. Let on a completely regular spa&ewith the small inductive dimen-
sionind(X) = 0 two non-zero real-valued measugesndv be given. Therv is called
absolutely continuous relative foif v(A) = 0 for eachA € Bf(X) with y(A) =0 and it
is denoted) < . Measurey andp are singular to each other if therefsc B f(X) with
IM(X\F)=0and|v|(F) =0 and it is denoted L p. If v< pandu < v then they are
called equivalenty ~ |

2.37. For a Banach space over a non-Archimedean infinite locally compact fiéld
ando-algebraB D Bf(X) with a real probability measuneand ac-subalgebrd, C B a
functionp(A|x) satisfying three conditions:

(a) M(A|x) is Bp-measurable by for eachA € B;

(b) WANAG) = [, IAIXI(X) =: pa(Ao) for eacho € Bo;

(c) W(A|x) is a measure b € B for almost allx relative to a measung then it is called
a conditional measure correspondingutielative to ac-algebraBy.

Then we define the conditional measwfé|x) by Formula(b) and we then redefine it
on the set of measure zero relativatfor eachA. LetB(z|X) = 01(z|X) +i62(z|X) with

] lIxe(200) +Xel~20)] 2} = | n(z9m(ax);
Ao Ao

] el209) ~ xel~ 2001/ (2D = [, Ba(zx ()
Ao Ao

where®; are measurable functionse X, Z< X’ corresponds ta under the natural em-
bedding ofX into X’ = X*, whereX* is the topologically dual space &f, x € X, Ag € Bp.
Then we choose sefs, x with of diametersdiam(A,x) < p~", using §82.7, 2.8, 2.30 and
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the proof of §2.27, using the functid® (x), defining setd,, G, G1, we get for eaclt > 0
that there exists > 0 such that

e(1-8(z0x) < [ Gs(y) (1 [[XelZ(y)) +xe(~2y))] /2y +2 [ (1~ Gs(y)u(ayis
< [ @ml(E(y)sey)udyX /2+ /2

for each|§| > r andx € G1 NG, since from||z|| x ||y|| <1 it follows that(1—Xe(Z(y)) =0
and|1—exp(it)| < |t| fort € R,i = (~1)Y/2

For C(z1,2)(x) := Jxn(Z(y)n(Z(y))Ge(y)Udy|Y we have C(0,0) = 0 and
C(22)X) = fmxonN2(ZY)Ge()dyX for [lz] = 1/r > 0.  Since 8(z]¥ =
Jx Xe(Z(y) p(dy|x), considering projectorB_, : X — Ln onto finite-dimensional subspaces
overK, L C X, we getB_ (z|x) corresponding tqy (dx) andpy (dy|x). At the same timé®,
satisfies Conditions 2.6(3,4,5), consequentlyA|x) arec-additive byA for fixed x, since
6(z|x) are continuous by for x e GNG;.

Remind the Prohorov's theorem. Let= (Tk, p ;) be a projective system of topological
spaces, wherg, j € J, let alsoT be a topological space ar{gj : j € J) be a cogerent
Pk = Pk j © Pj defining family of continuous mappings : T — Tj, px : Tj — Tk for each
k < j € J. Suppose thafy; : j € J) is a projective system of measuresonpyk = pxj (1)
is a bounded measure ap for eachk < j € J. Then a bounded measupeon T with
p; (1) = W; for eachj € J exists if and only if the following condition is satisfied:

(P) for eachc > 0 there exists a compact subget” T so thatj(T; \ pj(K)) < c for
eachj € J. If this condition(P) is satisfied, themtis unique andt*(K) = inf; 1 (p; (K))
for each compact subsktc T (see also §1X.4.2.1 in [Bou63-69]).

From the Prohorov’s theorem, Lemma 2% GN G; and

Clep @)= [ NPl 2) i YOk (A

it follows that
lim LIJ( ) (elv )( )“L“(dx)

j+l—00 Ljs

= im_ [ w60 [ ()0 Xel@y) b, (@Y, (60 =0

]+|—)oo Lj,|

for each boundedBy-measurable functionp(x), whence lim_.p([x : |C(ej,a)(X)]|
> c for somej 41 > n]) =0 for eachc > 0, whereL || = Kej ©Key, yj e K.

Let G, := [x: for eachc > 0 there exist®1 > 0 with |C(ej, & )(x)| < c for eachj +1 >
n] C X\ (Ue=0Nh=1Uj11=nX: [C(&j,&)(X)| > c]), thenu(Gz) = 1. Therefore, for eacke
GNG1N Gy there exists a compact opera®r X — X such thatC(z;,2)(X)| < |Z(Dz)|
for eachz;, z € X.

In view of Theorem 2.35 and the equality

L xe(zy) By suich) = | Xe(z(y)ieo(dy)

[ xelz)Pag(dy) = [ BZXH(@0) = [ Xe(z(y)u(dy)
Ao

we get that
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wherepa, (B) = H(Ag|B) is the measure oBf(X), so thatua,(B) = pu(AocNB). That is
uAonB) = | MBNu(dx), (1)

henceu(B|x) is the conditional measure pfelative to thes-algebraBy. Thus the existence
of the conditional measure is demonstrated.

There is the following important particular case, when thalgebraB, is generated
by some finite or infinite family of functionég; : j € J}, that is is the minimab-algebra
relative to which all these functions are measurable.

The relation(1) is equivalent with the statement:

for each bounde®,-measurable functiof(x) andB f(X)-measurable functio(x),
for which [y |@(X)|p(dX) < e the equality

[ weoe00m(@x) = [ w0 [ oly)hidym(ax @)

is satisfied. Relatiof2) implies that

[ aw)eyidy =g09 | @yiyp  (mod @)

for each boundedBjp-measurable functiong(x) and a function @(x), for which
Jx 1900 (dx) < .

2.38. Definition. Martingales. Let (X,3,1) be a measure space, wherés a non-
negative measure on a measurable sfAca ), 3 is ac-algebra on a sef. A sequence of
measurable real-valued functiofigs(x) : n € N} on (X, 3, ) is called a martingale, if for
eachn:

[ @m0l < ®
while for eachu,, measurable bounded non-negative functjgr) > 0, the relation
[ @100 = | @w09m(ax) 2)
X X

is satisfied, wherei,, denotes the minimad-algebra relative to which functiong, . .., ¢,
are measurable.

If instead of the equality there is the inequalityor <, then such sequence is called the
sub-martingale or super-martingale respectively.

2.39. Lemma.For each sub-martingalésuper-martingale pn a Banach space X over
K there exists a sequence of functiopéq satisfying the following conditiong — c):

(a) gn(x) are up-measurable;

(b) the sequence, — gy is the martingale;

(b) gn(x) increases with ridecreases with n correspondinglyjalmost everywhere.

Proof. Put

() G209 =00 = | Grialy)hlly un) — Gn(x)

wherel(A, up|x) is the conditional measure @fwith respect to thes-algebrau,. The
existence fo such conditional measure is proved in §2.37. Evidaptly(X) — gn(X) is
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the uy-measurable function. Multiplying this function on any bounded non-negaitijye
measurable functiog(x) due to Equality 2.37(2yve deduce that

(i) [ 601200~ Gn0OIWOOMA) = | [ @nsa(y) ey unbw()m(@x

= [ @nOOWOOM(EX) = | BraCOWON(EX) — [ BIPOOH(AX.
X X X

Form this equality it follows, that
() fon 209+ @n1 20010 00M(A) = | [a0n() + OO,

sincegn1(X) = S p_1[Ok+1(X) — gk(X)], with g1(x) := 0. Let in Formula(ii) be g(x) = 1,
whengnt1(X) — gn(x) < 0 andy(x) = 0 in other cases. Then from the definition of the
sub-martingale it follows that

= | WOOMAN) = [ [gn+109 ~ Ga(IIWOOR(EX) > O,
X X

consequentlygn+1(X) > gn(X) p-almost everywhere.
2.40. Remark.From the proof of the preceding lemma we get that

[ @)@y a0 = @0 ®

for eachn. In the martingale case we have here the equality instead of the inequality. If
Jx | (X)|p(dx) < oo for eachn, then{@, : n} is the sub-martingale. b,(x) are the same as
in 82.39, then

[, 8n00m(e) = [ [6n() ~ @) + | @(m(x).
X X X

Taking in 2.38(2)Y(x) = 1 we get thatfy fa(X)u(dx) = [y f1(x)p(dx) for the martin-

gale {fa(X) = gn(X) — @n(X) : n}. Therefore, [y gn(X)U(dX) = Jx[g1(X) — @1(x)](dx) +
Jx (X)) (dX) = [y Ga(X)(dX) — [y @1(x)p(dX). If for a sub-martingale the condition

sgp/xl%(X)\u(dX) <o (2)

is satisfied, then
sup | Gn(OM(eh) << ®
n

hence a non-decreasing sequegge) hasp-almost everywhere a finite limit. Moreover,
this linmit is p-integrable. If{@, : n} is a super-martingale, thefi-@, : n} is a sub-
martingale and for it an integrable limit of the sequena® (X) exists. Thus for the proof
of an existence of the limit

lim @ (%) (4)

Nn—oo

for martingales, sub-martingales and super-martingales the consideration of martingales
only is sufficient.
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2.41. Lemma.If {@, : n} is a martingale, then for all n and b 0 the inequality
W {x: Supp () > b)) <Sup/ u(dx) /b (1)

is satisfied, wherag! (x) = @,(x) for @,(x) > 0, while @i (x) = 0 for @,(x) < 0. If
sup, Jx eh(X)u(dx) < oo, then

U {x: Supy(x) > b)) <sup/ w(dx) /b. 2)

Proof. Let xx(X) =1, when@(x) < b,...,@_1(x) <b, @(x) > 0, ¢«(x) = 0 in other
cases, hencg(X) is the a,-measurable function. Therefore,

[, @0OXOOHE) = [ an-1(xm(EX
X X

= / (X Xk(M(dX) > b / Xk(X)u(dx)
X X

for eachk < n, consequently,

e i dx>b/Zxk (3)

On the other hand, the functigif_, xk(x) is characteristic of the s¢k € X : sug., & (x) >
b} = B,. From Equation 2.38(2)e infer that

H(Bn) < [ en(u(@x/0 < | @ oue)/b,
This demonstrates Inequalif}). Taking the limit byn tending to the infinity we gef2) as
well.

2.42. Theorem.If {g(x) : n} is a martingale for which ConditioR.41(3)is satisfied,
then p-almost everywhere the lir2i0(4)exists.

Proof. We shall say that a sequenae,...,d»,... crosses infinite times the segment
[B1,B2] with B1 < B2, if it is possible to choosk; < ky < - so thatoy, > B2, ak, < Bi,. ..,
Ol 1 = B2, Ok, < Py -

Consider the sdg, g, consisting of alk € X for which the sequencim(x) : n} crosses
infinite number of times the segmel, B2]. Denote byB_ the set of allx € X for which
infr@h(Xx) = —oo, while B, is the set of allx € X with sup, @ (X) = . Therefore, the
setB, UB_ U[Up,<g,c0 Bg,p,) COnsists of alk € X for which the limit 2.40(4)does not
exist. In accordance with 2.41(2)e getu(B,) = limp_op({x€ X : sug@(x) >b}) =
Considering the sequeneeap,(x) we find thatu(B_) = 0. Therefore, it remains to show
thatp(Bg, g,) = 0 for each pair of rational numbefs < 3.

Now we define the following sequence of functidg$x) as: ko(x) = 0, ki(x) = j if
@ (X) < B2 for eachl < j while @;(x) > Bo; ki(x) = if @(x) < B foralll > 0. Then
ka(x) = j if ky(x) < o0 andqp(x) > B1 and@;(x) < B for ki(x) < p < j. In others cases we
putka(x) = oo. If kon(X) is defined, therkon1(X) = j if kon(X) < 0 and@y(x) < B2 while
@j(X) > B2 for kon(x) < p < J. If eitherkon(x) = o0 or @y(X) > B2 for p > kon(X), then put
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kont1 = 0. If kont1(X) is defined, themkon o(X) = j. If konp1(X) < 0 and@p(x) > B1 and
@j(X) < By for kont1(X) < p < j, thenkanio(X) = j. If eitherkan1(X) = o0 or @p(x) > B1
for p > kan+1(X), thenkan2(X) = co.

We put furtheryn(x) = 1 whenkyp(x) < n < kap1(X) for somep, while Xn(x) = —1
whenkzp_1(X) < n < kop(x) for somep. Therefore, functiongs(x) are completely defined
by @1(x), ..., @ (X) so thatx, is the Borel function ofpy, ..., @,. Thusy, is u,-measurable.

Construct the functions

n-1
Gn(X) = @u(x) + kz [@er2(X) — @(X)IXK(X)-
=1

We shall show thafgn(X) : n} is the martingale. Denote by, the o-algebra generated by
functionsgi(x),...,0n(X). Sincegk(X) is ux-measurable, them, C up for eachn. If a
function(x) is bounded ane’,-measurable ,then it ig,-measurable. This implies that

[ 8n-100W00m(@x

= 1600+ (@120 = BOOX(IOOREN) = [ Ga(OWOM(aX

since [y [Mn+1(X) — G (X) [Xn(X) W(X)(dx) = O due tou-measurability and boundedness of
Xn(X)W(X), consequentlygs(X) is the martingale.
Fromgi(x) = @u(x) it follows that

[ 9n00u(e) = [ a09m(ex) = [ @u6ou(d

For eachn < k;(x) we haveg,(x) = @n(x), while for eachk;(x) < n < kp(x) there is the
equality gn(X) — Gk, (x) (X) = Py (X) — @r(X) OF Gn(X) = 2, (x) (X) — Pr(X) = 2Bz — Pn(X).
This means thagy, ) (X) > 2Bz — B1 > B1 > G, (X) andgn(X) > On(x) for eachky(x) <
n < k3(x). When the inequalitieks(x) < n < ky(x) are satisfied, thegn(X) — Gk, (X) =

Bez(x) (X) — @(X) AISOGn(X) > 2Q;(x) (X) — Pn(X) > 2Bz — @r(X). So we deduce that
Gn(X) = Min[@n(x), 232 — n(x)]. (1)
Consider now the functiong, = ¢t — @™, g =g — gy, Whereg; (x)g, (x) = 0,

@)@ () =0, ¢ (x) >0, @, (x) >0, g7 (x) >0, gy (x) > 0. From Inequality(1) it
follows that

Gn () = max(gh (), gn (X) — 2B2] < |gh(X)] +2|B2]-

] @ oue) = [ an(m(ex + [ g omlex

< [ 1m0+ I+ 212l In(E) < 2 | 6 (oM + 21,
X X

consequently,

Therefore,

H({XE X SUpg(X) = e0}) = im W({x € X : Supgn(x) > b})
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<I|msup/gn u(dx)/b=0.

b—o0

We have thak,(x) < « for eachn whenx € Bg, g,, henceBg, g, C {x € X : sug,gn(X) =
o}, If Kn(X) < 0, thengy, ) (X) — Gk, 1x) (X) = B2 — B1 and gk, (x) (X) > B2, consequently,
Oka(x)(X) = B2+ (n—1)[B2 — B1] and |neV|tany SUpgn(Xx) = o for x € Bg, g,. Thus

H(Bﬁl-ﬁz) =0.
2.43. Corollary. Each non-negative martingalgp,(x) : n} has a limit almost every-
where by the measure p.@fx) = limn_.@(X) (mod Y, then

[ 900m(@0) < [ a(m(ex. @
X X

Proof. For a non-negative martingalg | (x)|i(dx) = [y Gh(X)p(dX) = fx @1 (X)p(dx),
consequently, Condition 2.40(% satisfied. Then Inequalit{l) follows from the Fatou
Theorem 11.6.2 [Shir89].

2.44. Corollary. If {@, : n} is a non-negative sub-martingale and

sup/ Gh(X)H(dX) < oo
n JX

o) = lim gn(x) (mod P (1)

n—oo

then the limit

exists and

[ 00m(@x) < sup | @n(x) oMY (2)
X n JX
Ifin (2) the equality is, then

[ 900w00uEx) < [ anoow (3)

for eachu,-measurable bounded non-negative function
Proof. In view of the Fubini theorem (see Theorem 8 in 8I1.6 [Shir89]) we have

/cp(x u(dx) < lim /(g11 (4)

m—oo

For eachb > Y(x) the inequality

[ 00— W@ < im [ @nx) (- B]H(Ex) ®)
X m—w Jx

is satisfied. If in either(4) or (5) would be the strict inequality, then the inequality
Jx @X)U(dX) < lIMm_e [x Gm(X)H(dX) would be satisfied. This would contradict that in
(2) is the equality. For martingales under the same conditioi3)iis the equality.

2.45. Note. If {@,:n} is a martingale and is a non-negative convex (downward)
function defined orf—oo, ) so thatg(¢h(x))p(dx) < o for eachn € N, then{g(¢n(x)) : n}
is the sub-martingale. Indeed, in view of Remark 2.40 and the Jensen’s inequality (see 8I1.6
[Shir89])

 at@ns00nw00me0 = [ | [ at@mstsp a9 | woous
X X /X
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;;Ag(/qmiwwm»umm>wuwmm

~ [ a(@()w(xm(ax @

for each non-negativel,-measurable bounded functign If g(t) is non-decreasing and
{@n(x) : n} is a sub-martingale, then the relations above with the inequalitstead of the
latter equality= imply that{g(¢n(x)) : n} is the sub-martingale.

In the process of the proof of Theorem 2.42 we have demonstrated that

H({x € X 1 kn(x) <m}) =p({x € X : Supgn(x) > B2+ (n—1)(B2—P1)})

n<m

<2 [ Gh(0mdx + 2Ipdl}/[B2+ (1~ 1)(Bo P @

The set{x € X : ka(X) < m} coincides with the set of those for which the sequence
@1(X),...,@n(X) not less tham times intersects the segmey,B,]. That is for eacn
there exist a sequendég < ky < --- < kn < mwith @ (X) > B2, @, (X) < B1, G (X) > B2
and so on.

1.3. Quasi-invariant Measures

In this section after few preliminary statements there are given the definition of a quasi-
invariant measure and the theorems about quasi-invariance of measures relative to transfor-
mations of a Banach spageoverK.

3.1.Let X be a Banach space ov€r (Ln : n) be a sequence of subspaad$| J,Ln) =
X, Ly C Lny1 for eachn, W be probability measureg? < (p’Ln) be sequences of weak
distributions, also let there exist derivatiyggx) = pfn(dx)/uﬁn(dx) and the following limit

p(X) = lim pn(¥ 1)

exists.
Theorem. If pl are real-valued probability measures and in addition

/p Hdx) =1

with p € L(pt), then this is equivalent to the following: there exists

(i) p(x) = H(dX)/ui(dx)  (mod ).

Proof. Let 12 < pt andmi(x) = d2(x) /dit(x). Denote byl (x|x) the conditional mea-
sure of K relative to theo- aIgebraB'-n Therefore, for eacB-"-measurable non-negative
bounded functionp(x) there are satisfied the equalities:

[ woorR(@x = [ woom
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- [ [ / n(y)u%(dyrx)] ().

On the other hand,

/L|J( 2(dx) = /pn (RLX)W(X)u(dx), hence (2)
Jx

ol = [ iYWy,

We shall demonstrate thag(x) is uniformly relative ton integrable by the measugé. For
this we have to show that for eabh> 0 there exist$ so that

/ PrOOK(dX) < b ®
{xeX: pn(x)>B}

Define the functiorgg(t) = 0 for >t andgg(t) =t — for B <t. Then Relation(3) is
equivalent with

[, 98P0 + B ({x € X pa(x) > B}) < b )
From
ap(0n(x) = 0 ( [ mniayv ) < [ g wiayis
we infer that
/xg dx /98 dy Moreover,

R({xeX: polx) > B}) <2 /X Gg/2(Pn(X)HH(@X

<2 /X' Op2(TX)) ().

Therefore, Condition§3,4) will be satisfied as soon as the paramtés chosen such that

J Gp/2(T(X)p(dX) < b/3.

From the uniform relative ta integrability of p(x) by the measurg it follows that in
the equality [y pn(X)ut(dX) = 1 we can take the limit byr — o under the integral. This
demonstrate§).

For eachA € B in the relations

A) = im, [ Xa(pn(1(c) = [ Xa(IP0)M(x)

we can take the limit wittm tending to the infinity under the integral. This prové@s.
Suppose now thdi) is satisfied. Then from Corollary 2.44 we deduce that

/p Hdx) = /pn ul(dX)zfxw(X)uz(dx

for everyB-n-measurable bounded non-negative functjgx). Thus

[ pOoKH(E) = [ (a0 = 12(A) (5)
A A
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is satisfied for eaclA € B'". The class of all functions for whictb) is accomplished con-
tainsB' and is monotone, consequently, it contains also the miniradtyebra containing
eachB', hence it contains the enticealgebraB f(X). From(5) for eachA € Bf(X) it fol-
lows thaty? is absolutely continuous relative g8, @2 < pt, and Formuldii) is satisfied.

3.2. Theorem. Probability measuresiu Bf(X) — R, j = 1,2, for a Banach space X
overK are orthogonal f1 L 2 if and only ifp(x) = 0 (mod ).

Proof. If A€ B'n, then for eactn < mwe havet?(A) = [, pm(X)pL(dX). In view of the
Fatou theorem taking the limit wittn tending to the infinity gives

(A= [ pOOK(AX). M
This spreads on al € Bf(X).

Suppose now thaf L pt, hence there exists a eso that?(A) =0 andp (X\A) =0
From (1) we infer thatf, p(x)ut(dx) = 0. Sincept(X \ A) =0, thenp(x) = 0 (mod ).
This demonstrates the necessity.

Let nowp(x) = 0 (mod (). We shall show thai* | 2. Suppose the contrary. So we
can present? in the formp? = Bv! + (1 — B)v?, wherev! <« pt andv? L pt, 0< B < 1.
Putpl(x) := dv&n(PLnx)/dpﬂn(PLnx). In accordance with Theorem 3.1 there exists the limit

lim P (x) (¥)/di(x)  (mod ).

But Bpi(x) < pn(X), consequently, liM.opPL(X) < limy wpn(X)/b = 0, that is,
1(x)/dit(x) = 0 (mod ) contradicting the supposition about the absolute continuity
of v! relative top?, henceu® L 2.

3.2.1. Theorem. The functionp(x) defined by Relatio3.1(2) is the density of an
absolute continuous part of the measufergiative to the measurepso that Formula3.1
(ii) is accomplished in all cases.

Proof. Let 12 = Bv! + (1—B)v? with v! < pt andv? L pt and 0< B < 1. Denote by
vL andv? projections of measurag" andv? on Ly, alsopfi(x) = dvi (PL,x)/di (R, %),
pn( ) = dv2 PLX)/di, (PLX). Thenpn(x) = Bpa(x) + (1— B)p3(x). In accordance Wlth
Theorem 3.1 the limit lim_.pi(x) = dvi(x)/dit(x) (mod @) exists. By Theorem
3.2 limy_wp?(X) = 0 (mod i), hence lim_..pn(X) = del(x)/dpl( = dpf(x)/dt(x)

(mod ).

3.2.2. Theorem.Let i and £ be arbitrary Borel probability measures on a Banach
space X ovekK, let also L, be an increasing sequencelfvector subspaces in X so that
UnLn is densein X. Then

dif(x)/dut(x) = lim dig, (RLx)/du,(PLX)  (mod i), (1)

while (2 < pt if and only if [, [dp(X) /dE(X) e (dx) = 1.
Proof. Construct the decomposmqﬁ =yl +v2 such thavg < for eachne N
and

lim_ | [dvE, (09/di, (91, () =O. @)

Consider a seb, € Bf(Ln) such thati (An) =0 and the measune(B\ Ay) is absolutely
continuous relative tq)lL (B) onBf(L,). Denote byE, the cylinder set irK with the base
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An. PULE = U_1 En, V¥(B) = 1¥(B\ E), v}(B) = |l¥(BNE). Thenv (A ( ) <K (A\ An),
consequently? < pt by the construction of the sé. Fromp_ (PL [AxNLy]) =0 for
all k < nand from the fact thadv{ /di is different from zero only on the sét, E we get

o, 0t 0l 0 i, (R, 1 U ).

since [,[dv(x)/dp(x)]pu(dx) < v(A) for any non-negative bounded measures.
Consider the cylinder s&, from B with the baseP[E \ Ur_; Ay]. Evidently,C, >
Cn.1 and limy_oV1(Cy) = limm Vi (NI, Cy). SinceE,NC, = 0, thenN>_,C, has the
void intersection with eacEy and hence with J, Ek = E also. Thusv!(N,Cn) =VEN
[N Cn]) = 0. From the inequality, [dv(x) /dpt(x)]it (dx) < vi(C,) Equality(2) follows.
For the measure? the statements of Theorems 3 1-3.2.1 are accomplished. From the
construction of/* for eachx in X outside the sef,,Cn] UE we have

lim dvi, (R ) /dig, (RL,X) = 0. (3)

The latter equality is satisfigat-almost everywhere, sinag(N,Cn) = 0 andpu!(E) = 0.
Therefore,

lim di (RLX)/di, (PLX) = lim a2, (RLX)/did, (PLX)
— dv2(x)/di(x) = dP(x)/di(x)  (mod ).

3.2.3. Theorem.Let the measurable Banach spae€ 3 (X)), where X is oveK and
(X, B (X)) = (X1, B(X1)) x (X2, B(X2)). Suppose that two measurgsand ( are given on
(Xj, 8 (X;)) for j = 1,2. For measures g u! x p? andv = vl x v2 on X, 3 (X)) the relation
v < W is satisfied if and only i#! < pt andv? < (2. If this is the case, then

dv(x)/dp(x) = [Av*(Pux) /ditt (Pux)][dv?(Pox) /dE (P2x)], (1)

where Rx = x; € X3 and BX =Xz € Xp, X= (X1, X2).

Proof. At first prove the necessity. if < pandp(A; x Xz) = pt(A;) = 0, thenv(Ag x
Xp) = V(A1) = 0 for eachA; € B(X;). Thereforey! < pt. Analogousiw? < |2,

Let now vI < W for j = 1,2. Denote by F° the algebra of sets from
3(X) having the formUp_,(At x A2), where Al € B(X;), kin € N. Let p(x) =
[dvi(Px) /d it (Px)][dv?(Pox) /d 2 (Pox)]. From

/ p(X)u(dx) = / [dvi(xq)/dpt(xq)] dxl)/ [dv2(x2) /d2(X2) ]2 (dXe)
A1 x A

=vi(AhVZ(A?) = v(Al x A?)
for eachA € FO the equality
[ pOouA) = v(A) 2)

follows. The latter relation is satisfied on a monotone class contaiﬁﬂnghence it is
satisfied for allA € 8 (X). This impliesv < pand Formulg1).
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3.2.4. Theorem.If probability measuresiand £ are defined on a measurable space
(X, B (X)), where X is a Banach space ouérp? <

vI(C) = (f74(C)), ¥C e B(Y)), (1)

f:(X,8(X))— (Y,8(Y)) is a measurable mapping, then
VEY) /vt (y) = [ (G400 /i (9N (cbe 1 (), @)

where (x,81|z) is the conditional measure of pelative to theo-algebras; generated
by sets of the formf(C), C € B(Y).

Proof. Show at first thap!(A,81|z) for A € 8(X) is constant on the inverse image
f=1(y) for any f. ConsiderA := {z: f(z) =y}, Ay € B1. For eachs;-measurable set
Al eitherA, C Al or A, = X\ Al. Therefore, eacls;-measurable function is constant on
Ay. The functionut(A, 81|z) of zis B1-measurable, henge (A, 31| f~(y)) is independent
from a choice of a point in the inverse image(y) of a pointy.

Let Y(y) be a boundeds (Y)-measurable function ofY,3(Y)). Then the function
W(f(x)) = @(x) is B1-measurable and bounded EX, 3 (X)). Thus

[ wOvAay) = [ WO = [ W(F00)dkB0)/di
Expression 2.37(2mplies that
/w 09 /A 0= [ (1)) [ [QP00/dI 0l (A 3a[2)h ().
[ K00 /a0l mal ) =), 3)
then [y w(f(x)p*(f(z)u'(dz) = fxw(y)p'(y)v'(dy), consequently, [y b(y)v*(dy)

= [« W(y)pt(y)vi(dy), that demonstrates this theorem.
3.2.5. Corollary. Let conditions of Theoren3.2.4 be satisfied and in addition
n (X,8(X)) be two other measureg' and v? be given such thav! < W, j = 1,2.
Thenv! x v? < pb x 2 and [d(v x v2) /d(pd x 12)] (X1, X2) = [dvt/d ] (x1)[dv?/d P (x2).
Moreovery! «v? < pt s 2 and

(v ?) /(b 1)) )
= | eV k] O flv?/ ) ) (¢ 1) (0 g, 5[ (),

wheren(xg,X2) = X1 + X2, B* denotes thas-algebra generated by the setst(A), Ac
B(X).

Proof. As above the convolution of measuresgds: |2(A) = [y B2(A—x)ut(dx), where
Ac B(X),A—x:={yeX: y+xcA}. The selS = {(x1,%) : X1 + %2 € A} is B(X) x
3 (X)-measurable fos-measurablé\. PutS; = {x; € X : (x1,%2) € $*} is the section of
S by the first coordinate. On the other hand,

— | (SR x) = [ WA xa)p () @)
X X
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— [ SO = [ HHA-x)i(dx)
X X

. This implies that the convolution is commutative. The convolution is obtained from the
product of measures with the help of the mappim(gi,X2) = X1 + X2. So this corollary
follows from Theorems 3.2.3 and 3.2.4.

3.3. Note.For real-valued measurgson B f(X) for a Banach spacé over the infinite
locally compact fielK with the non-trivial multiplicative non-Archimedean norm there is
the important Kakutani’s theorem formulated in §3.3.1 below. Its proof is given in Theorem
4.1 811.4.6[DF91] and in [Kak48] for abstract measurable spaces.

Let p andv be two probability measures in a measurable sgace) and letA be
a probability measure i6X, 3) such thatu andv are absolutely continuous relative Xo
Then the integraH (1, v) := [y (du/dA)Y/2(dv/dA)/2d] is called the Hellinger integral of
plandv. It has the properties:

(HO<H(|V) <1

(i) H(u,v) = 1is equivalent tqu=v;

(iii) H(p,v) = 0if and only ifpis orthogonal to;

(iv) if pis equivalent to, thenH (p,v) > 0.

3.3.1. Theorem.Let 1, and v, be two sequences of probability measure$Xp, 3n)

(see above), define 1211, V = [12_1Vn in (X,3), wheres := @%_; Bn. If yy is
equivalent tov, for each ne N, then p and’ are either equivalent or orthogonal depending
on whether]y_1H(pn, V) converges to a finite positive number or diverges to zero, where
dp/dv = [-1dpn/dv, when p and are equivalent.

3.4. Theorem.Letv, ,vj, | be probability measures with valuesiy X = |‘|‘J?°:1Xj be
a product of completely regular spacegWith the small inductive dimension i) =0
Thenv < if and only if two conditions are satisfied:

(a)vj <« y; for each jand

(b) 154 B; converges toB, « > B > 0, whereB; := [[(p))"/?L1ix, ) Pi(X) =
v; () /(0.

Proof. The necessity ofa) is evident. Ifv < , then

() /dx) = [ (A0 Ak ().
k=1

Therefore,

V() /dhx) = lim [ dvi(Pog /(). )
k=1

The functionggn(x) := [T, [dvk(PxX) /dp(Px)]*/2 are uniformly relative ta integrable,
since the integralgy [gn(X)]?H(dx) = 1 are uniformly bounded. Combining this with)
implies

/ [dv(x) /du)]2u(dx) = lim / |‘| [dvk(Px) /d ik (P 2(dlx)
X X

n—oo

= tim [ /. [ave(Rox)/ (Ao (@)

n—oo
K—
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hence(b) is proved.
Prove now the sufficiency of conditions of this theorem. In view of Theorem 3.3.1
under the conditioria) there is the alternative either< porv L p. The latter will be, if
Y k1 Mk(Bx) = o0 or i1 dvi(Px) /dp(Pex) = 0 (mod P. This means that it is sufficient
to show that ifv | pand(a) is satisfied, then the infinite product(h) diverges to zero. In
this case lim_« [Tr-1 dVk(PX) /d(Px) = 0 (mod Y, consequently,
n

lim [dvk(Rx)/dik(R)]*/? = 0. (2)

n—oo

k=1

Using the uniform integrability we infer that Equalit®) can be integrated interchanging
the operations of integration and taking of the limit. Thus

I|m/Xﬂl[de(PkX)/dUk(ka)]1/2u(dx) :A@wlﬁlﬂ[dvk(ﬂx)/dVk(PkX)}l/ZH(dX)-

3.5. Definition. Let X be a Banach space ou€r Y be a completely regular space with
the small inductive dimensiond(X) =0,v: £ — R, ¥ : 3 — R for eachy € Y, suppose
W(A) € L1(Y,v,R) for eachA € B, wheres is ac-algebra orX and« is ac-algebra orY.

Then we define:
A)= [ wAv(y)

A measurau s called mixed. We define measumsby the formula:
(i) 0 (AxC) = [ p¥(ANI(dy),
C

wherej = 1,2 andp} together withv! are defined as aboy# andv.

3.5.1. Theorem.If T, pi¥Y andv! are defined as if§3.5, j= 1,2, X is of separable
type over the locally compact fiek] where Y andv! are bounded non-negative measures
with 0 < vI(Y) < w0 and0 < p¥(X) < o for each j andy, then

(i) if T[2 < nl, thenv? < vt and L@,y < ubY for vZ-almost all y;

(ii) if v < vl and |PY < ulyfor v2-almost all y, then? < T¢. Moreover, there exists
a B x £-measurable function(y,x) = di2Y(x) /dutY(x) so that

TC(x,y)/dm (x.y) = [dv*(y) /dvi(y)In(y:X)- (1)

Proof. Let 1° < 1&. We putp(y,x) = dré(x,y)/drt(x,y). For eachstimess
measurable bounded functigx, y) the functionf, @(x,y)Y(dx) is £-measurable and

XxY

oy (acdy) = [ | [ otxy(ax|vicay) )
Therefore, for eacB € 3 andC € £ this implies that

(B C)= [ [ plyoot(dxvi(dy)

= /C /B [p(y,X)ul’y(dX)/ /x Py, 2)i dZ] { / p(y.2 } “(dy).
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TakingB = X we get

(X% C) =v*(C) = [ [ [ oy x)u%x)] vi(dy,

hencev? <« v! and
VEy)/av(y) = [ P (x)

and inevitably

ré(8xC) = [iPEIAdY) = [ | [ nniox vy,

where
-1

) = (00| [ pui(as] 3

Thus
1Y(B) = [ n(yu(dx) @

for v2-almost ally and eachB € 3. Choose a sequence of s&gc 3 such that it will
form an algebra generatirg. This is possible, since the fielll is separable anX is of
separable type oveX with a countable base of neighborhoods of zero. Therefore, there
exists a seF € £ so thatv?(F) = v2(Y) and

1B = [ n(yovi(ax

for eachy € F and allk, consequently(4) is satisfied for aly € F andB € 3.

For proving(ii) we first show that? < 1it. ConsidetA € 3 x £, Ay = {X: (X,y) € A},
so from (2) it follows that 0 (A) = [, WY(A)VI(dy). If T&(A) =0, thenplY(A)) =0
(modv?l), hencer?Y(Ay) = 0 (modv?), sincev? < vt andp?Y < WP1,y for v2-almost all
y. Thusr?(A) =0, that isT? < Tt

For proving the existence of and demonstratin@l) use the proof ofi) definingn by
Formula(3).

3.5.2 Corollary. If conditions of the Theorer.5.1 are satisfied and? < v! and
u2Y < Y for v2-almost all y, then fi< pt and

QU0/Q400 = [ [Av2(y) /v (y)] AP0 /a0l (dy), )
wherert(C|x) is the conditional measure defined by the equation:
/BTEL(C]x)ul(dx) _ 1 (BxC). 2)
Proof. This follows from Theorems 3.2.4 and 3.5.1. Form(iais the consequence of

3.2.4(2), since ((x;y)) =xin the considered situation.
3.5.3 Lemma.Let conditions of Theore®.5.1be satisfied. If in addition
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(i) there exists a measudesuch that ¥ < A for all y, then
dif(y)/di(y) = /Y N (%) [dp-Y(x) /AN () ]v2(dy) / /Y [du 0 /dA(x)vi(dy); (1)

(i) all measures {v for different y are orthogonal to each other for different values
of y, moreover, there exist such pairwise non intersectipge B so that 1¥(By) = 1
and (HY(B,) = 0 for z#y and the functlorp = duzy )/ditY(x) with x € By is 3-
measurable, also! = v?, then di(x)/dt(x)

Proof. (i). Let{(x,y) =dpY(x)/dA(X) We can choosé(x,y) to be x £-measurable
using Theorem 3.5.1 and considering besides the meadwaieo the measunge= A x v2.

Then
m(BxC) = [ [ Lxyaviay).
K(B) =B Y) = | [ ZxyvHay)Aay,

consequently < A and

dpt(x) /AN (X) / Z(x,y)Vi(dy). (2)
Evidently, 2Y < A and
A (x)/dp(x X)(xY).
We find also
AHE(/AN) = | Ny 080eyVE(dy). @)

Fromp? < gt < A we deduce that

dif/dt = [dpf/dA][dpr/dA]

hence from(2,3) Equation(1) follows.
To demonstratéii) mention that

[ wap0onitad = [ | [ otpinen vicay)

-1 cp(x)[dW(x)/dull,y<x>]ulvy<dx>]v1<dy>

_/[/(p(x Zydx] (dy) /(p

for each bounded-measurable functiog(x).
3.5.4. Theorem.Let the families of measure$¥) j = 1,2, on(X, 3) satisfy conditions:
(i) W¥Y(B)is £-measurable for each B £; _ _
(ii) there exist sucks-measurable sets,Bo that 4¥(B;) = 1fory=z and 4¥(B,) =0
for z#y andUyc By € 3 for each Ce £, ByNB; = 0 for each y# z, whilev! is a measure
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on(Y,z)for j =1,2. Suppose that measurésgie defined by Equatia.5(i) with WY and

vl instead of M andv respectively, wherel{ andv! are bounded non-negative measures
with 0 < vI(Y) < w0 and0 < W¥(X) < o for each j andy. Thenqx pt if and only if: (i)

v2 < vland(iv) p2Y < pv for vZ-almost all y, if so, then

diE(x)/dit (%) = [diPY(x) /diY (x)][dv?(x) /dv (X)) (1)

for each xe By.

Proof. The mappingdf ((X;y)) = x admits almost everywhere by the measure inversion
(xy) =9(x), whereg(x) = (x;y) for x € By. Thusg(x) is defined orG := G(C) := Uyc By,
whereC € . Consider the algebrdwhich is the mtersectlomy yty Of completionss,
of the algebras by the measures'y. ThenG € Y. If Al is the completion of the measure
ut, thenG is A'-measurable ani!(G) = 1.

ChooseBy so thatG(C) € 3 for eachC € £. Theng(x) is 3-measurable anfk: g(x) €
BxC} = (G(C)NB € 3. Consider as well the measw®n 3 x £ which is the image of
the measurg! under the mapping such that

v(BxC) = pL(G(C) NB) /plz vi(dz)

= [ (BN B2 (d2) = | WHB)Xc(@)Vi(d2) ~Ti(B X ).

sincept?(G(C) N B) = uH4(B,N [G(C) N B]) = Xc(y)¥B), wherexc(y) is the character-
istic function of the se€.

Prove now Formulgl). For this introduce the measwé(B):= [(11Y(B)v?(dy). From
Statementii) of Lemma 3.5.3 we know that

dpf(x)/dit(x) = dpe¥(x) /duY(x)  for eachx € By.
For each bounded-measurable functiopwith p(x) =dv?(x)/dvl(x) for eachx € By there

are the equalities
[ otntao = [ [ / o0 v2(cly)

~ [ | Lo ”dx)} 2y /aviiy)vicly) = [ | [ otptn e vicy)
= [ o00peowt(a

hencedw!(x) /dt(x) = p(x). Finally applyingdp?/dpt = [di2/dwt][dwt/d ] implies
(1).

3.6. Definition. For a Banach space¢ over a locally compact infinite fielll with a
non-trivial non-Archimedean multiplicative norm an elemamt X is called an admissible
shift of a measurg, if Py < |, wherepy(A) = W(S_5A) for eachAin Bf(X), SSA:=a+A,
p(a,x) == pu(a,X) := Ha(dx)/p(dx), My :=[ae X : yg < Y] (see §82.1 and 2.36).

A vectora € X is called a partially admissible shift for the measwef dp,/du is
not identical to zero relative to the measyrehat isy, contains a component absolutely
continuous relative tp. In such situation denof@,(a,x) = dpa(x) /dp(x) the density of the
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absolutely continuous componentgfrelative toy, the set of all partially admissible shifts
we denote byM,,.

The proofs of Properties I-1V given below in 83.7 differ slightly from the proofs in
Chapter Il forK s-valued measures.

3.7. Properties ofM, and p from § 3.6.

|. The set M is a semigroup by additioq(a+b,x) = p(a,x)p(b,x—a) for each ab €
M.

IIl. Ifae My, p(a,x) #0 (mod P, then |4 ~ u, —a€ My andp(—a,x) = 1/p(a,x—a).

. If v < pandv(dx)/pdx) = g(x), then M,nMy = MyNa: p([x: g(x) =0, g(x—
a)pu(a,x) # 0]) =0 andpy (a,x) = [g(x—a)/g(¥]pu(a,x) (modv) for ac My M.

IV. If v ~ p, then M, = M.

V. Letv < pand d/(x)/di(x) = g(x), a€ My only when ac My,

pPv(a,%) = g(x—a)pu(a,x)/g(x) (modv). (1)

Proof. EvidentlyM, C M, and fora € My, functionsp,, andp, coincide. Ifais not an
admissible shift fog, then it is not admissible for, henceM, C M,. Then

/ f(X)Va(dx) = / £(x) oy (a,X)v(dX)
X X

= [ 100pv(ax)g0OH(e),

also

f(x+a)v(dx) = [ f(x+a)g¥udx)= [ f(x Ha(dX)
J / e
_/ p(a,x)u(dx) +/ g(x—a)Aa(dx),

whereA, L Y, consequently L Ay andv, L A, If =0 (modAy,), then from the equality

/x f(X)pv(a,x)g(X)p(dx) = / f(x a,X)u(dx)

that demonstrates Formula).

VI. Let (X,8) and(Y, ) be two Banach spaces ovér u : 3 — [0,%) be a bounded
measure and TX — Y be aK-linear mapping. Denote by(C) := (T ~1C) the measure
on (Y,£). If a€ My, then b= Tae M, andpy(b,y) = [y pu(a,X)u(dx Bo|T1y), where
H(*, Boly) is the conditional distribution of the measure p relative todhalgebras, gen-
erated by sets T'C, Ce . In particular, if T is invertible, thep, (b,y) = pu(T b, T 1y).

Proof. This statement follows from Theorem 3.2.4, since each bounded non-zero mea-
surepinduces the probability measunéA) /u(X), A€ 3.

VII. Let X be a Banach space ouw¢rand on(X, ) be given two non-negative bounded
measures pand b, U = pg x o be the convolution of these measures. ThenM, for
ae My, moreover,

pu(ax) = [ p(a.y)Hdy5oU ), (1)
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where {dy, Bo|x) is the conditional measure corresponding tp>uy relative to theo-
algebrasg C 8 x 8 generated by all sets of the forfiixy,x2) : xa +x2 € A}, a€ 8, U :
X x X — X so that Uxg,X2) := X1 + Xo.
Proof. This property also follows from Theorem 3.2.4 and also from Corollary 3.2.5.
VIIl. Let p be a bounded non-negative measurgXyB ). Define in M, the distance
function

r(as,2) == [ [Pu(@s,) = pu(az X)X, o

Then(M,,r) is the complete pseudo-metric space.

Proof. Suppose thad, € My, and limy_.c m—of (an,am) = 0. We show that there exists
a e M, for which lim,_.r(an,a) =0.

Mention that the sequende, : n} is bounded in(X, ||« ||). If ||an,|| — o with k — oo,
chooseny such that (an,,an,,,) < 37%. For 38-measurable function withf L2 =1and
with a bounded support we obtain

N-1

JRICSESTCSEY fOc+aH(@) 3 rlanan..).

Choosingf so thatfy f(x+an,)p(dx) > 1/2 and taking the limit witiN — c we infer that
lIMN—e [y T(X+an,)u(dx) > 0O, that is impossible forf with the bounded support, when
||any || — . This means thata, : n} is bounded irX relative to the nornj « || in the Banach
spaceX.

Therefore, we can consider without loss of generality, {l@at: n} weakly converges
to somea, since the topologically dual space denotedbyor by X’ separates points X
for the locally compact fiel&k (see also [NB85, Roo78] and the beginning of this chapter).
From the relations

/Xe (z(x+an) ) H(dx) = Xe(z /Xe H(dx) = /Xe ))Pu(@n, X)U(dx),

taking into account that lifL.z(&) = z(a) for eachz € X*. There exists the limit
liMn_epu(an,X) = p(x) by the measurqu and lim_. [x |Pu(an,X) — p(X)|H(dx) = O
we find thatxe(z(a))[x Xe(z(X))p(dX) = [x Xe(z(X))p(X)u(dx). From this we find that
Jx Xe(z(¥))Ha(dX) = [x Xe(z(X))p(X)H(dx) for eachz € X*. Thus py < p and p(x) =
dia(x)/dp(x).

3.8. Definition and notes A linear operatot) on a Banach spac¢éoverK has a matrix
representation(i, j) = &(Ueg;j), where(g; : j) is a non-Archimedean orthonormal basis in
X, & are vectors of the topologically dual spaxé under the natural embedding (see 88
2.2, 2.6). For a compact operatdr— | we get that there exists limdet{fn(U)} € K
which we adopt as the definition det{U }, wherer,, : X — K" is the projection operator
with fa(U) :={u(i, j) :i,j =1,...,n} (see also Appendix, use that lim_.. u(i, j) = 0).

3.9. Theorem.Let X be a Banach space ou€r be a probability real-valued measure
and T: X — X be a compact operator such that Re{fi(z)) — 0 for |Z(T?z)| — 0 and
ze X, Ze X corresponding to z. Then M- (T X)~, where Y* is a completion by « ||y of
anormed space Y.

Proof. =~ For eacha € My, and b > 0 we have J(z) = [x[1 — [Xe(Z(X)) +

Xe(—2(x))]/2lp(@x)u(dx) < Ji(z) + h(2), where Ji(z) = bJx[1 — [Xe(Z(X)) +
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Xe(—2(x))]/2IM(AX), J2(2) =2 i p(aryob) H(AX), J1(2) — O for |Z(T?2)| — 0, J(z) — O
for b — +o, consequently, iz, ... RE(J(X) — Xe(Z(a)}A(2)) = O. From
11— [(2)P < 2Re(1-fi(z)) and p(X) = pa(X) = 1 it follows that xe(2(a)) — 1 and
Z(a)— 0 for |2(T?z)| — 0. If |Z(@)| < € for |2(T?z)| < 3, then|Z(a) | < €2|%(T?z)|/d. Let
(g : j) be orthonormal basis iX such thatT = (Tij :i,j € N), limiyj_oT; =0, we
denoteD; := sup|Tk j|, hencela;|* < €2D%/3, ac (TX)~, [|allrx := sup Djlaj| < o (see
Appendix).

3.10. Corollary. Let X and p be the same as818.9, then IONM,, is a set of the first
category in X for each infinite-dimensional linear subspace X overK.

Proof follows from the fact that(TB(X,0,p!))~ =: A; is nowhere dense i N
B(X,0,p!) for eachj € N, sinceA; is compact inX [Sch89].

The proof of Theorem 2 § 19[Sko74] can not be transferred on non-Archimetiean
there exists a compabt in X = cp(wp,K) and its linear spalY = sparkV such that an
ultranorm pe (x) := inf[|al : X € aE] (see Exer. 6.204 and 5.202[NB85]) produces from
Y non-separable and non-Radonian Banach sffaeey, K) [DF91, Roo78], wherde =
coV)inY.

Note. Moreover, as it will be seen below from the proofs of Theorems 3.20 and
4.2 it follows the existence of a probability quasi-invariant measgur&f(X) — R with
My D H + Gy, whereGr is a compact subgroup i with pu(Gr) > 0 such thap(L) =0
for real-valuedu and each linear subspaten X with dimgL < Og (see Chapter Il also
respectively).

3.11. Definition. For a Banach spacé overK and a measurg: Bf(X) — R, a€ X,
llal| = 1, a vectora is called an admissible direction,afc M{f =[z:)zllk =1, Aze My
andp(Az,x) # 0 (mod P (relative tox) and for each € K] C X. Letae M{f we denote by
L1 :=Ka, Xy = X &Ly, it andj are the projections qi ontoL; andX; respectivelyp™=
W @ [it be a measure dBf(X), given by the the following equatiq{A x C) = pt (A)ft(C)
onBf(L1) x Bf(X1) and extended oBf(X), whereA € Bf(L1), C € Bf(Xy).

3.12. Theorem. For a to be in M} with a real-valued probability measure [ it is
necessary and sufficient that the following conditions be satisfied (i-iv):

() p<I;

(i) pt < m, where m is a real-valued Haar measure an L

(i) pt(dx)/p(dx) ;= h(x) # 0 for [a(x)| > 0;

(iv) u([x: g(x—Aa) # 0, g(x) = 0]) =0 for g(x) = p(dx)/fi(dx) whilst |A| > 0.

Proof. From{h, = pt, @ fit for A > 0 andp}, < pt, henceha € M. In view of (iv)
and and 88 3.10 II, Il the sufficiency followaa € My N M,..

Now prove the necessity of Conditiofis-iv). At first we demonstrate that< fi.

Recall the following proposition about measures equivalent with Haar measur@s. |If
is a locally compact group andis a non-negative non-zero left invariant Haar measure on
G, then a measunre+£ 0 onG is left quasi-invariant if and only if it is equivalent wifn(see
Proposition 11 §VII.1.9[Bou63-69]).

Fromp(Az,x) # 0 (mod g it follows thatp! ~ mdue to the cited just above proposition,
wheremis the Haar measure dn. For eachA € 3 for x € L; = aK denote byﬂ& the set of
all y € X* for which (x,y) € A, whereX = L1 @ X, L1 N X; = {0}, X1 is the closeK-linear
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subspace iX. ThenAl € Bf(X;) and
HA) = [ WO A (), )

FCA) = [ A (@), @

Therefore, for provingt < fiit is sufficient to show thafi(x, ) < fi* for eachx. Since
i (B1) = [y M(x,By)pt(dx), then formii(By) = O it follows thatp(x,B;) = O for put-almost
all x.

The density ofu! relative to the Haar measura on L; at a pointx for sufficiently
large||(a,x)|| is positive, wheram is positive on a unit ball i.;. Then there exisk with
sufficiently largelA| for which p(Aa,Bq) = 0.

Using H(A1a,*) < p(Aa,*) for |[A1| < |A| we get thatu(Aa,B1) = O for all A. Hence
from fi(By) = O it follows thatp(x, B;) = 0 for eachx € Ly, that isp(x, *) < fit.

Calculate nowdp(x) /dji(x) = g(x). In view of Theorem 3.5.1 and Formulés,2) we
deduce thag(x) = dpu(PL, x, Px,X) /dfi(Px, X). Sincep(PL,x—Aa,x) < u(P, X, x) for A #£ 0,
then

g(x—Aa) = g(x)[du(PL,x—Aa,*) (PgX) /du(PLX Px)]  (mod ). (3)

From this Conditior(iv) follows.

3.13. Note.ForKs-valued measures Theorem 3.12 is untrue, since there are cases with
M that are not absolutely continuous relativgutoFor example, for a probability measure
M=+ [ # 0, to(X) = 0 with i equivalent to the Haar measureon Ly, pb = 0, when
for | all atoms(a, ) are points and for eaote L1 is accomplishetszl(aj..z):X Ho(aj2) =0
and atomga,; 1) of py are such thal,, (aj 1) # P, (a 2) for eachj,|. We can choosga; s)
such that there exists a comp&et X with iy (S) =0, pz(S) # 0, buti(S) = 0, sincey’ = 0.

3.14. Definition and notesA measureau: Bf(X) — R for a Banach spac¥ overK is
called a quasi-invariant measureMf, contains &-linear manifoldJ, dense inX.

From § 3.7 and Definition 3.11 it follows that c M.

Let (e : j € N) be an orthonormal basis i, H = spark (gj : j). We denoteQ :=
Q(R) := [M/pis a real measure with a finite total variation ®n= Bf(X) andH C J].

A measurai € Q(R) that can not be represented as a sum of two singular to each other
measures from@(R) is called an extremal measuf (X)-measurable function: X — R
is called invariant fop € Q(R), if h(a+x) = h(x) p-almost everywhere byfor eachac H.

3.14.1. Lemma.If v and p are measures fro@ andv?! is an absolutely continuous
component ob relative to y, therw! € Q andv —v! € Q as soon ay # vi.

Proof. Putv? =v—vi vZ | If a€H, thenvl+vZ~ vl +v2andvZ < vi+v2
Sincev2 L pg ~ pandv! < , thenvZ L vl andv2 < v, that isv? € Q. Thenvl < v +v?
andv} 1 v?, consequently? < vi,vlc Q.

3.14.2. Corollary. If p andv are two extremal measures, then eitherp or p L v.

Proof. In the contrary case there would pe= pt + p2, wherep! < v, 2 L v, but this
is impossible, ifuis the extremal measure.

3.14.3. Corollary. If p is an extremal measure, then for eack X either p~ ps or
UL Ha.

Proof. This follows from the fact thaf, is the extremal measure as well.
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3.14.4. Corollary. If pis an extremal measure < Q andv < |, therv is also extremal
andv ~ .

Proof. In the contrary casg = p! + 2, wherep! < v andp? L v, pit, 12 € Q.

3.14.5. Lemma.For a measure W to be extremal it is necessary and sufficient for each
invariant relative to p function (x) being a constant.

Proof. Let h(x) be invariant forp and there existd such thatu({x: h(x) < b}) >0
and p({x: h(x) > b}) > 0. Put@(x) = 0 for h(x) < b, while g(x) = 0 for h(x) > b,
®(X) +@(x) = 1, W(A) = [,@0;(X)u(dX). Evidently, functionsp; (x) are also invariant for
K, j =1,2. Therefore, foa € H we get

/f i (dx) = /fx+a YW (dx) = /fx+a @ (X)p(dx)

= [ Tocra)g e amd) = [ F00@ (Ipuaxuie

— /x f (x)pu(a,x)u (dx)

so thatpd < p and henced € Q, alsop® L . Sincep = pt + p2, thenp will not be the
extremal measure.

Let nowp = pt + 12, wherep € Q, pt L 2. Denotegj(x) = dp (x)/d(x). For each
a € H there are identitiegy (X)@(Xx+a) = @1(X)@2(X) = @1(X+ a)@(x) = 0 satisfiedy-
almost everywhere, singé | 12, ik L 12, 12 L ut and@y(X) + @ (x) = 1. Therefore, 0=
{(@1(%) — Qr(x+a)) + (42(X) — @a(x+2))}2 = (@L(X) — Gr(x+a))P+ (@a2(X) — pa(x+ ) 2.
Thus; (x) would be invariant different from constants functions fior

3.15. Denote byL, the subspacspark {ei,...,en}, by X, the orthogonal in the non-
Archimedean sense complement{g X, = clx spark {€; : j > n}, bys, and3" we denote
o-algebras generated by cylindrical subsetksjmndX, respectively. As usuallp(x, ¢ |x)
denotes a conditional measure correspondingrédative to ao-subalgebra: in Bf(X) on
the measure spa¢X,Bf(X), ).

Lemma. If h(x) is a bounded invariant function for a measure p, thex)h=
Jx h(y)u(dy, 8" |x) for all n € N and p-almost everywhere.

Proof. From § 2.37 the existence of a conditional measure follows. It is sufficient to
demonstrate, that there exists &measurable function(x) p-almost everywhere coincid-
ing with h(x). Let @,(y) =C(b)exp(—|y|/b), whereb > 0, C(b) > 0 is a constant so that
JL, ®(y)mn(dy) =1, m, denotes the Haar measurelgywith my(B) = 1 for the unit ballB
in Ln. Puthy(x) := [ _h(X+Y)@(y)mn(dy). From theB f(X)-measurability oh(x) it fol-
lows thathp(x) — h( ) for b — 0 by the measurgdue to Lemmas 2.8 and 2.30. Therefore,
it is possible to choose such sequebgehat hy, (x) — h(x) p-almost everywhere. Men-
tion that the functiorhy(x+a) = [ h(X+Y)@(y —a)mn(dy) is the continuous function
by a € L,. But due to invariance off we infer thath, (X + @) = hp(X) for p-almost allx,
consequentlyhy(X+a) is constant as the function layfor p-almost allx by the measurg.
This means thaty(X) = hy(Pnx) for p-almost allx € X, whereR, : X — X, is theK-linear
projection operator associated with the bgsis: j}. The functionh (x) = limy_c hp, (PhX)
is defined for allx, for which this limit exists. It is the desired function.

3.15.1. Corollary. Let 3} be the completion a#" by the measure | =, 3,1 N 3.

If h is an invariant function for the measure y, then Bi§-measurable.
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Proof. In view of Lemma 3.15 the invariant functidrix) is 3 "-measurable, since such
is the bounded invariant function arctan(j)(x

3.15.2. Corollary. A function h(} is invariant for a measure p if and only if(k) is
B~-measurable.

Proof. The necessity follows from Corollary 3.15.1. The sufficiency follows from that
for a 3”-measurable functioh(x) for eachn there exists @& "-measurable functioh,(x)
so thatu({x: h(x) = ha(x)}) = p(X) > 0 and for eactB"-measurable functioh,(x) for all
y € L there is the equalitiin(x+y) = hn(X).

3.15.3. Corollary. A probability measure is extremal if and only if p takes only two
valuesOand1lon3®.

Proof. Only in this case als”-functions are equivalent to constants.

3.16. Theorem. A measure [ Q(R) is an extremal measure if and only if p is
equivalent tov € R, whereR := [v € Q(R)| for each n there exists m n such that
v(ANB) =v(A)v(B)for each Ac B,,, Be BM|.

Proof. The necessity. Lgl be an extremal measure. Denotellfy(x|y) for all n <m
the conditional measung(x, 8,|y) on thec-algebra calB™ and byp™ the restriction ofu
ona™.

We show thatf)'(x|y) ~ u™ for p-almost ally. It is sufficient to show that](x|y) ~ p"
for p-almost ally, sincepy(«|y) andy™ are restrictions of these measureszh

LetA"(Aly) be defined foA € Bf(X), Ac X",y € L, by the formula:

A"(Aly) =pa((P) AR ), (1)

wherePR, : X — L, andP" : X — X, are the projection operator. We denoteNd\the projec-
tion of pon X, andAn the projection ofionL,. Itis sufficient to verify that fop-almost all
y measured"(x|y) andA" are equivalent. If considef asL,, x X,, thenp~ Ap x A". Evi-

dentlyL,, € Bf(X), sincelLn = N-1 L%/pk, whereAP denotes thé-enlargement of a sétin
X,b> 0. For eaclA C L, with A€ Bf(X) there is the equality(A x B) = [, An(dy)A"(Bly)
andA, x A"(Ax B) = [4,An(dy)A"(B), then for proving the relation"(x|y) ~ p" for po-
almost ally it remains to use Theorem 3.5.1. Thuix|y) ~ u™ (mod Y.

Let now X (x]y) andpPeo be restrictions of these measures®h Thenp (|y) ~ U
(mod Y. In view of Corollary 3.15.3 the measuu® on 3” can take only two values 0 and
1. Then the measuig (x|y) being equivalent to it coincides wifl®, that ispy (x]y) = p~
(mod Y.

If y € X'is such thaty(x|y) ~ Y", then for allm> nwe getyl'(x|y) ~ u" andyy (x|y) =
p”. Denote the set of sughby C,,. Fory € Cry we putp(X]y) = diy'(x]y) (X) /d " (X).

In accordance with Theorem 3.2.4 we infer that

P ly) = [ pR(zlyHdz™ ix) @

for eachy € C,. Equality (2) implies that the sequence of functioggx) = pN=*(x,y),
k=1,...,N—nforms the martingale, wheig > n.

In view of Note 2.45 we have that A, p,) with B2 > B; > 0 is the set of thosr € X
for which the sequencgl'(x,y) an infinite number of times intersects the inter(f@, B2)
. - o0 k k i
for fixed n, X, v, thenu(A(BLBz)) =0, sinceAp, g, = mk:lA(BLBZ)’ whereA(BLBZ) is the



44 Sergey V. Ludkovsky

set of thosex € X for which the sequencgl(x,y) for fixed n, X, y intersects the interval
(B1,B2) not less thark times, while

WA ) < [ [ enody) dx]/[sz+<k 1)(B2— B)

= 2/[Br+ k(B2 —B)]- (3)
00 k,N
The latter inequality follows fron“A(B B = UN=ni1Ap, g, WhereA(B B) is the set of

thosex € X for which the sequencgl(x]y)....,d\ (x|y) intersects the intervdBy, 32) not
less thark times. ThempN (xly), pN=1(x|y)....,d(x]y) is the martingale. Apply Note 2.45.

In accordance with Lemma 2.41 we infer that the sequ¢pféx|y): m=n,n+1,...}
is boundedmod y. From(2) and the Jensen'’s inequality we deduce that

[ Wi oy (e < [ wieRody) (e

= [ wiepody)m(ax

for each downward convex functiajp Therefore the sequenéen'(x|y) : m}is uniformly
integrable.
For eachs “-measurable functioh(x) we have the equalities:

I|m /h )pn(X]y)p(dx) = I|m /h N(dxy)

—/h = (dxly) /h

whenever these integrals exist, consequentlyylimpp'(xly) =1 (mod g for eachy €
Co. The functionp'(x|y) by y is B,-measurable, as the function kyt is 3"-measurable.
Therefore, there exists®&" x 8,-measurable function'(x|y) so that it is equal te]'(x]y)
by (mod Y. Sincep! are uniformly integrable, then

lim_ [ 1p0xy) = 1A = fim_ [ [p(ly)— Liudx) = 0. (4)

In accordance with Theorem 3.5.1 we can considergRéat|y) is 3™ x 3. Integrating(4)
by u(dy) we infer that

tim, [ [ 1pRxy) — 1A°(elxy) =0. )
Consider the measusg := A" x p,. From(5) we get that
tim [ [ 1pxy) ~ Liy(cxx dy) =o0. (6)

From the definition we have alsgh(x|x) = du(x)/dyn(X). Introduce further the con-
ditional measuresi(x, 8"y). If W, and pn(*,8"y) are restrictions of measurgsand
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H(x,8")y) on the o-algebras,, thenp,(x, 8"|y) ~ U, for W"-almost ally as for pi'(x]y)

anddpm(+, 3"ly) /dph(x) = pA(X|X).
For eachl < n < m denote byk[", the restriction ofy, onto theo-algebras' N 3y,
while v[" denotes the restriction of the measprento the same-algebra. Puty’,(x) =

dv™(x)/dk{", (), thenrTl (x) = [x pn(z(2)w (dz,8' NBy|x) due to Theorem 3.2.4. Applying
Theorem 3.2.1 we infer that-almost everywhere there exists

im 1,0 = [ ph(zi2)w(dz.5'h) = i (0,/dvh(x) @)

m—oo

wherey}, denotes the restriction of the measw®nto theo-algebras'.
For alll < n < m<kdefine theo—algebra@lnﬁl’k consisting of all seté\N B with A €
8'N 38, Be 3N By, we put

1100 = | 1PT(2l2)} Mz 0mn(0, 104 00/l ®)
From(6,7) it follows that for all marked andn

lim lim fmk( x)=1 (mod Y. 9)

m—ook—oo

We rewrite(8) in the form
400 = [dym(B', ) 00 /dW(B' ) (] [d(B' N B, %) (X) /dyim(B' N B 4) ()] (20)

X [dyn(B, %) (0)/dH(B %) (9],
whereym(u,*) and yu(u,*) denote the restrictions of the measuygsand p onto ao-
algebrau, whereu C 8. Therefore, [y flT]*k(x)p(dx) =1L Ifnp<n< - <mnyrisan

arbitrary sequence of numbers, then puttiRgx) = fr<2%:L | (X) with ny o = 0 fork = 1,

39 = 3, we get
p(dx) = / H(32,dx) =
/x I'L@«

= /x NOu(BN 2 dx) = 1. (11)

Each functiongy is p-almost everywhere positive. Fro(8) it follows, that there exists a
sequencegng : k} such thatu-almost everywhere the infinite produgf_; ¢«(x) =: g(X)
converges. Introduce the measWf@) := [y g(X)u(dx). From (11) we deduce that
Jx 9(x)p(dx) = 1, hence( is the finite measure. Moreover~ ¢, sinceg(x) > 0 (mod Y.
For a boundeds "-:-measurable functiop and a boundea,, ,-measurable functiof
we get

J 0080020 = [ wix) (m(ax
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The function &(X) [Tk 1 9j(X) is B"-measurable, WhiIeE(x)ﬂ'j‘Zlcpj(x) IS By, 1™
measurable. Therefore, the function

Zes1(X / £2) ] 0/(2)HdZ By, |x)
j= k+l

is 3" N By, ,-measurable and

[ we0g02 (@0 = [ wix m Va1 0OM B 0%). (12)

Putz-1(x) := Jy Lp(z)r]j;lcpj(z)p(dz,ﬂ;”ZH\x). Sincez_1(X) is Bn,_,-measurable, then
Z1(x) is 8"2 N By, ,-measurable. Thus Equati¢h?) can be rewritten in the form:

[ WOOECOR(A) = [ 20020200 0 (57 5) (0 /A(B™ ) ()]

X[AH(B ™2 N By, 1) (X)/ Vg (B2 O By, ) (X))

X[anzkfl(gr?ff,gzhﬁi 17 )( )/dp(grrl]:: 22}(151 17 )( )]l.l(iBnZkH,dX)

— | 270020100V (60 = | ZH00MEX) [ ZeraGOM(AX
X X X

k-1 0
= J w9 [ @00me [ €09 ] oi00m(ey.

Particularly fory = 1 we get

JER(9 = [ €09 ] @i00m(es.

for § = 1 from (12) we obtain

J w0z = | o]

This means that
/qJ w(dx) — /qJ dx/E 2(dx) /Z(X (13)

The measurev(A) := {(A)/{(X) is equivalent with{, w ~ {. In accordance wit§13) for
each pair of seté € 3y, ,, B € 3"* the equalities

W(ANB) = [ Xa(X)Xa(w(dX

_ / Xa(W(d) / Xe(X)W(dx) = w(A)w(B)
X X

are satisfied, hence € R.
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The sufficiency. Suppose that R. We show thattis the extremal measure. Letx)
be aB“-measurable bounded function. Then from the definition of the faRityfollows
that for eachs,-measurable functiogy(x) the equality

[ wOonO9MEx) = [ weou [ hxm(ex (14)

is satisfied. The latter relation is satisfied for the set of functips closed relative
to the bounded convergence. Thu#l) is satisfied for all bounde@-measurable func-
tions. Putin(14) @ = h, then [, h?(X)p(dx) = (Jx h(X)(dx))?, consequently/y (h(x) —
Jxh(u(dx))?u(dx) = 0, henceh(x) = [, h(x)u(dx) (mod Y. Therefore, eachs®-
measurable function coincides with a constant by the megsundsing Lemma 3.14.5
and Corollaries 3.15.1-3 we infer the sufficiency.

3.17. Theorem. For a Banach space X ovét and each e Q(R) there existgp :
y € Y] C R and a measur® on B” such that gA) = [, W(A)v(dy) for each Ac Bf(X),
whereB” := (N,,B"NBf(X), B" is a completion oB" by a measure yj = Y|Be, WY (A) is
Af(X,p)-measurabldsee the notation i88 2.1,3.14and 3.16).

Proof. We show that the measugec Omegacan be obtained by mixing of extremal
measures so that there exists a family of measufesR on (X, 3) for eachy € Y and a
measure on (Y, £ ) for which

h= [ wvay). @

wherel(B) is £-measurable as the function pyor each marked subsBtc 3.

Take(Y,z) = (X,8%) andv = p|z=. We puty(B) := u(B,8|y), whereu(x, 3°|y) is
the conditional measure correspondingutcelative to theo-algebraz®. From § 2.37 for
the conditional measure it follows that

_ / U(A, 3%]y)(dy) = / W(A)v(dy)
v X

for eachA € 3.
It remains to show that¥ € R for v-almost ally. We first demonstrate thpt € Q. Take
ac J,andA < 8% and a cylindrical (measurable) functidron X, then

//fx+a W(dxv(dy) /fx+a YU(dx)

= [ T00xa0put@xue) = | [ f(opuax(cxviay)

Hence for each suchandv-almost ally we get:

[ f0ocra(x = [ 1(0pu(axp(dy. (2)
X X

Take a countable family, of such cylindrical functiond for which (2) is satisfied and the
closure ofR-linear span of which is dense in the set of all cylindrical real-valued functions
on X relative to the point-wise uniformly bounded convergence. Theref@yas satisfied

for all cylindrical functions fov-almost ally, hence

dii(x)/d(x) = pu(a,x)  (modv) (3)
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alsopd ~ W for eacha € J, and forv-almost ally.

Denote bymy the non-negative Haar measurekrso thatm; (B(K,0,1)) =1 and let
my x v be the measure on the prodykt Bf(K) x (Y, ), whereBf(K) denotes the Borel
o-algebra on the field&k. Then for my x v-almost all(t,y) € K x Y there is the relation
Wa ~ Y. Therefore, forv-almost ally € Y the setS, € Bf(K) of thoset € K for which
W, ~ W for a markedy hasmy (K \S)) = 0. MoreoverS, is the additive group. Suppose that
he K\ S, then(§+h)NS, =0, whereS,+h:={t+h:te S}, butm (§NB(K,0,r)) =
m((S,+h)NB(K,0,r)) for eachlh| < r < . ThusS, = K for v-almost ally.

This demonstrates that feralmost ally € Y eacha € J, is the admissible directional
vector for the measung, that is by the definitiona € Jyy for eacht € K. Thusp € Q for
v-almostally € Y.

We show next that¥ € R for v-almost ally. Denote as usually/(x, 3"|x) the con-
ditional measure ofY relative to theo-algebras" for a markedy. Consider a cylindrical
function f, a functiong,(x) which is 38"-measurable and bounded, alse 3. For each
B € 3” we have

H(ANB) = /B H(A, 3%y )u(dy) = /B Xa(y)H(dy),

consequently?(A) =Xa(y) (modv) for eachA € 3®. Then
[ £00R (28" ga00R (A v(@y)
AJXJIX

= [ 100mm0w(@xv(dy) = [ F(ogn0m(ax)
— [ o) [ 1@Hz8"ou(ex
A X
= [ [ xa(0mn09 [ T2z 5"pow(dxv(dy)
= [ [ 90 [ f@uz s (exvdy). (4)
AJX X
From (4) we infer that
/f(z)w(dz,a;wx):/ f(z)Ndz,3"|x) (5)
X X

for v-almost ally and each cylindrical functiofi. Since

lim f(z)p(dz,az”\x):/xf(z)},(dz) (mod p,

n—oo X

then for allf € ¢, for all mfor v-almost ally we get
/ f(P¥(d¥) = lim / f(Paz)(dz8"%)  (mod ). (6)
X —®JX

Therefore, there exists € 3% with v(E) = 1 so that for eacly € E Equality (6) is satisfied
for each cylindrical functiorf.
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Suppose that(x) is a bounded function invariant relative to the meag¥re € E. For
eachn the functionh(x) is 8" (y)-measurable, wherg"(y) denotes the completion af"
by the measurg?, that is the minimab-algebra generated by" and by allpY-null sets,
W > 0. For eachm < n we deduce that

/f (PO (dx) = /h(x)/xf(sz)W(dz,fB”|x)uy(dx).
Using (6) we find that

/f (P () (dxX) = /h(x)/xf(sz)w(dz)a(dx)

= [ (9 [ f(RoR(AX
X X

[ 1P~ [ h@H () (e =0,
X X

Taking into account the property of the famity we come to the conclusion thatx) =
Jxh(z){(dz) (mod ). This means that each invariant functiofx) for the measurg is
W-almost everywhere constant, consequeptlys R for eachy € E.

3.18. Theorem. If p: Bf(Y) — R is a o-finite measure on B¥), Y is a complete
separable ultrametrizabl&-linear subspace such that co($ nowhere dense in Y for
each compact & Y, whereK is an infinite non-discrete non-Archimedean field with a
multiplicative ultranorm| = |x. Then from J=Y it follows that p= 0.

Proof. Sinceytis o-finite, then there argY; : j € H) C Bf(Y) such thalf = J;y Yj and
0 < ||uBf(Y;)|| <1 for eachj, whereH C N, Y;NY; = 0 for eachj # 1. If card(H) = (o,
then we define a functiofi(x) = 1/[2/|p|(Y;)] for real-valuedt Then we define a measure
V(A) = [p F(X)u(dx), A€ Bf(Y). Therefore)v|(Y) <1 andJ, =Y, sincef € L1 (Y, R).
Hence it is sufficient to considgrwith ||p| <1 and|p|(Y) = 1. For eacln € N in view of
the Radonian property of there exists a compat, C Y such thafp|(Y \ X,) <1/n. In
Y there is a countable everywhere dense subsetj € N), henceY = Uy B(Y, Xj, 1) for
eachr; > 0, whereB(Y,x,r;) = [y € Y : d(x,y) <], d is an ultrametric irY, i.e. d(x,z) <
maxd(x,y), d(y,z)), d(x,z) =d(z,x), d(x,x) = 0, d(x,y) > O for x # y for eachx,y,z€ Y.
Therefore, for each; = 1/1, 1 € N there existk(l) € N such thatjp(X,) > 1—27'=",
whereX, = UT(:')lB(Y,xj,n), consequentlyjp|(Y \ Xn) < 27" for Xn := =1 %n1. The
subsetsX,, are compact, sinc¥, are closed irly and the metriad on X, is completely
bounded and is complete (see Theorems 3.1.2 and 4.3.29 [Eng86]). Thefp(X) <1
for [ul(Y\ X) = 0 for X := spark (Un—1 Xn)-

The setsY, = co(Y,) are nowhere dense Wfor Y, = JjL; X, consequentlys park Y,
are nowhere dense ¥h Moreover,(Y \ Un_1Yn) # 0is dense ity due to the Baire category
theorem (see 3.9.3 and 4.3.26 [Eng86]). TherefpreX C Y \ X fory € Y \ X and from
Ju =Y itfollows that|p|(X) = 0, sincely|(y+ X) = 0 (see §§ 2.38 and 3.14 above). Hence
we get the contradiction, consequentlys- O.

3.19. Corollary. IfY is a Banach space or a complete countably-ultranormable infinite-
dimensional oveK space, pBf(Y) — Rand J, =Y, then p= 0.

or that
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Proof. The spaceY is evidently complete and ultrametrizable, since its topology is
given by a countable family of ultranorms. Moreoves(S is nowhere dense ii for each
compactSin Y, sinceco(S = cl(Sy) is compact inY and does not contain in itself any
open subset il due to (5.7.5)[NB85] (folr overR and real-valued measures see Theorem
4 § V.5.3[GV61]).

3.20. Theorem. Let X be a separable Banach space over a locally compact infinite
field K with a nontrivial normalization such that eith& > Q, or char(K) = p > 0. Then
there are probability measures p on X with valuesRirsuch that p are quasi-invariant
relative to a dens&-linear subspace

Proof. Let §(j,n):= p/B(K,0,1)\ pI*'B(K,0,1) for j € Z and j < n, S(n,n) :=
p"B(K,0,1), w be the Haar measure ¢ considered as the additive group (see [HR79,
Roo78]) with values irR. Then for eaclt > 0 andn € N there are measur@son B f(K)
such thatm(dX = f(x)v(dx), | f(x) |> O for eachx € K and| m(p"B(K,0,1))—1 |< c,
m(K)=1,| m| (E) < 1foreachtE € Bf(K) , wherev=w,v(B(K,0,1)) =1. Moreover, we
can choosd such that a densityn, (dx)/m(dx =: d(m;a,x) be continuous bya,x) € K?
and for eacht’ > 0, x and| a |< p™" : | d(m;a,x) — 1|< ¢. For this we can defind
for v=w, for example, to be at the beginning locally constant suchftbgt= a(j,n) for
x € §(j,n), wherea(j,n) =r"0-"(1—r="(1-1/p)p "for j <n,a(n,n) = (1—r2Mp™"
andm(E) := y{a(j,n)v(p" H(ENS(j,n))/v(p" S(j,n)): j€Z j<n}. Then we can
take g(x) = f(x) +h(x) andy(dx) := g(x)v(dx), and a continuou$i(x) : K — R, with
sup{|h(x)/f(x) |: x € K} <c”and 0< c” < 1/p". More generally it is possible to take
g € LYK, Bf(K),v,R) such thatg(x) > 0 for v-almost everyx € K and ||g|| = 1 and

nﬁzl(gﬁ/z* gﬁ/z)(yn) > 0 converges for each= {yn : ¥n € K, n € N} in a proper dense
subspacd in X = ¢y, wheregn(x) := g(X/an), limp_wan =0, 0+# a, € K for eachn € N,
then use the Kakutani theorem 3.3.1, sift@i, Vi) = (gﬁ/z*gﬁ/z)(yn) for the measure
Hn(dX) := gn(X)v(dx/an) and its shifted measukg,(dx) := p(—Yyn+ dX).

Let {m(j;dx)} be a family of measures df with the corresponding sequengie(j)}
such thatk(j) < k(j+ 1) for eachj and lim_. k(i) = o, wherem(j;dx) corresponds
to the partition[S(i,k(]))]. The Banach spack is isomorphic withco(uwo,K) [Ro078].

It has the orthonormal basi; : j = 1,2,...} and the projector®x = (x(1),...,X(j))
ontoK/, wherex = x(1)e1 +x(2)& + ---. Then there exists a cylindrical measyrgen-
erated by a consistent family of measuyég B) =b(j,E) for B= PflE andE € Bf(KJ)
[Bou63-69, DF91] wherd(j,dz) =®[m(j;dz(i)):i=1,...,j],z= (z(1),...,z(J)). Let
L:=L(t,t(1),....t(1);1):={x:xe Xand |x(i) |< p*,a=—t—t(i) fori=1,...,|, anda=
—k(j) for j > 1}, thenL is compact inX, sinceX is Lindelof andL is sequentially compact
[Eng86]. Therefore, for eacth> 0 there existd such thaf u(X\ L) |< c, since there is
I € Nwith | 1—[m(j; p*/)B(K,0,1)): j > 1] |< ¢/2 (or due to the choice @f(j,n)).

In view of the Prohorov theorem cited above (see also § 1X.4.2[Bou63-69]) for real
measures and due to Lemma R.Bas the countably-additive extension Bf(X), conse-
quently, also on the completefield Af(X, ) andpis the Radon measure.

Let Z € spark{e; : j = 1,2,...} and z" = {z(j) : z(j) = Oforj < landz(j) €
S(n,n),j=12,....n=k(j)},l eN,z=Z+7".

In accordance with Lemma 1.1.4 [Roo78]Kf is a complete relative to its norm non-
Archimedean field and : B — K is a mapping such th&t(0) =0 and|[f (x) — f(y)]/[x—
y]—1| <cfor eachx,y € B, where 0< c < 1, B:= B(K, O,r) is the ball with center at zero



Real-Valued Measures 51

of radiusr > 0, thenf : B — B is the isometry.

By Corollary 2.4 [Roo78] if( X, d) is a complete ultrametric space and if every decreas-
ing sequence of values of the ultrametdiconverges to zero, thefX,d) is spherically
complete.

In view of the Kakutani theorem cited above (see also [DF91]) and also two state-
ments cited just above there are measmgsdz(j) such thap,(z,x) = [{d(j;z(j),x(j)):
i=1,2,...} = u(dx)/u(dx) € LY(X,, R) for each suctz andx € X, whered(j; *,%) =
d(m(j#), %, %) andp(X) = u(X) = L.

When char(K) = 0, then in this proof it is also possible to considg(j,n) :=
nB(K,0,1)\ *B(K,0,1), whereme K, p~1 < |ri < 1, tis the generator of the nor-
malization group oK.

3.20.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fiel& and J be a dense prop&-linear subspace in X such that the
embedding operator TJ — X is compact and nondegenerate, [y = {0}. Then a set
M (X,J) of probability measures p on BX) quasi-invariant relative to J is of cardinality
2°.If Y, Y c J, is also a densK-linear subspace in X, thenr (X,J') D ar (X,J).

Proof. SinceX is of separable type ovét, then we can choose for a given compact
operatorT an orthonormal base iX in which T is diagional andX is isomorphic with
Co over K such that in its standard bage; : j € N} the operatof has the formTe; =
ajej, 0# a; € K for eachj € N, limj_,a; = 0 (see Appendix). As in Theorem 3.20
takegn € L1(K, Bf(K), v(dx/an),R), gn(X) > 0 for v-a.e.x € K and||gs| = 1 for eachn,
for which convergesﬂﬁ:l(gﬁ/z* gﬁ/z)(yn), where the convolution is taken relative to the
measure/(dx/an), for eachy € J and such thaff]nL; gn(Xn)V(d¥/an) =: v, (dX") satisfies
conditions of Lemma 2.3, wherd' := (x1,...,X%n), X1,...,% € K for eachn € N. Since
On are nonnegative, then it is sufficient to satisfy conditions of Lemma 2.8 fob > 0.

The family of such sequences of functiofg, : n € N} has the cardinality 2 since inL*
the subspace of step functions is dense eard(Bf(X)) = Dgo = ¢, card([0,0)¢) = 2¢,
2cxHo = 2¢ where[p := card(N), c := card(R). The latter statement of this theorem is
evident, since the family of aflg, : n} satisfying conditions above fdralso satisfies such
conditions forJ'.

3.21. Note. For a givenm = w new suitable measures may be constructed, if to use
images of measures?(E) = m(g~1(E)) such that for a diffeomorphisme Dif f1(K) (see
§ A.3) we havar® ' (dx)/m(dx) =| (¢ (g 1(X)) |k, where]| = |x = modk () is the modular
function of the fieldK associated with the Haar measurekonat the same timeéx | is
the multiplicative norm inK consistent with its uniformity [Wei73]. Indeed, fé¢ and
X = KJ with j € N and the Haar measuve=w or v= W on X, vx := v with values either
in R or in K for s# p and for a functionf € LY(X,v,R) or f € L(X,Vv,Ks), respectively,
due to Lemma 4 and Theorem 4 § 1.2[Wei73], Theorems 9.2 and A.7[Sch84] we have:
Jom) TOV(AX) = [o F(9(Y))lg' (Y)kv(dy), wheremodk (A)v(dX) := v(AdX), A € K. For a
construction of new measures images/ahay be used, for example, for analytion K
(see 43.1 [Sch84]) with = Ph, whereP is the anti-differentiation such thgt= h. Defining
it at first locally we can then extend it on &l

Henceforward, quasi-invariant measyren B f(cy(wo,K)) constructed with the help
of projective limits or sequences of weak distributions of probability meagyrgs, : n)
are considered, for example, as in Theorem 3.20 such that
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() Mu(ny(dX) = fiymn)(X)VH(n)(dx), dimgH(n) = m(n) < 0o for eachn € N, where
fun) € LYH(N),Vyn),R), H(N) C H(n+1) C -+, cl(UyH(n) = co(w,K), if it is not
specified in another manner.

Proposition 11 § VII.1.9 [Bou63-69] states, thaGifs a locally compact groufz; is its
closed normal subgrou®; = G/G; is the quotient groupy: G — G is the quotient map-
ping,u: G — G is a topological group automorphism Gfsuch thauu(G;) = G, uz is an
automorphism oG, obtained by the factorization, themods(u) = mods, (u1)mods, (Uz).

For real-valued probability quasi-invariant measures for a sequence of weak distribu-
tions (K4 (n)) generated byt in view of the proposition cited just above, Lemma 2.3 and
Definition 3.14 this condition is satisfied, sinckJ,) = co(wo, K).

As will be seen below such measungsire quasi-invariant relative to families of the
cardinalityc = card(R) of linear and non-linear transformatiods. X — X. Moreover, for
eachV open inX we haveu(V) > 0, whenfy ) (x) > 0 for eachn € N andx € H(n).

Let pbe a probability quasi-invariant measure satisfying (i) égd j) be an orthonor-
mal basis ifM, H(n) := spark (ey,...,en), we denote by

~

pu(a,X) = ﬁ(aa)() = Amnm pn(Pna7PnX)7

P"(Pna,PnX) := frym)(Pa(X—a))/ fiy(n) (PrX)

for eacha andx for which this limit exists and(a,x) = 0 in the contrary case, where
P, : X — H(n) are chosen consistent projectors. péa,x) = p(a,x), if [p(a,x)u(dx) =

1, p(a,x) is not defined wherp(a,x) # 1. If for some another basig; : j) andp is
accomplished

(i) W(S) =1, S:=Naem,[X: P(a,x) = p(a,X)]), thenp(a,x) is called regularly depen-
dent from a basis.

3.22. Lemma. Let p be a probability measure,:Bf(X) — R, X be a Banach space
overK, suppose that for each bas{§; : j) in My a quasi-invariance factop satisfies the
following conditions:

(1) if p(aj,x), j=1,...,N, are defined for a given& X and for each\j € K then a
functionp(y_;Ajaj,x) is continuous by, j=1,...,N;

(2) there exists an increasing sequence of subspac@s) H M, cl(U,H(n)) =
X, with projectors R: X — H(n), Be Bf(X), u(B) =0 such thatlim,_.p(P,a,x)
= p(a,x) for each ac M, and x¢ B for which is definegh(a,x). Thenp(a,x) depends
regularly from the basis.

Proof. There exists a subs&tdense in eachi(n), henceu(B') =0 for B’ = [J,eg/X:
p(a,x) # p(a,x)]. From (1) it follows thatp(a,x) = p(a,x) on eachH (n) for x ¢ B". From
spark SO H(n) and (2) it follows thap(a,x) = p(a,x) for eacha e M andx e X\ (B'UB),
consequently, Condition 3.21(ii$ satisfied.

3.23. Lemma.lf a probability quasi-invariant measure:|B f(X) — R satisfies Condi-
tion 3.21(i), then there exists a compact operator¥ — X such that N| C (T X)~, where
X is the Banach space ovKkr

Proof. This follows from Theorem 3.9 (see also Chapter II).

3.24. Let X be a Banach space ovér | * [x = modk (x), U : X — X be an invertible
linear operatont: Bf(X) — R be a probability quasi-invariant measure.
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The uniform convergence of a (transfinite) sequence of functiomsfod, v)-compact
subsets of a topological spa¢eas called the Egorov condition, whevds a measure ox.
Theorem. Let pairs (x—Ux,x) and (x—U "1 x) be in domp(a,x)), where domf)
denotes a domain of a function H(x —Ux,x) > 0, p(x—U~1x,x) > 0 (mod P. Then
v~ uand
(i) v(dx)/u(dx) = |det(U) |k p(x—U1x,x),

if p depends regularly from the base, themay be substituted hyin formula (i), where
V(A) := W(U~1A) for each Ac Bf(X).

Proof. In view of Theorem 3.9 (and Lemma 3.23) there exists a compact operator
T : X — X' such thaM, C (T X)™~, consequently(U — 1) is a compact operator, wherés
the identity operator. From the invertibility &f it follows that (U~ —1) is also compact,
moreover, there existiet(U) € K. Let g be a continuous bounded functigr,H(n) — R,
whence

J #00v(@ = [ 00U 0 Fa( ()1 0SHUn) i (0.

for g(x) = g(P.x), where subspaces exist such thimn) c X, (U~ —1)H(n) c H(n),
cl(UpH(N)) =X, Up :=Fn(U), ry = Py : X — H(n) (see §§ 3.8 and 3.21§{(n) c H(n+
1) C --- due to compactness @) —1). In view of the Fatou theoremdy, > Jn o, Where
In = fx 9PmX)v(dx) andImp:= fx (PmX)P(X— U 2x,x)|det(U) |k u(dx). Indeed, there
existsng such thatu(i, j) — & j| < 1/p for eachi and j > ng, consequentlyldet(Un)|x =
|det(U)|k for eachn > ng, whered; j is the Kronecker delta-symbol.

This implies that for each non-negatid (X)-measurable functiog(x) the inequality

[ 000vidx) > | @p(x—Ux ]detu) k(e
X X

is satisfied, consequently.< v.
Then due to the Fubini Theorem there exists

lim (g () (APX) /Vi () (dPX)] = p(dX)/v(dX)  (modv).

n—oo

Therefore,
dux)/dv(x) = 1/[pu(x—U~'x,x)|detU)[«] (mod Y. (1)

This means that the density of the absolute continuous componemelattive top is:
dv(x)/dp(x) = Pu(x— U ~2x,x)|det(U) k. (2)

Consider the measurke obtained fromp by the mappingJ 1, thenp < A as soon as
Pu(x—Ux,x) > 0 (mod Y. Under the mappiny the measurg transforms intos, while A
into . Thusv <« pas well and inevitably ~ v.

3.25. Let X be a Banach space ovEr | x|k = modk (x) with a probability quasi-
invariant measurg: Bf(X) — R, also letU fulfils the following conditions:

(i) U(x) andU ~(x) € C1(X,X) (see § A.3);

(i) (U’(x) —1) is compact for eack € X;
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(i) (x—U"1(x)) and(x—U(x)) € J, for p—a.e.x € X;
(iv) for p-a.e.x pairs (x — U (x); x) and (x —U ~(x); x)

are contained in a domain pfz,x) such thap(x—U ~1(x),x) # 0, p(x—U (x),x) # 0 (mod
W;
(V) uS)=1,
whereS := ([x: p(z,x) is defined and continuous laye L]|) for each finite-dimensional
LC Iy
(vi) there exist$Swith p(S) = 0 and for each

x € X\ Sand for eacle for which there existp(z,x) satisfying the following condition:
limn_p(Phz,X) = p(z,x) and the convergence is uniform for each finite-dimensianal
JubyzinLnxe J:|x|<cl, wherec > 0, By : X — H(n) are projectors onto finite-
dimensional subspacés(n) overK such thatH(n) € H(n+ 1) for eachn € N andcl U
{H(n):n}=X;

(vii) there exists for which for all j > nandx € X mappings

V(j,X) = x+Pj(U"(x) —x) andU(j,x) := x+ Pj(U(x) — ) are invertible and lim |
detU’(j,x) |=|detU’(x) |, lim;j | detV’(j,x) |= 1/ | detU’(x) |.
Theorem. The measure(A) := u(U~1(A)) is equivalent to p and

(i) v(dx)/p(dx) =| detd"(UH(x)) [k p(x—U~1(x),X).

Proof. I. Let at firstU be linear. In general, for a linear operatdrwith compact
B =U —1 there is the following decompositidd = SCDE whereC! and E are upper
triangular infinite matrices) = diag{d(j) : j € N}, operatorC—1, D —| andE — | are
compact in the corresponding orthonormal bdsis: j} in X, Stransposes a finite number
of vectors in orthonormal basis (see § A.2). Moreover, theredatéC) = det(E) = 1,
det(U) =det(D) # 0.

Il. Let V,, be a diagonal (or upper or lower triangular) operatorXosuch that(V,, —
1)(X) = PiL, wheredimkL = k < Og, lim,_»||Van —Us|| =0, U; is a diagonal (or lower
or upper triangular) operator, there existssuch that|e; — Pygj|| < 1/p for (gj) in L,
consequentlyl| ¥ AjPagj|| = max; [Aj| for Aj € K anddimk P,L = k for n > no, in addition,
liMn e SURcp <1 X — Pox]| = 0. Then limy Py (x — Vi 1x) = x — U7 'x, wherePx =
Pnx € PyL for eachx € L. Due to Conditions (vi, vii) we get ligmp(x — Vi, 1x,X) = p(x —
U; 1%, x) (mod Y.

From the Fatou theorem and § 3.21 it follows tlat> J; o, whered; = [y f(Uix)p(dx),
Ji o= Jx F(X)p(x—U; %, x)|detUi|x p(dx) for continuous bounded functidin: X — [0, ).
Analogously we proceed for the opera!tq_T1 instead otJ;. Using instead of the function
DU x) := f(x)pu(x — U7 x,x) and Properties 3.7 we get thag(Uix — x,U1x)ppu(X —
Uix,X) = 1 (mod y. Therefore, fold = U;U, with diagonalU; and upper trianguldd,
and lower triangulatJz operators with finite-dimensional ovrsubspacefJ; — )X, j =
1,2,3, the following equation is accomplished

/f(Ux)u(dX):/ £ (X)pu(x — U ~x, )| detUJ i(dx).
X X
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If (SIU —1)X =L, then from the decomposition given in @) = SLU;Us, we have
(Uj—1)X =L, j=1,2,3 due to formulas from § A.1 (see Appendix), since corresponding
non-major minors are equal to zero.

(. If U is an arbitrary linear operator satisfying the conditions of this theorem, then
from (iv-vi) and (1, II) for each continuous bounded functibnX — [0,) we havel > Jp,
whereJ := [, f(U(X))u(dx) and Jp := fy f(X)pu(x — U 1(x),x)|detU|x u(dx). Analo-
gously forU 1, moreoverp(x—U~1(x),x)|detU|x =: h(x) € L}(X,u,R), h(x) > 0 (mod
), since there existdetU.

(IV). Now let U be linear andU —I)(X) =L, dimkL =k < Og, L C J,. Suppose&J

is polygonal, which means that there exists a parti¥os U{Y(i) :i=1,...,1}, U(x) =
a(i) +V(i)x for x € Y(i), whereY(i) are closed subset&tY (i) NIntY(j) = 0 for each
i # j,a(i) € X andV (i) are linear operators. Tha&h 1 is also polygonall)’(x) =V (j) for
x€Y(j) and fy f(a() +V()x)u(dx) = f f (@) +x)pu(x—V (i)x,x) x|detV(i))|xh(dx)
for each real Borel measurable functibrand each. Froma(j) € M, and § 3.7 we get
S F(@() +V()REx) = fy Fx)p(x—V (j)"Hx—a(j)), X)|detV(j) [k H(dX). LetHyj :=
[xe X :V(K)~x=V(j)~1x], assume without loss of generality thatk) # V(j) or a(k) #
a(j) for eachk # j, sinceY (k) # Y(j) (otherwise they may be united). Therefarg,; # X.
If u(Hkj) > 0, then fromX © Hy j O K it follows thatM, C Hy j, butcl(Hk ;) = H j and
cl(My) = X. This contradiction means thatA) =0, whereA = [x: V(k)1(x—a(k)) =
V(§)~(x—a(j))]. Then fy f(Ux)u(dx) = fx f(X)p(x—U(x),x) |detU ()| u(dx).

(V). The fieldK is spherically complete. In view of the Hahn-Banach theorem for

the Banach spac¥ over K [NB85, Roo78] there are linear continuous functionagjs ~
such that there exists orthonormal ba@s: j) in X with &(ej) = & j. Lets(i,j;x) :=
&(U(j,x) —x) ands(i;x) = §(U(x) —x) = limjs(i, j;x) (lim is taken inC(X,K)), con-
sequently, dét’(j,x) = det(ds(i,j;x)e(K :i,k=1,...,j). Then for the construction of
the sequencgU (j,x*) : j} it is sufficient to construct a sequence of polygonal functions
{a(i, J;x)}, thatisa(i, j;x) = lk(i, ) (X) + ax for x € Y (K), wherel(i, j) are linear function-
als,ax € K, Y(k) are closed irX, Int(Y(j)) NnInt(Y(k)) = 0 for eachk  j, Ug_, Y (k) = X,
m < Oo. For eachc > 0 there existy C X with pu(X'\ ;) < ¢, the functionss(i, j; x) and
(®s(i, j; %)) (x e(K),t) are equiuniformly continuous (by <V, and byi, j,k € N) on V..
Choosingc = ¢(n) =1/nand usingd-nets inV, we get a sequence of polygonal mappings
(Wh : n) converging by its matrix elements irt(X, , R), from Condition (i) follows that it
may be chosen equicontinuous for matrix elemesig; x), ds(i, j; x) ands(i,P;x) by i, j
(the same is true fdd ~1).

Indeed, fol; there isd > 0 such thats(i, j;X') —s(i, j; X)| < cand

[(@s(i, ;%)) (x.€(K),t) — (PTs(i, ;) (X, e(K,t)| <c

(see also Theorem 2.11.1[Lud99t]) for eack €V, with [x—X'| <, [t—t'| <landi, j,ke
N. Then we can choose I a finite d-netxy,...,x and defineq(i, j;X) = s(i, j; Xq) +
(ds(i,j; xq)) (X —Xq) and apply the non-Archimedean variant of the Taylor theorem (see
§29.4[Sch84] and Theorem A.5 in the Appendix).

Then calculating integrals as above W with functions f, using the Fatou theorem
we get the inequalities analogous to written in (Ill) fbandJ, of the general form. From
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v(dx)/p(dx) > 0 (mod P we get the statement of this theorem, since

[ FAGXHE@) = [ F00pu(Pi(x—AG),X)IdetAG X)) ),
whereA=U, A(j,x) =U(j,x) orA=U"1, A(j,x) =V(j,x).

3.26. Note. For a linear invertible operatdy Condition 3.25(i) is satisfied automati-
cally, (ii) follows from (iii), hence from (iii) also follows (vii) (see the proof of Theorem
3.24).

3.27. ExamplesLet X be a Banach space over the fi&ldvith the normalization group
'k =Tq,- We consider a diagonal compact operalos diag(tj : j € N) in a fixed or-
thonormal basige;) in X such thakerT :=T~10= {0}. Letv;(dx;) = C(&;) exp(—|(Xj —
x?)/E”%)v(dx,-) for the Haar measure: Bf(K) — [0,»). We choose constant functions
C(&;) andC'(&;) such that; be a probability measure, whex¢ = (x‘j’ D) eX, x=(x:

j) €X,xj eK. Particularly, forg=2: [ [(Xe(X; —X0) — Xe(—Xj +x))/(2i)]vj(dx;) =0,
sincev; is symmetric andxe(X) — Xe(—X)] is the odd function, wherge is the same
character as in § 2.6. Thefy [x; —x}|?v;(dx;) = [§;|* due to the formula of changing
variables in 8§ 3.21 and differentiation by the real parambtef the following integral
I(b) = fx exp(—[{3b?)v(dx), then we take 1/|&= b e ['k. Thereforex? and|¢;| have in
some respect a meaning looking like the mean value and the variance.

With the help of product@‘f:lvj(dxj) as in 8 3.20 we can construct a probability
quasi-invariant measugg on X with values in[0,1] or C, sincecl(T X) is compact inX
andspark (€j : j) =:H C Ju. FromMycgk 0,1)\0Cl (AT X) = {0} we may infer that for each
¢ > 0 there exists a compadt(A) C X such thap(X \ Ve(A)) < cand) ,oVe(A) = {0},
consequently, lim_o Jx f (X7 (dX) = f(0) =3o(f), hencgl'T is weakly converging to
0o whilst |A| — O for the space of bounded continuous functiénX — R.

From Theorem 3.4 we conclude that frgnff_, |y;/¢; |3 < oo it follows y € Jyr. Then
for a linear transformatiob) : X — X from ¥ ; |&(x—U(x))/&; \% < oo it follows thatx —
U(x) € J, and a pair(x — U (x),x) € dom(p(az)). Moreover, forp corresponding tq"
conditions (v) and (vi) in 8 3.25 are satisfied. Therefore, for speimdS < Af(X,p) a
quantity|u(ty+ S) — u(S)| is of order of smallnesg|9 whilstt — 0, hence they are pseudo-
differentiable of ordeb for 0 < Re(b)< 2 (see also § 4 below).

Analogs of real-valued Wiener measures on spaces of functions from a non-
Archimedean Banach space intbare given in [BV97, Sat94], that are quasi-invariant
under some suitable choice. Another examples of measures with particular properties are
givenin § 1.6.

3.28. Theorem.Let A be a complete normed algebra over a locally compact infinite
fieldK with a non-trivial non-Archimedean multiplicative norm. If a nontrivial real-valued
measure p on B{A) is quasi-invariant relative to a dense subalgebra #lative to linear
shifts and lefi{or right) multiplication), then A is finite dimensional oviér

Proof. If Ais without a unity, then we can consider the algefsyavith unity such that
A C A; andA; is generated byA andK1. Therefore u can be extended to a measyf®n
A; quasi-invariant relative t8/;, whereA'; is generated by andK1, i = ux m, wherem
is the nontrivial Haar measure ¢ Therefore, without loss of generality considervith
the unit element. In view of Lemma 3.23 there exists a compact opeFatarA such that
M, C (TA). The measurg is quasi-invariant relative to shiftsc A’ C (TA) and relative
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to left (or right) multiplication on(1+y) € A’, wherey € A, then this implies that 1 is the
compact operator oA (see also 8§ 3.24). This is possible only whis finite dimensional
overkK.

3.29. Theorem. Let A be a Banach space over a locally compact infinite field
supplied with a non-trivial non-Archimedean multiplicative norm. If pis a non-trivial real-
valued measure on BA) quasi-invariant relative to shifts from a denkdinear subspace
L" in A, then there exists a nontrivial topological group Gkefinear automorphisms of A
such that p is also quasi-invariant relative to G.

Proof. TakeG consisting oK-linear operators satisfying conditions of Theorem 3.24.
They form a multiplicative group, since the conditions of Theorem 3.24 are satisfied for
the productUV of two operatordJ andV satisfying these conditions, alstet(UV) =
det(U)det(V) for each pair of operators iB andp satisfies the co-cycle condition. In the
topology of G inherited from the Banach spat¢A) of boundedK-linear operators this
groupG is the topological group.

1.4. Pseudo-differentiable Measures

4.1. Definition and notes A function f : K — R is called pseudo-differentiable of order
if there exists the following integral:

PD(b,f(x)) = /K [(F(0) — (y)) x g%y b)]dv(y). (1)
We introduce the following notatioRD(b, f(x)) for such integral byB(K, 0,1) instead of

the entireK. Whereg(x y,b) :=| x—y |~1~P with the corresponding Haar measwreith

values inR, whereb € C and|x|x = p~°"%X).

Obviously, the definitions of differentiability of measures can not be transferred from
[BS90, DF91] onto the case considered here. This is the reason why the notion of pseudo-
differentiability is introduced here. A quasi-invariant measuren X is called pseudo-
differentiable forb € C, if there existsPD(b,g(x)) for g(x) := p(—xz+ S) for eachS e
Af(X, ) with |m|(S < « and eactz € J, Wherlef is aK-linear subspace dense ¥ For
a fixedz € X such measure is called pseudo-differentiable along

For a one-parameter subfamily of operatB(&,0,1) >t — U; : X — X quasi-invariant
measurey is called pseudo-differentiable fdy € C, if for each S the same as above
there existsPD¢(b,g(t)) for a functiong(t) := u(U; 1(S), whereX may be also a topo-
logical group G with a measure quasi-invariant relative to a dense subgf@ufsee
[Lud99t, Lud98s, Lud00a]).

4.2. Let y, X, andp be the same as in Theorem 3.24 d@&ndbe a non-Archimedean
Fourier transform defined in [VVZ94, Roo78].

Theorems. (1) g(t) := p(z+tw,x)j(t) € L*(v,K — C) := V, moreover, there exists
F(g) € CO(K, C) andlim_.., F(g)(t) = O for pand v with values iR, where z and ve J,,

t € K, j(t) is the characteristic function of a compact subset\K. In general, may be
K(t) :==p(z+tw,x) ¢ V.

(2) Letgt) = p(z+tw,x) j(t) with clopen subsets W K. Then there are y, for which
there exists PD(lg(t)) for each be C. If g(t) = p(z+tw,X), then there are probability
measures Y, for which there exists @y(t)) for each b with0 < Re(b)or b= 0.
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(3) Let Se Af(X,y), |M(S) < o, then foreach ke U :={b':Re B > 0or b’ =0} there
is a pseudo-differentiable quasi-invariant measure | .

Proof. We consider the following additive compact subgrdsip:= {x € X|||x(j)|| <
pkU) for eachj € N} in X, whereT = diag{d(j) € K : |d(j)| = p *) for eachj € N} is
a compact diagonal operator. Thgifrom Theorem 3.20 is quasi-invariant relative to the
following additive subgroufsr := Gt +H, whereH :=spark{e(j) : j € N}. Moreover,
for eachzandw € Gr andR > 0 there isc > 0 such thaip(z+ uw,x) = p(z+ swx) for
lu—s| < candx e B(X,0,R), if all functionsf; in the proof of Theorem 3.20 are locally
constant (that isf are defined ofKe; C X). In general, for each € C we can choose a
sequencéy; (x) with 3% osupy (|hj (x)/(hj(x) + f;(x))|rj(x)) < ¢ for suitable fixed >0
and functiongj : K — [0,) with lim_orj(x) = . Carrying out calculations and using
the fact thatis the probability quasi-invariant measure we get the pseudo-differentiability
of L. Using the Riemann-Lebesgue theorem (see it in [VVZ94]) we get the statement of
this theorem foF (g).

4.2.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fiel& and J be a dense propét-linear subspace in X such that the
embedding operator TJ — X is compact and nondegenerate, Key= {0}, be C. Then
a setep(X,J) of probability measures p on BX) quasi-invariant and pseudo-differentiable
of order b relative to J is of cardinalitgc. If J/, J C J, is also a dens&-linear subspace
in X, then?y,(X,J) D Pp(X,J).

Proof. As in § 3.20.1 choose fofF an orthonormal base K in which T is diagonal
andX is isomorphic withco overK such that in its standard bae; : j € N} the operator
T has the formTe; = ajej, 0# a; € K for eachj € N, limj_.a; = 0 (see Appendix).
Takegy, from § 3.20.1, where, € L1(K, Bf(K), v(dx/a,),R), satisfy conditions there and
such that there exists lign...PD(b,[Tm_, gn(x2)) € L1(X,Bf(X),v,C) by the variable for
eachz € J, wherex € K. Evidently, #(X,J) C  (X,J). The family of such sequences of
functions{g, : n € N} has the cardinality2 since inL(v) the subspace of step functions
is dense and the condition of pseudo-differentiability is the integral convergence condition
(see 88 4.1 and 4.2). The latter statement of this theorem is evident, since the family of all
{gn : n} satisfying conditions above fdralso satisfies such conditions fr

4.3. Let X be a Banach space ov€r by € RU{+~} and suppose that the following
conditions are satisfied:

(1) T : X — X is a compact operator witker(T) = {0};

(2) a mappingF from B(K,0,1) to Cr(X) := {U :U € C}(X,X) and(U’(x) — 1) is a
compact operator for eacte X, there isU ~1 satisfying the same conditionsds is given;

(3) F(t) =U(x) and XU (x+ h,x) are continuous by, that is, F € C}(B(K,0,1),
Cr(X));

(4) there isc > 0 such that|U; (x) — Us(x)|| < || T x|| for eachx € X and|t —s| < c;

(5) for eachR > 0 there is a finite-dimensional ovkrsubspacé! ¢ X andc’ > 0 such
that ||U; (x) — Us(X)|| < || TX||/R for eachx € X & H and|t —s| < ¢’ with (3— 5) satisfying
also forU, L.

Theorem. On X there are probability quasi-invariant measures | which are pseudo-
differentiable for each I C with R 5 Re(b)< by relative to a family .

Proof. From Conditions (2,3) it follows that there s> 0 such that/det(U/(x))|
= |det(U{(x))| for p-a.e. x € X and all |t —s| < ¢, where quasi-invariant and pseudo-
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differentiable measurgson X relative toSy may be constructed as in the proof of The-
orems 3.20 and 4.2. Frofd —5) it follows that conditions of Theorem 3.25 are satisfied
for eachU;. From(3,5) it follows that for eactR > 0 andb > 0 there existg’ > 0 such that
IPu(x— U (%), %) — pu(x— U 1(x),x)| < b for eachlt —s| < ¢ andx € B(X,0,R). If dur-
ing construction ofi to use only locally constarf((x;) with h; = 0, then we can take >
by > 0. Indeed, lell = SCDEbe a decomposition from the appendix ql’i‘cdé) = u(Eé)
with A= E~1 (or C), S€ Bf(X), thenpya(x— U 1(x),x) = pu(Ex— U Y(Ex),EX) and
c(x) = U7 HExX) —UgHEX)| < |TEX| for x € X andc(x) < ||[TEX|/R for x € X o H
(for eachR > 0 there isH C X with dimgH < ), due to compactness & — | and
C — | we can chooséd such thatA~*H = H, AH = H. We use also images of quasi-
invariant measure constructed with the help of compact diagonal opéEdterl ), where
IDj — 1] < |D} — 1|pK), limjk(j) = —co. Then sup{W(x) —U(0)] : x € B(X,0,R)}
< ||<DlUt||B(X,07R) x ||x||. From the fact thaH is finite-dimensional and the existence of
the orthogonal projector (that is, corresponding to the decomposition into the direct sum)
TH : X — H it follows that |U&(ej) —U&(ej)|| < bj for eachj € N and eacht —s| < ¢,
where lim_. b; =0,a=1 ora= —1. This guarantees pseudo-differentiabilityuof
4.4.Let X be a Banach space of separable type 8ygrbe a probability quasi-invariant
measures: Bf(X) — R, that is pseudo-differentiable for a giverwith Re(r) > 0, Cy(X)
be a space of continuous bounded functidbn — R with || f|| := supcx | f (X)].
Theorem. For each ac J, and f € Cy(X) is defined the following integral:

ONGEY [ /. f(x)[u(—xa+dx>—u(dx)@g(x,o,mv(dm

and there exists a measuwe Bf(X) — C with a bounded variation. Fob < r € R thisv
is a mapping from BfX) into R such that

(i) 1) = [ 109v(c¥).

where v is the Haar measure ¢hwith values in0,e), moreovery is independent from f
and may be dependent oreal,. We denot® =: D

Proof. From Definition 4.1 and the Fubini and Lebesgue theorems it follows that there
exists

i [ oo | e ra) = f00)a0.0ues) | vian) =11,

that is(i) exists. Let

(i) 1(V,f) = /};\Bmo.pj) [/Vf(x)(u(—)\a+dx)—u(dx))g()\,o,r)}v(d)\),

whereV € Bf(X).

Consider the measurg , := (ha— W)g(A,0,r) foraec J, A e K.

Let B be some subset iX andB" be anh-enlargement oB so thatB" := {x € X :
infyeg X —Yy|| <h}, whereh > 0. We show that for each > 0 there exists a compaCt
such thatv, 5|(X\ C) < b for eachA # 0, where|v| denotes the variation of a real-valued
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measure). For demonstrating this it is sufficient to prove that for each 0 andh > 0
there exists a compa€lh so that|v, /(X \ C) < b for eachA # 0. Indeed, if the latter
is satisfied, then chood®g, > 0 monotonously decreasing and converging to zero with
tending to the infinity and take a comp&t so thatjvy 5| (X \ Cf") < b/2" for eachh # 0.
ThenC = N%>_,CM is compact, since it is closed a@has a finiteh,-net for eachn.
Moreover,|vy o/ (X\C) < S 1[Vaal(X\CiM) < S 1b/2" = b for eachA € K \ {0}.

Suppose now the contrary that for sobte 0 andh > 0 there does not exist any compact
Cso thatvy o/ (X \C") < bforallA € K\ {0}. The fieldK is locally compact and separable,
the Banach spack is of separable type ovéq, henceX is the Radon space, sin¥eis the
separable complete metric space. Therefore, each meagyfés Radon forA # 0.

Choose a sequence of compaCisandA, # 0 with vy o[ (X\ Cq) > b/2, vy, a (X\

1-1Cj) <b/8withC, C X\ Ug‘;llc'; for eachn € N. The norm inX is non-Archimedean,

hence the se8/! are pairwise disjoint for differer, sinceC,, x Cj is compact and a con-
tinuous real-valued function on a compact achieves at some point in it its infimum, so that
infyec, xec; [[X—Y|| > hforeach 1< j <n.

For eacm there exists a continuous functidg(x) equal to zero oiX \ C! and such that
Jx Ta(X)Va,a(dx) > b/2 and sup.y | fa(X)] < 1.

For each subsequenér : k} the series fy, (X) converges and is the continuous func-
tion with the norm|| f ||cg =supex | f(X)| < 1.

For each prime number> 1 we construct a functiogs(x) := ¥ j & (x), where a finite
or infinite set{n; : j} is chosen so that for each prime number 1 the inequality

' /X ; ) (X)Vrm.a(X)

for somem > ny is satisfied. We describe the inductive procedure of choice to achieve this.
Taken; =1 and ifny < np < --- < ng are chosen, then put

>b/8 (1)

k

/(2 X) + fpm(X )vAgn,a(dx)

N1 :=inf {m: m> ny, and

> b/4}. (2)

If the set in the curled brackets is is void, thfm, ..., ng} is the desired set of indices. In
accordance with the definition of, 1 for ng < m < ng. 1 the inequality

(ngw, )+ fom(X >V)\sm,a(dx)

<b/4

is fulfilled. Therefore,

>b/4 (3)

‘Aéwwmmm

for eachm such that eithen, < m < ni, 1 whenny 1 exists omg < mif ny, 1 does not exist.
Thus

(X)Vagn a(0x)
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/x Z f; (X)Vagn a(dX) | —

nj<m

>

/X ngm oy (X)Vrn.a(dX)

Sl
> b/4= amal (X\UJG) 2 b/8
=1

and the desired s¢ty : k} is constructed together with the functigg(x).

We have that lim |« [Vj al(X) = 0, sincer > 0, [ (X) < o, [iha|(X) = [H(X), while
lim |A| — cog(A,0,r) = 0 forr > 0. Therefore, due tfw)_ ,|(X) > b, whereb > 0, we can
without loss of generality take a bounded sequenck,o0fThen due to local compactness
of the fieldK this sequence has an accumulation point. So we can consider the case when
the sequenck,, converges witn tending to the infinity. Since

Ilm/gS Wna(dX) = Ilm/gS MWagn.a(dx),

then

Ilm/gS JVa,a(dX)| >Db/8.

Choose 0< bs < 1 such that

lim [ bgs(3y,a(dX) > b8,
—00 Jx

then

N
im, 3, (Vi a(03) = KNI/,
n—e Jx &

wherek(N) denotes the number of prime numbers[N]. But || TY, bsgs(x)HCg <1
for eachN, sinceHgSHCg < 1 for eachs, while for differents the functionsgs can not be
sumultaneously non-zero.

The functional () is the limit of the convergent sequence@inear and continuous
functionals on the space of continuous bounded complex-valued fundtiofis- C, hence
[(f) is alsoC-linear and continuous. This means that there exists a congstartt with
1(F)] < ylfllco for eachf € CY(X,C). This implies that

KNB/8< [ 5 bk, (0 <y @

but this is impossible fok(N) > 8y/b, since lify_.. K(N) = c. This contradiction demon-
strates that the claimed above compact set exists.

Hence for eaclk > 0 there exists a compadeg C X with [v) |(X\ V) < cforeach/A| > 0,
wherev, (A) = fx\g(k .0, [H(—A'a+A)—p(A)]g(X,0,b)v(d\') for A€ Bf(X). Also there
ared > 0 andV; such that-A'a+V, C Ve and||[X\Vc) A (—=Na+ (X\V))]||.= 0 for each
IN'| < & (see also Theorem 7.22 [Ro078]), whéré B:= (A\ B)U (B\ A).

Each continuous linear functional a@,(V) for compactV has the form(ii) (see
[Bou63-69], A.5 [Sch84]), that is, fokj(V, f) there exists a measukg(c,). In view
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of the Alaoglu-Bourbaki theorem each bounded subget [Cy (V)] is precompact (i.e.,
cl(W) is compact) in the weak topology, wheZg(\;) is separable. For each> 0 we have

I(f)= g f(x)v(c,dx) +0O(cx fg/p]f(xﬂ)

such thatv(c,x) are measures oBf(\;). ChoosingV; C Vy for ¢ > ¢’ and defining
V(A) = lim¢_4oV(c,ANV,) for eachA € Bf(X) in view of the Radon-Nikodym theorem
about convergence of measures (see [Con84]) wé pefth the help of the theorem about
extension of measures, since the minimidleld oBco(X) generated byco(X) coincides
with Bf(X).

4.5. Theorem. If p is probability real-valued quasi-invariant measure on a Banach
space X oveK = Qp, ac J, and p is pseudo-differentiable of ordér then for each
f e L*(X,iR) with supp(f) C B(X,0,R), 0 > R= R(f) > 0 the following equality is
accomplished:

() [ 103 f(x+A) BB (A = [ [F 0+ Ba) = T (0 (e,

moreover, pseudo-differentiéil 31 =V in the direction a from Theorem.4 given by for-
mula (i) characterizes p uniquely.

Proof. From the restrictions orfi it follows that f (x+Aa) =: Y(A) € E/, whereE’ is
the topologically dual space to the spde®f basic locally constant functions [VVZ94].
By formula(1.5) § 9[VVZ94] for them there is the following equali*D°y = DDy =
Dby fora+b+# —1,a,be R ( D§ denotes a pseudo-differentiation of functions\yyin
view of Theorem in § 6.3[VVZ94E' = [p<c D’ : supp(@)is compaci, whereD = [pc E:
supp(g)is compaci. Since[g]|5 := &(B) — £(0) for (A) = Dy *W(A) and (D 'Dy)(A) =
W(A), hence due to the definition ﬁT;l we have:

a——1

p2(p+1)‘l/[ Lt (x-+ Aa)] § (BLu) (dx) = lim / (1—p%)
X Qp Qp

(1P ) 2L p) Y| [ (a-a V) + -+ 0)

|)\!1

2N =N [t (dx)] v(d\)v(d\).

In view of the Fubini and Lebesgue theorems we establish Formula (i). Taking all different
f € L”(X,,R) such thatp(A) = f(x+aA) are locally polynomial by and using the non-
Archimedean variant of the Stone-Weiestrass theorem by Kaplanski [Sch84] we get that
is characterized by the left side @j uniquely.

4.6. (Properties oD} ;M for real-valued measurgs(see also 88 4.4. and 4.5), where
K =0Qp.)

Proposition.1. If u is pseudo-differentiable in a directionaJ}, a +# 0, then for each
de J& ameasure f(A) .= u(A—d), Ac Bf(X), is also pseudo-differentiable in a direction
a, moreoverD}(u?) = (Dip)g. If a € I, thenDP, p exists for each € K.
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Proof. From 8§ 4.4 and 4.5 it follows that

[ 1006 = [ [ [0 2a) — )N (@xv(ah)

= [ 0B (@x.

The last statement follows from Definition 4.1 with the help of § 3.21.

Proposition.2. Ifa € J}, v =Dipand O *py(Aa,x) =: @(x) € LX(X,v,R) by X, then
dv.

Proof. In view of Formula 4.5.(ithe following equality is accomplished:

T

' Aa _
/Xf(x)u (dx)_/xf(x (d¥) +/f D; Tou(Aa, )] hv(dX).

Taking f(x) = xa(X), wherexa is a characteristic function @ € Bf(X) we gety3(A) =
H(A) for every|A| > 0. Therefore, considerin@| — o we gety(A) =0, that is,u < v and
1 < v.

3. If a non-negative measung is pseudo-differentiable in a directicme J;, and
(DLW < W, thenlj(a,x) = (DLu) (dx)/u(dx) is called the logarithmic pseudo- derlvatlve
of quasi-invariant measugein a directiona of orderr, wherer > 0. Define the sequence of
logarithmic pseudo-derivativé$Sof p,, wherey, denotes the projection of the measui@n
finite dimensional oveK subspacel (n), P, : X — H(n) is the projectionH (n) C H(n+1)
for eachn € N, J,H(n) is everywhere dense .

Theorem. The sequence of functiorngP,a,Pyx) is the martingale. The logarithmic
pseudo-derivative(a,x) in a direction ac X of order r> O exists if and only if the sequence
I (Pra, Pax) is uniformly integrable. Moreover,

lh(a,x) = rllimolrﬂ(Pna, Px) (mod p and forr = 1 there is the equality: (1)
[ 1f0cAa) = FOol e = [ B f(x+ Ea)] [Eglu(@nu(ey. 2)

Proof. Let pbe pseudo-differentiable aloag anday. Evidently,g(x,y,r) =g(y,x,r) =
g(x—y,0,r) for all x # y (see § 4.1). In view of 4.4(ii) we have

] 100B%, (@)
= L[, footmran a0+ - u(dx)]}g(x,o,mv(dm
- [ [ e x+Aa1+az>>—f(x)]u(dx)}g(x,o,nv(m)
= L[ v nan s o naian] g o.ouon

- { [ 02 -t >]u<dx>}g<x,o,r>v<dx>. 3)
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The Banach spac¥ is totally disconnected. The integrals on the right side exist for each
continuous simple functioffi, sincexg(x+Y) = Xg(x) for each clopen baB(X,%o,R) :=
{x e X :|x—x| <R} of radiusR > 0 with |y| < R, wherexa denotes the characteristic
function of a sefA, xa(x) = 1 for eachx € A, xa(x) = 0 for eachx ¢ A. The space of con-
tinuous simple functions is dense@J(X,C) NL1(y), consequently,3) has the continuous
extension to the-linear functional orCy(X, C). ThusDY, , ,,H exists.

Suppose tha}p exists and, € K, & # 0, then

/ F ()DL p(dx) = / [ / F(%) [(—AEa+dx) — p(dx)]}g()\,o,r)v(d)\) (4)

-/ [ [ 110 ng)— 1 )]u(dx)]g(x,o,wv(dm
- [1/modk(®)] | [ [1fox+2)- f(x)]u(dx)] g(1,0,r)v(d2)

= [1/mod (§ /f (x)DLu(dx),

hencemod (§)D au DLy exists for each € & € K, whereDf o= 0.

Thus we have demonstrated, that theX¢eof all vectorsain X for which Dy exists is
theK-linear subspace iX. If I|,(a,x) exists, then

/)‘(f(X)D?,\u(dX):/K [/X[f(x+)\a)—f(x)]p(dx)]g()\,o,r)v(d)\)

_ /x F (0 (,X)p(dX). (5)

This implies that the seIL of all thosea € X for which the logarithmic pseudo-derivatives
of orderr exists is theK-linear subspace iX. Particularly, if f (x) = @(P_X) is a cylindrical
function, whereP_ : X — L is the projection operator, for example, for=H(n), a € L[l
andz= P a, then

/K[/L[ (X+2zu)— @(x)] L (d )] (z,0,r)v(dz)

—/ [/ (X+zu)— f( )]u(dx)}g(z,o,r)v(dZ)

— / F(x)BLu(dx) = / O(x) B4 (), (6)
X L

henceDhy (dx) < . and inevitablyy, has the logarithmic pseudo-derivative alangf
orderr > 0.
In view of Theorem 3.2.4 we get:

(B (9)/d () = [ (@ 2)dzst R, ™)
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where p(dz,fBLyPl_‘lx) is the conditional measure correspondingptoelative to theo-
algebras " of all setsP*A, whereA € Bf(L) is a Borel set irL..

Consider the sequence of logarithmic pseudo-derivatjvesp,, wherep, denotes the
projection of the measugeonH(n), n € N. In view of Formula(7)

(B (Po) At (o) = [ falm) 2 (0233000 (8

for eachn < m, whereuH(m)(dz,Qs:((;)ﬂx) is the conditional measure corresponding to
U (m) relative to theo—algebra@:((r?])) of all setsH(m)NP; A, whereA € Bf(H(m)) is

a Borel set inH(m), P, : X — H(n) is the projection operatog(n) = P,a. Moreover,
et (A, B [X) = (P A, H(M| B 1), Therefore (8) takes the form

@ x) = [ i (a(m) 2)udz "), ©)
The functionl], is 31 ("W-measurable, hence due to §§ 2.37 and 2.39
_ H(n)
JTe(a(n) Pogwooue = [ /H (m)I{n<a<m>z)m(m)<dz,$H(m)|x>w<x>u<dx>
o R CLEETETCE:

for eachsH(™-measurable functios(x), wherex(m) = Pyx. This means thal, is the
martingale. In accordance with Formyla) we have

I (a(n),Px) = /x I"(a,2)(dz,5H0]x). (10)

Consider the functiogn(t) so thatgy(t) =0 fort < N, gn(t) =t — N for reacht > N. To
prove the uniform integrability it is sufficient to show that

1im sup [ o ([1n(a(n). P (g = 0. (11)
—00
The functiong (t) is downward convex so by the Jensen inequality

ou(|1h(a(n).Po)) < [ an(li@:2)udzs™ "), hence

[ on(@)PoDue) < [ | an(ity(a.z) iz poucy

= [ on(i@0m(ex. 12)

Sincegn(t) <|t| for eacht € R, [y [lu(a,x)[u(dx) < oo and limy—.. gn([1}(a,x)|) = O for
p-almost allx, then limy—.« [y gn(|1[(2,x)|)1(dX) = 0. Combining this with(12) we get
(11). In view of Theorem 2.42 the limit lif.«I;,(Pha, Px) = I},(a,x) exists forp-almost
all x.
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Take an arbitrary continuous d(n) function@ and putf(x) = @(P,x), then due to
(5—7) we infer:

/ [f (x+a) — F()]u(dx) = / / f(x+za) [ (Pra, Pax)v(dZ) ). (13)
X X JK

The uniform integrability ofl,, permits to take the limit byr tending to the infinity, that
gives the equality:

/X [f (x+2) — F()JU(dX) = /X /K f (x-+ za)l (2, X)v(dz) dX). (14)

This functional isC-linear and continuous bfy € CJ(X,C), so(14)is satisfied for eacth
C2(X,C) and inevitablyl|,(a,x) = d((D5u) /dw) (x). Applying 88 4.2-4.4 we get Formula
(2).

4.7. Theorem. Let X be a Banach space ovkr |« | = modk () with a probability
quasi-invariant measure pBf(X) — R and it is satisfied ConditioB8.21(i), suppose [ is
pseudo-differentiable and

(viii) JpuC T"Jy, (Ur 1t € B(K,0,1)) is a one-parameter family of operators such that
Conditions3.25(i— vii) are satisfied with the substitution gf dnto \f} uniformly by te
B(K,0,1), J, > T'X, where T, T": X — X are compact operators, kéf’) = ker(T”) = 0.
Moreover, suppose that there are sequences

(ix) [k(i, j)] and[K'(i, )] with i, j € N, limiy j o K(i, ) = liMi; j e K (i, j) = —c0c and ne
N suchthatT”; ; — & j| < |TI/J -9 pk<i’j), Ui =& <|T";—8ijl pk/(i’j and](U‘l)i,j —
&ij| < |T"ij—&;|p(D) for each i+ j > n, where Y; = &U(g)), (g : j) is orthonormal
basis in X. Then for each ¢ Cy(X) there is defined

M1n= o [ JRIEIMURS) —u<dx>]]g<t7o7b>v<dt>

and there exists a measwe Bf(X) — C with a bounded total variation [particularly, for
b e Ritis such thaw : Bf(X) — R] and

(i) 1(f) = [ T09v(a).

wherev is independent from f and may be dependentéint), v =: f){j*u.

Proof. From the proof of Theorem 3.25 it follows that there exists a se-
qguence Ut(Q) of polygonal operators converging uniformly bBye B(K,0,1) to U;
and equicontinuously by indices of matrix elements lih.  Then there exists
liMg o liM o [0 0.1)\8(¢,0,p-1 Lx FUTH(X) = F(X)]g(t,0,b)u(dx)]v(dt) for each f e
Cp(X). From conditiong(viii, ix), the Fubini and Lebesgue theorems it follows that for
Vi == JB(K,0,1)\B(K.0,A]) (U E(A) —u(A)]g(t,0,b)v(dt) for Ac Bf(X) for eachc > 0 there
exists a compadle C X andd > 0 such thatv,|(X\V¢) < c. Indeed); andd > 0 may
be chosen due to pseudo-differentiabilityp88§ 2.35, 3.9, 3.23, Formul@), 3.21(i) and
due to continuity and boundednessy &(K,0,1) > t) of |det U (U; 1) (x))| satisfying the
following conditionsU; *(Ve) Ve and||(X \ Vo) A (U H(X\ Vo)) |l = O for eachlt| < 3,
sinceVe =Y (j) NV, are compact for every. At the same time closed subs¥tg) C X for
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Ut(q) may be chosen independent franand in § 2.35 operatdg. may be chosen symmet-
ric, TX D J, D T'X, whereT is a compact operator. Evidently, conditions of type are
carried out foV (j,x) andU (j,x) uniformly by j. Repeating proofs 3.25 and 4.4 with the
use of Lemma 2.5 for the familfu; : t) we get formulasi, ii).

1.5. Convergence of Measures

Different types of convergence of measures were considered in [BS90, Con84, SF76,
Top74, Top76]. The definitions and theorems given below are taking into account the prop-
erties of quasi-invariance and pseudo-differentiability of measures.

5.1. Definitions, notes and notationsLet S be a normal topological group with the
small inductive dimensiod(S) = 0, S be a dense subgroup, suppose their topologies
aret and U correspondinglyt’ O t|g. Let G be an additive Hausdorff left-R-module,
whereR is a topological ringR D Bf(S) be ao-ring for real-valued measureb)(R,G)
be a family of measures with values @& L(R,G,R) be a family of quasi-invariant mea-
surep: R — G with py(g,x) x p(dx) := W9 " (dx) =: u(gdx), Rx G — G be a continu-
ous left action ofR on G such thatp,(gh,x) = pu(g,hx)pu(h,x) for eachg,h € S and
x € S Particularly, 1= p,(g9,97X)pu(g~1,x), that is, pu(g,X) € Ry, whereR, is a mul-
tiplicative subgroup oR. Moreoverzy € L for z € Ry with p(g,X) = zpu(g,x)z * and
z+# 0. We suppose that topological characters and wei§hiad S are countable and
each opeW in S is precompact irS. Let P” be a family of pseudo-metrics i@ gener-
ating the initial uniformity such that for eaah> 0 andd € P” and{U, € R: n € N} with
N{Un : n€ N} = {x} there ism € N such thad(p?(Un), pu(9,X)U(Un)) < cd(p(Un),0) for
eachn > m, in addition, a limitp is independengi-a.e. on the choice ofU, : n} for each
x € Sandg € S. Consider a subring c R, R D Bf(S) suchthaty/{A,:n=1,....N} e R
for Ay € R with N e N andSR =R. ThenL(R,G,R;R) := {(W,pu(*,*)) € L(R,G,R):
pu— R — is regular and for eachie Sthere aréA, € R,ne N with s=N(A,:n),{s} eR}.

For pseudo-differentiable measugeket S’ C S, S’ be a dense subgroup B T[S’ is
not stronger tham” on S’ and there exists a neighborhootl> W” > ein which are dense
elements lying on one-parameter subgroggs: t € B(K,0,1)). We suppose that is
induced from the Banach spa¥eoverK due to a local homeomorphism of neighborhoods
of ein Sand 0 inX as for the case of groups of diffeomorphisms [Lud96] such that is
accomplished Theorem 4.7 for eadh C S’ inducing the corresponding transformations
on X. In the following case&s= X we considelS = J, andS’ = JB with Re(b)> 0 such

that My, O J, C (TuX)™, JB C (T&b)x)w with compact operator3, and T&b), ker(Ty) =
ker(Tu(b)) = 0 and norms induced by the Minkowski functiorfigl for E = T,B(X,0,1) and

E= Tdb)B(X, 0,1) respectively. We suppose further that for pseudo-differentiable measures
Gis equal toC or R. We denoté®(R,G,R,U,;R) := [(1, P, Ny) : (M, Pw) € L(R,G,R;R),
is pseudo-differentiable anyj,(t,U.,A) € L1(K, v,C)], where

Nu(t.Us, A) = j(H)g(t,0.b) ' (U H(A) — W'(A)],

j(t) =1 for eacht € K for S=X; j(t) =1 fort € B(K,0,1), j(t) =0 for |t|x > 1 for
a topological groufs that is not a Banach spa¢eover K, v is the Haar measure df
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with values in[0,), (U; : t € B(K, 0,1)) is an arbitrary one-parameter subgroup. On these
spaced (or P) the additional conditions are imposed:

(a) for each neighborhood (implying that it is opé#h)> 0 € G there exists a neigh-
borhoodS> V > e and a compact subsey, e € iy C V, with u(B) € U (or in addition
DS u(B) € U) for eachB, R 5 B € Bf(S\W));

(b) for a givenU and a neighborhooB > D > 0 there exists a neighborhodd, S ©
W > e, (pseudo)metrid € P” and ¢ > 0 such thaipy(g,x) — pu(h,x) € D (or I5&(ug -

UM (A) € U for Ae Bf(W,) in addition forP) whilstg,h e W, x, X € iy, d(x,X) < ¢, where
(a,b) is satisfied for all, p,) € L (or (1, pu,Ny) € P) equicontinuously in (&) o > U, Ut
and in (b) orW and on eachy for pu(g,x) — pu(h,x) andDP_(p9— p")(A).

These conditions are justified, since for a Gaussian measurea Hilbert spac& over
C or R (or measures given above for a non-Archimedean Banach gpauer K) there
exists a subspacZ dense inZ such thatv is quasi-invariant relative t@’. Moreover, in
view of Theorem 26.2[Sko74] (or Theorems 3.20, 3.25, 4.3 and 4.7 in the non-Archimedean
case respectively) there exists a subsp&adense inZ’ such that for each > 0 and each
w > R> 0 there arg > 0 and3 > 0 with |p,(g,x) — py(h,y)| < € for each|jg—h|jz- +
IXx—yllz <d,9,heB(Z,0,r), x,y € B(Z,0,R), whereZ” is the Banach space ove€ror R
or K respectively. For a group of diffeomorphisms of a Hilbert manifold dver over a
non-Archimedean Banach manifold we have an analogous continugty fof a subgroup
G” of the entire group (see [Lud96, Lud99t, Lud00a, Lud02b]).

By M, we denote a subspacelf satisfying (a). Henceforth, we imply th@t contains
all closed subsets fro@belonging toR, whereG andR are complete.

Forpu: Bf(S) — G by L(S,G) we denote the completion of a space of continuous
f:S— Gsuch that| f{|4 := supcc,(sc)d( /s f (X)h(X) H(dx),0) < e for eachd € P, where
Cy(S G) is a space of continuous bounded functibnsS — G. We suppose that for each
sequencgf, : n) C L(S,G) for whichg € L(S y, G) exists withd( f(x),0) < d(g(x),0)
for everyd € P”, x andn, thatf,, converges uniformly on each compact subset Swith
IW(V) > 0. In the case§ = C it coincides withL!(S 1, C) correspondingly, hence this
supposition is the Lebesgue theorem.\By) we denotd (K, v,C).

Now we may define topologies and uniformities with the help of corresponding bases
(see below) ok € GR x RS*S=:Y (or P c GR x RS*Sx GS*K*R =:Y), R, c R\ {0}.
There are the natural projectioms: L (orP) — Mo, T(W, pu(*,*) (V ,Nw)) =W §: L (V
P) — RS*S & (1, py, (V Ny)) = Pu» {2 P — GSK*R T (1, py,ny) = Ny LetH be a filter on
LorP,U=U’'xU"0orU =U’"xU"xU", U’ andU” be elements of uniformities o,
RandY (v) correspondinglyt’ >W > e, 13V D Wy 2 e,y is compact. Byjp] we denote
(K py) for Lor (1, py, ny) for P, Q=L V P, [W(AW,V) 1= [l9(A),pu(g.X), V N (t, U, A)|
geW,xeV, vteK]. We consideA C R, then

W(AW, Vi U) = {([W, V) € Q%W V) (AW, Myr) C U, (1)

W(S;U) == {([W, [V]) € Q*{(B,g,¥) : ([W,[v])(B,g,X)) €U} € S}, (2)
whereS is a filter onR x S x &, S is a family of compact subses > e.

W(F,W,V;U) = {([W, V]) € Q*|{B: ([W. V])(B,g.x) €U, g e W,xeV} € F},  (3)
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whereF is a filter onR (compare with § 2.1 and 4.1[Con84]));
W(A,GU) = {([W,[V]) € @ {(g.¥) : (W, V))(B,g.,X) €U,BEA} € G},  (4)

whereG is afilter onS x S%; suppose) C R x 1, x &, ® is a family of filters orR x S x &°

orR x S x § xY(v) (generated by products of filtezg x ®g x g on the corresponding
spaces)U’ be a uniformity onG,R) or (G,R,Y(v)), F C Y. A family of finite intersections

of setsW(A,U) N (F x F) (see (1)), wheréA,U) € U x U’ (or W(F,U) N (F x F) (see (2)),
where(F,U) € (® x U’) generate by the definition a base of uniformitylbtonvergence
(P-convergence respectively) dhand generate the corresponding topologies. For these
uniformities are used notations

(i) Fy andFg; Frxwxv is for F with the uniformity of uniform convergence
onR xW x V, whereW € 1,V € &, analogously for the entire spa¥e
(ii) Fa denotes the uniformity (or topology) of pointwise convergence for

ACRXxT,x S =:2Z, for A=Z we omit the index (see formula (1)). Henceforward, we
useH’ instead of H in 4.1.24[Con84], that ist’(A,R)-filter on R generated by the base
[((LeR:LcA\K):K eR, K cA],whereR c RandR is closed relative to the finite
unions.

For example, leS be a locallyK-convex spaceS be a dense subspacebe a locally
L-convex space, wherK, L are fields,R = B(G) be a space of bounded linear operators
on G, R, = GL(G) be a multiplicative group of invertible linear operators. Then others
possibilities are:S= X be a Banach space oviér S =J,, S’ = JB as aboveS= G(t),

S O S’ are dense subgroup§,= R be the fieldR, M be an analytic Banach manifold over
K D Qp (see [Lud96]). The rest of the necessary standard definitions are recalled further
when they are used.

5.2. Lemma. Let R be a quasi-&-ring with the weakest uniformity in which
each pe M is uniformly continuous an® c ®¢(R,S x §). ThenL(R,G,R,R)o (or
P(R,G,R,U,;R)o) is a topological space on which,Rcts continuously from the right.

Proof. We recall thatd := ®(X) denotes a family of filter§ on X such that for each
mappingf : ® — B(X) with f(Z) C Z for eachX € @ there exists a finite subsét C ®
such thatJscy f(2) € F, whereB(X) denotes a family of all subsetsi ®c(X) =: ®c be
a family of Cauchy filters oiX. In view of proposition 4.2.2[Con84] the space of measures
M(R,G;R)o is a topological left-R-module. On the other hapg,(a,x) = Ap,(a,x)A~*
for A € Ry, from the continuity of the inversion— A~1 in R, and the multiplication iR for
each entourage of the diagoh#lin Rthere exists an entourage of a diagdoid] in Rand
an open neighborhoddy > A in R, such thapU” 1~ c U” for eachp € U4. Choosing¥ C
@ for a givenF we findU”1(Z) andU4(Z) for eachZ e W, thenNs.yU”1(Z) =: U” and
Us = NscwU4(Z) are entourages of the diagonal and generate a neighborhdodTdiis
shows the continuity b for L andP, since forP is satisfiedPD(b,A f (x)) = APD(b, f(x))
due to definition 4.1 for pseudo-differentialiie

5.3. Proposition. (1). LetT be a®,-filter on M, (R,G;R)), {Aq} be a disjointO(R)-
sequenceX be the elementary filter oR generated by{A,:ne N} and@: My xR — G
with @(, A) = u(A). Theng(T x Z) converges t®.
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(2). Moreover, letU be a base of neighborhoods o&€S, @: L — G x R, (1L, A, Q) :=
(L9(A),pu(9,X)), where xe A. Then(0,1) € lim@(T x Z x U).

(3). If T is ady-filter on P(R,G,R,U,;R),

WK B,g.t,U,) = [H(B);pu(9,X); Ny (t, U, B)],
then(0,1,0) € lim (T x = x U) for each given Ue S’, whereZ andU asin(1,2).

Proof. We recall that for a seX, ©-net in X is a net(l, f) in X such that for each
increasing sequendg,: n€ N) C | is satisfied f (in) : n) € ©. Asequencéx,:ne N) C X
is called a®@-sequence, if : N — X, f(n) =x,, (N, f) is a®-net. Thend(©,X) =: ®(O)
denotes a family of filters oK of the form f(F), where(l, f) is a®©-net inX, F is a filter
of sections[(A € 1 : A > i) : i e 1] for a directed set, ®(©) := ®(0). For a topological
spaceX, ©;(X) denotes a family of sequences having converging subsequencis-for
or having limit points whilstj = 2. For a uniform spac&, ©3(X) denotes a family of
sequences having Cauchy subsequezes- ©, U Oz, @ (X) := ®(0;(X)).

Then (1) follows from 4.2.6[Con84]. (2) From the restrictions (a,b) in 5.1 it follows that
HI(A) = [pPu(9,X)u(dx). If in addition limp(F(A;R)) = p(A), then limu(F(X\ A,R)) =
H(X\ A), since by the definition 4.1.24[Con84] for eah> D > O for A € R there exists
s3>V D Awith u(V) — u(A) € D, whereF(A,R)) is a filter generated b andR'. Due to
the Radonian property efandp® we get limr,s p9(A) = 0.

(3). Additionally to (1,2) it remains to verify thaf, converges. In view of Theorems
4.4 and 4.7 (or 85.1) a pseudo-differential of orderﬁf’,*u = v is a measure for pseudo-
differentiablep. Due to (1) and the&,-condition we get0,1,0) € limy(T x X x U) for a
givenU,, since in 88 4.1 and 5.1 the integral istoy K for the Banach spac¢ overK and
by B(K, 0,1) correspondingly fo6that is not the Banach space.

5.4. Proposition. LetH be a®,-filter on L (or P) with the topologyF (see§ 5.1.(ii)),
AcR, 163U 30, H(AR) € W(R). Then there are lc H, K € R and an element
of the uniformityU for Lg or Pr such thatk ¢ A, L= [(1,pu(g,X)) : M =Ty (L) >
M, T (L) =1 W 3 g (or (14, py, Nu(*,*,U,)) and additionallydd p=PD(b,ny))],ec We T,
H9(B)—vM(C) €U (orin addition(DY p¢(B))— (DY v1(C)) eU) forK cBC A, KCCCA
for each([u],[v]) € L2NU, whereL := cl(L,Lg) (or cl(L,Px)), iy, is a projector from L
into M,,.

Proof. We recall that¥(R) := ®(O(R)), where®(R) is a family of sequenceg, :

n e N) C R for which there exist£2 € Z(R) with (ne€ N : A, € Q) is infinite, Z(R) :=
[(UnesAn: 3 €B(N)): (An:neN) e'(R)], F'(R) is a family of disjoint sequences\, :
ne N) C R for which [Jnc3An: 3 C N] C R]|. Aring of setsZ is called a quasi-&-ring, if
each disjoint sequendéy, : n € N) from R the union of whichJ,,A, = Ais contained in a
setB € R, AC B, has a subsequen(h,, : j € N) € I'(R).

From Proposition 4.2.7[Con84] and the Radonian property of measures wg(lBve
v(C) e U’ for each(p,v) € (M x M) N1y, (U). Then for each elemel’ of the uniformity
onRthere ared € P”, ¢ > 0 andL such thap,(g,x) —pv(h,x) € D’ forg,g’ e W, y,v e M,
d(x,X) < c, sinceH € ®4, whereM := cl(M, E(R, G;R')g/) is the closure oM ¢ E(R,G;R)
iNnE(R,G;R)r,E(R,G;R) :=[pe€ E(R,G): pisR-regular], thatis,u(F (A,R)) converges
to Y(A) for eachA € R (simply regular, ifR consists of closed subsets and conditions in
definition 11.34[HR79] are satisfied). Thé&{A,R) is a filter onR generated by a base
(BeR:KcBCA):KcAKeR], E(R,G)is a set of exhaustive additive mapsthat
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is, M(An) converges to O for eactA, : n€ N) € ' (R).

Thenud(B)—u(B) € U’,v"(C) —v(C) €U’ and for 3J’ c U we get 5.4 fol.. From The-
orems 4.4 and 4.7 (or 8 5.1), the Egorov conditions and the Lebesgue theorem we get 5.4 for
P, since are probability measures ahg (or Pr) correspond to uniformity from § 5.1.(ii)
with A=R x 1, x §. Indeed p9(A) —V"(A) = (U9(A) — O (Myr)) + (9 (Myr) —V"(Vy)) +
(VI(Mur) —VN(A)), 9(A) = [, pu(g,X)1(dx) for eachA € Bf(S), for eachtg > U’ > 0 there
exists a compact subséf c Awith u9(B) € U’ for eachB € Bf(A\ W) and the same for
v (due to the Condition in 5.1 th& containsBf(S)). From the separability d8, S and
the equality of their topological weights fady, restrictions 5.1(a,b) it follows that there ex-
ists a sequence of partitiods = [(Xm, Am) : M,Xm € Am| for eachA € Bf(S), ANA; = 0for
eachi # j, UnAm = A, An € Bf(S), such that lim_.(K(A) — ¥ pu(9, Xj)1(A;)) = 0 and
the same fow, moreover, foMy, eachZ, may be chosen finite. Then there exidls= 1,
with W x (S\V?) C (S\V), Te 2V C V2, v9(B) andp9(B) € U’ for eachB € Bf(S\V?)
(for G=R) andg € W (see 5.1.(a)). Then frotA = [AN(S\V?)]U[ANV?] and the ex-
istence of compadt;, C V with u(E) € U’ for eachE € Bf(V \V{},) and the same fov,
moreover,(V;,)? is also compact, it follows thgi¥(B) —v"(C) € U for QU’ c U, since
R O Bf(S), whereW satisfies the following conditiop(V,},) —v"(\V{,,) € U’ for V), ¢ V2
due to 5.1.(b)u(B) — v(C) € U’, W\{}, C (V,,)? due to precompactness\f in S Since
pseudo-differentiable measures are also quasi-invariant, hence for them Proposition 5.4 is
true.

Now let 4] € limH, A € Bf(S), thenny € lim{(H) in Y(v) and there exists a se-
quenceny, such thatf, ny, (A, U, A)v(d\) = [38*un(A) due to 88 4.4, 4.7 or 5.1 and
Iimnqu)ﬂ*un(A) = [k Nu(A,U,,A)v(dr\) =: K(A) due to the Lebesgue theorem. From
Nu(A,U.,AUB) =n(A,U,,A) +n(A,U,,B) for ANB =0, B € Bf(S) and the Nikodym
theorem [Con84] it follows that(A) is the measure oB f(S), moreoverk(A) =D p(A).
Sincep9(A) = [, pu(9,X)H(dx) for Ac Bf(S) forge S, then

Nw(A,U.,A) = j(A)g(A,0,b)[¥(A) — (U, *A)]

= JA)9(1.0.0) [, pu(g.X)(ch) — (e

and in view of the Fubini theorem there exists

B5,18(8) = /.| [ u(9:01 )3 0.0)eb) — (6 v,

wherej(t) = 1 for S= X and j(t) is the characteristic function &(K, 0,1) for Sthat is
not the Banach spacé. Thenp-a.e. DY pd(dx)/Df u(dx) coincides withpy,(g,X) due to
5.1.(a,b), heanDU M9, ppg) generate th@,-filter in L arising from thed,-filter in P. Then
we estlmateDb*(pg v (A) as abovad(A) — v'(A). Therefore, we find for the4-filter
correspondind., since there exist8 > 0 such thatyy € W for each|A| < &. For ®4-filter
we use the corresponding finite intersectidvsN --- "W, = W, whereW,; correspond to
the ®y-filters H;.

5.5. Corollary. If {H'(A,R):Ac R} C W¢(R), T is ad,-filter in L, U is an element
of uniformity inL (or P), then there are k& T and an elemen¥ of the uniformity inLg (or
Pr) such that.2NV c L2NU.
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Proof. In view of Corollary 4.2.8[Con84] and Theorem 5.4 abovelgr = Ty x TjyU
there exists an entourage of the_diagonal (see about uniform spaces in [EAgB6@),
E(R,G;R)r, such thaM?NVy € M2N Uy, wherery : L — M (or P — M) is a projector,
M(R,G) is a set of measures dhwith values inG, M(R,G;R) := [u€ M(R,G) : pisR-
regular]. SinceM(R,G;R)r C E(R,G;R)r, then there exists an entourage of the diagonal,
V in Lg (or Pr), such thatry x 1oV C Vi N"M?2.

5.6. Lemma. Let R be a quasi-o-ring directed by the inclusiod, be an upper di-
rected subset iR, H be ad,-filter in L (orP),0€U > 1. Then there are Me H, A€ U,
an element of the uniformity’Un Lg (or Pr) such that f(B)—v"(C) € U (or in addi-
tion D, p9(B) — DY v(C) € U) for each([u, [v]) € L2NU’, g,h € W, W is defined by a
projection of U onto $, B,C € U with A< B, A<C.

Proof. For eachC andE € U by the definition there are € U withC < F andE < F.
There are open subs®andV in Sandw € 1, with WP P? C V such tha{pu—v)(B) €U

for eachB C S\ P and(p,v) € MN v, (U’). Indeed,ry H is a base of a filte in M.
Therefore,g(BN S\ P?) c S\ P for g € W, consequently[p? —v9(BNS\P?) € U. In
view of § 5.1.(a,b) foD,V there aréV, c > 0, d € P” such thatp,(g,x) — py(h,x’) € D for
g,h € W andd(x,X) < ¢, x,X € V., consequentlyd(B) —v"(C) = [W9(BNP?) —v"(CN
P?)] 4 [W9(B\ P?) —v"(C\ P?)] € 3(DU +U). Modifying the proof of § 4.2.9 [Con84] we
get the statement of this lemma for For P an estimate oBf_p9(B) — Df, v"(C) may be
done analogously to the proof of Proposition 5.4.

5.7. Theorem.LetH be ad,-filterin L (or P), {A,:ne N} e [(R),Tg 2U 3 0. Then
there are Le H, M € B(N) and an elementt of the uniformity inL such that B(U(A,:n e
M) —V(U(As :ne M”) € U (or in addition (DY p¥(Unew) — B8 VM (Unemr An)) € U for
each([W], [v]) € L2NU and M,M” € B(N) withMNM’'=MNM". If {H'(A,R)} C W¢(R),
thenU may be chosen as an element of the uniformityzn(or Pz ), wherelL := cl(L,L)
(orL:=cl(L,P)).

Proof. We recall thatB¢(N) denotes the family of finite subsets b, W;(R) :=
®(0¢(R)), ©¢(R) is a family of sequencegA, : n € N) C R for which there exists
Q € Z¢(R) with cardin € N : Ay € Q] = Oo, Zt(R) := [(UpemAn : M € B£(N)) : (An:
neN) e(R)]. Leto(M) := U{A,:ne M}, M C B¢(N), Z be a filter of neighborhoods
of 0in Bf(N), theng(Z) € W¢(R). In view of § 4.1.14 [Con84] we have(¢(X)) — O
for eachp e M(R,G,R). We take a symmetric neighborho®d> 0 in G with 3V’ C U.
Then there aré € H andM € B (N) such thapd(p(M’)) —v"(g(M”)) € V' (or in addition
DY pd(p(M’)) — DB v((M”)) € V') for each([y], [v]) € L2NU andM’,M” € B(N\ M)
(see Lemma 5.6). We choosé such thatud(g(Mo)) —v"(@(Mo)) € V’ (or in addition
D, p9(®(Mo)) — DB VI(9(Mo)) € V') for each([ul, [v]) € U andM, C M, consequently,
W9(@(M")) —VP(@(M”)) € 3v/ C U (or additionallyDf p8(e(M’)) —Df v(p(M”)) € 3V’)
for MNM’ = M NM?”, the last statement follows from Corollary 5.5.

5.8. Corollary. Let (Ay:ne N) e m(R), H be a®,filter in L (or P), 1 3 U 30,
then there are(L,M) € H x B¢(N) such that §(U(A,: ne M’)) € U (or additionally
D8 B9 (Unew An) € U) for ] € Land M € B(N\ M). i

Proof. Let us take a fixed andW from 8§ 5.7 withv([J,cw An) € U (or additionally
D8 V(Unem An) € U) and (19 — V) (Unew An) € U), where 2 c U, 0 U €16, g€ W.

5.9. Theorem.LetU C Rx 1o, x § =:Z be such thatidLy — L (orid : Py — P) be
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uniformly ®4-continuous{H’(A R) : A€ R} C W¢(R). Then
(@)L (or P) is ®4-closed in & x RS*S (or GR x RS*S x GS*KxR) ‘M, is d4-closed in
GR;

(b) if G and R ared;-compact, therhy (or Py) is ®j-compact, where& (1,2,3,4);

(c) if G x Ry is sequentially complete, théry (or Py) is also;

(d) if (0,0) is the G-subset in G R, thenLy ( or Py) is ®,-compact; if additionally
G x R is sequentially complete, thép (or Py) is ®4-compact;

(e)Ly (or By) is Hausdorff.

Proof. We recall that a subsét C E of a topological or of a uniform spadeis called
®;-closed (or compact), if for each; (A)-filter F is satisfied linF C A (or limF # 0 respec-
tively, that is, this definition of compactness differs from the usual). In view of Theorem
4.2.14[Con84] and Proposition 5.4 is accomplished 5.9(a).

From 88 2.1.14, 1.8.11[Con84] and Theorem by -compactness dfl andM,, also
from the completeness &, L1(K, v, C) it follows (b).

Then (c) follows from (a) and § 1.8.7[Con84];

(d) follows from (c) and § 1.6.4[Con84], sin&x Ris ®,-compact. FronM(R,G;R )y
(see §4.2.l4[Con84]B§XS andL!(K,v,C) being Hausdorff it follows (d).

5.10. Theorem. Let ® be a set of®,filters on L (or P), also letg:
LXR xS x§VxK) = GxRy(V xY(v)) be such that@(u, pu(*, *)(V Nw),A,0,X) :=
(M(A),pu(9,X) (V N (t,U,,A))). If {H'(A,R)|Aec R} C W(R), then a mappingp: R x
S x SV xK) — G ER L RExS(v x Y(v)) gives Reregular quasi-invariant measure
(or in addition a pseudo-differentiable measureé),g,x) — @(x,A,g,X) (or (A,g,Xx,t) —
o(*,A,g,x1)), satisfying Condition§.1.(a,b), whered’ := 1y, (®), in RS *S the topology
corresponds to the topology In

Proof follows from 88 5.4 and 5.8.

5.11. Note.Let it be a sequencf{u,] : n € N} of quasi-invariant measures (or pseudo-
differentiable measures) converging uniformly in uniformity 5.1.(ii) and fulfilling Condi-
tions 5.1.(a,b) then in accordance with Corollary 5f.)9: n € N} (or also[Df, i : n]) is
uniformly o-additive for each fixedj € S. Moreover, it is uniformlyc-additive byg € W
for each giverB € R such thatgB c V for suitable opeW in S andV in S. For L this
means that for each®D € trandec U € 1g there araV > e,d € P”, ¢ > 0,nandV > e,

a compact subs&t;, e € iy C V with py(C) € U (or [N)B*pm(C) € U in addition forP) for

C € RandC c S\ W, with py,,(9,X) — py; (h,X) € D (or in additionDf (ph— ) (A) € U

for A€ Bf(W) for P) whilstg,h € W for eachx,x' € iy with d(x,X') < candm,j > n. In

view of Theorem 5.9 there exists lime (M, Py, (9,X)) = (¥, d(y;9,X) € L, that is, a quasi-
invariant measure (or pseudo-differentiable measurg[lim= [y € P). Therefore, they

are analogs of the Radon theorem for quasi-invariant measure and pseudo-differentiable
measures.

1.6. Measures with Particular Properties

1. Note. In [Lud0Of, Lud99s] non-Archimedean polyhedral expansions of ultra-uniform
spaces were investigated and the following theorem was proved (see also Appendix B).
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2. Theorem.Let X be a complete ultra-uniform space atdbe a locally compact field.
Then there exists an irreducible normal expansion of X into the limit of the inverse system
S={Py, f",E} of uniform polyhedra ove, moreoverlim S is uniformly isomorphic with
X, where E is an ordered set,'f. P, — P, is a continuous mapping for each mn;
particularly for the ultra-metric spacéX, d) with the ultra-metric d the inverse system S is
the inverse sequence.

3. Theorem. Let X be a complete separable ultra-uniform space andKlebe
a locally compact field. Then for each marked=kC there exists a nontrivial mea-
sure p on X which is a restriction of a measwen a measure spac€Y,Bf(Y),v) =
lim{(Ym, Bf(Ym),vm), fa", E} on X andvy, is quasi-invariant and pseudo-differentiable for
b € C relative to a dense subspacénfor each m, wherepy:= co(K, ap), f': Ym — Yy is
a normal(that is,K-simplicial non-expandingimapping for each ¢ n€ E, f'|p, = f"
Moreover, if X is not locally compact, then the familyof all such pu contains a subfamily
G of pairwise orthogonal measures with the cardinality cggd = 2°, wherec := card(R).

Proof. Choose a polyhedral expansion &f in accordance with Theorem 2.
Each mapping f;" is K-simplicial, that is, fI' is affine on each simplex of
a polyhedraP, and f'(s) is a simplex inP,, also eachf" is non-expanding:
pe, (F(x), f(Y)) < pe,(X,y) for eachx,y € Py. SinceY, is totally disconnected normed
space and each simplex By, is the corresponding ball v, and eachPy, is the uniform
polyhedra, that is,

(i) sup{diam(s:i)} < o, and

(i) inf{dist(s,sj) i # j} >0, _
then f" can be extended to a normal mappifi : Y™ — Y, and such tha¥,, can be
supplied with the corresponding uniform polyhedral structure (that is, partition into dis-
joint union of simplices satisfying Conditior( ii) above). SinceX is separable ani
is a locally compact field, then each spageis of countable type ovek andE can be
chosen countable. On ea¥h take a probability measung, such thatv,(X,\ P,) < €n,
Snee €n < 1/5. In accordance with § 3.20.1 and § 4.2.1 ewgltan be chosen quasi-
invariant and pseudo-differentiable fore C relative to a dens&-linear subspacey’,,.
SinceE is countable and ordered and eaghis supplied with the uniform polyhedral
structure and the mapping" is normal for eactm > n, then a family, can be chosen by
transfinite induction consistent, that i§,'(vm) = v, for eachm>nin E, f"(Y'y) = Y',.
ThenX = lim{P,, f™ E} — Y. Sincef" areK-linear, then(f™)~1(Bf(Y,)) C Bf(Yy) for
eachm > n € E. Thereforey is correctly defined on the algehira, ¢ f; 1(Bf(Y,)) of sub-
sets ofY, wherefy, : X — X, areK-linear continuous epimorphisms. Sineés nonnegative
and bounded by 1, then by the Kolmogorov theoreimas an extension on tlealgebra
Bf(Y) and hence on its completiohf(Y,v). PutY’ :=Ilim{Y'y,, fI",E}. Thenvy, on Yy,
is quasi-invariant and pseudo-differentiable ffior C relative toY’,. Fromy e, < 1/5 it
follows, that 1> pu(X) > Mn(1—¢&n) > 1/2, hencauis nontrivial.

To prove the latter statement use the Kakutani theoremfof, and then consider the
embeddingX — Y — [, Ya such that projection and subsequent restriction of the measure
[TnVn ONY andX are nontrivial, which is possible due to the proof given above] 0
and[],V'n are orthogonal of],, Yn, then they give measuresandv’ which are orthogonal
onX.

4. Notes.In [Lud00a] and in [BV97, Eva89, Eva9l, Eva93, Koc95, Koc96, Lud0341,
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Sat94] analogs of a Gaussian measure and of a Wiener measure wedtkeiazhs That
construction is generalized below and additional properties are proved concerning moments
of a Gaussian measure and an analog of théohfula. Others constructions are discussed
in comments (see 81.7). .

Let X be a locallyK-convex space equal to a projective limit Iimj{,)g’,Y} of Banach
spaces over a local field such thatX; = co(aj,K), where the latter space consists of
vectorsx = (X« : k€ aj), x« € K, ||x|| := sup x|k < e and such that for each> 0 the
set{k: [x|k > €} is finite, a; is a set, that is convenient to consider as an ordinal due to
Kuratowski-Zorn lemma [Eng86, Roo78Y; is an ordered setqJ : Xj — X is aK-linear
continuous mapping for eagh> | € Y, @; : X — X is a projection orXj, @ o(qJ = @ for
eachj > 1 €Y, (pLocHJ = (p"( for eachj > | > kin Y. Consider also a locallir-convex
space, that is a projective limit=lim{l>(a,R),/, Y}, wherelo(a, R) is the real Hilbert
space of the topological weight(l>(aj,R)) = card(a;)0o. SupposeB is a symmetric
non-negative definite (bilinear) nonzero functioBalY? — R.

5. Definitions and Notes. A measureu = |iggy On X with values inR is called a
g-Gaussian measure, if its characteristic functiqnias the form

[(z) =exp[-B(4(2),va(2))Ix/(2)

on a dens&-linear subspac®g g x in X* of all continuouK-linear functionalsz: X — K
of the formz(x) = zj(¢;(x)) for eachx € X with v4(z) € Dgy, whereB is a nonnegative
definite bilinearR-valued symmetric functional on a denRelinear subspac®gy in Y*,
B: DE%Y — R, ] € Ymay depend og, z; : X; — K is a continuou-linear functional such
thatzj = 3 ycq; e‘fzkJ is a countable convergent series such fate K, e‘f is a continuous
K-linear functional onXj such thate‘j‘(qj) = & is the Kroneker delta symbog ; is the
standard orthonormal (in the non-Archimedean sense) basjsdnp, K), vq(z) =Vvq4(zj) :=
{lz |ﬂ/2 ke aj}. Itis supposed thatis such thaig(z) € I2(aj,R), whereq is a positive
constantyy(z): X — St is a continuous character such tatz) =x(z(y)), ye X, x : K —
St is a character oK as an additive group (about a character see, for example, § VI.25
[HR79] and § I11.1 [VVZ94]).

If Y is a Hilbert space with a scalar prodyet =), then due to the Riesz theorem there
existsE € L(Y) such thatB(y1,y2) = (Eyi,y2) for eachys, y» € Y. A symmetric non-
negative definite operatde (or sometimes the correspondi) is called a correlation
operator of a measuge

6. Proposition. A g-Gaussian measure on X égsadditive on some-algebra A of
subsets of X. Moreover, a correlation operator B is of clagsthat is, T(B) < oo, if and
only if each finite dimensional ové¢ projection of U is ac-additive g-Gaussian Borel
measure.

Proof. From Definition 5 it follows, that each one dimensional ou€r pro-
jection yu of a measurep is o-additive on the Borelo-algebra Bf(K), where
0# x=e& € X. Therefore, pu is defined and finite additive on a cylindri-

cal algebraU := Uy, 11 @ (@, ) *(Bf(spak{eq.,....61}))], whereq | :

geees gooey

X — spark(eq),..-,&,l) IS a projection on aK-linear span of vectorse, |, .. .,
&,,l. This means that is a bounded quasi-measure On Sincellis the positive definite
function, thenu is real-valued. In view of the non-Archimedean analog of the Bochner-
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Kolmogorov theorem (see § 2.27 aboyehas an extension to a@-additive probability
measure on @-algebracU, that is, a minimalo-algebra of subsets of containingU.
If J:X; — X; is aK-linear operator diagonal in the basfs; : k}, then forz such that
z(x) = z;(;j(x)) for eachx € X and a symmetric non-negative definite oper&tas in § 5

(i) F(vg(zoJ),vg(zoJ)) = E(v4(2),vq(2)), where

(i) Exi = Fai|Jk|92|31|9/2 for eachk,| € aj. If F € Ly (that is,F2 € L;) andJ € L
(thatis,diag(w(J ) : 1) € Lg), then

(iii) E € Lag/a+q) for eacha > 0 (see Theorem 8.2.7 [Pie65]). In particular, taking
tending toe andF = | we getE € L, sinceL., is the space of bounded linear operators.
Using the orthonormal basesXj for eachj we get the embedding of;j into its topolog-
ically dual spaceX|" of all continuousK-linear functionals onX;. For eachz € X* there
exists a non-Archimedean direct sum decomposifos X; @ ker(z), whereX; is a one
dimensional oveK subspace itX. Therefore, the sddq g x of functionalsz on X from §
5 separates points of. More generally consider in eaef) a sequence of projection oper-
atorsRy,; on subspaceé, j ;= {ijz:i=1,...,n}, where{ i ;z:i € N} is the orthonormal
basis inXj. Then consided in this new basis and the transition operator from the standard
basis to the new one. The composition of these two operators generates the corresponding
operatorC onY which is in general non-diagonal. If for a given one dimensional #ver
subspac#V in X it is the equalityB(vq(z),vq(z)) =0 for eactz € W, then the projectiopyy
of pis the atomic measure with one atom being a singletoB.dfL1, thenB(vy(z),v4(2))
and hence(z) is correctly defined for eache Dg g x.

It remains to establish that is o-additive if and only ifJ € Lg(co(wo,K)) andy e
Co(wo, K).

We have

K (K\B(K,0r)) <C exp(—[x/¢j|[Lj|~ v(dx)

XeK,|X|>r

< / exp(—|yf(Z;| 9|z dy,
yeR,|y|>r

whereC > 0 andC, > 0 are constants independent frd@mnfor by > p3 and eachr > by,
1 < g< wis fixed (see also the proof of Lemma 2.8 above and Theorem 11.2.1 [DF91]).
Evidently,g(y) is correctly defined for eaalp < cp(wn, K) * if and only if y € co(wp, K). In
this case the charactgy, : K — C is defined ang(g«) = 121 Xg;y;- Due to Lemma 2.3
above, ifJ € Lq(Cp) andy € co(up, K), thenp is o-additive.

Let 0# g € ¢;. SinceK is the local field there existg € ¢ such thatg(x)| = ||g|| and
1|l = 1. Putg; := g(gj). Then||g|| <sup|g;|, sinceg(X) = ¥;xIgj, wherex = xlg; :=
Y xlej with x) € K. Consequentlyj|g| = sup |g;|. We enumerate the standard orthonormal
basis{e; : j € N} such that|g:| = ||g||. There exists an operat&r on cg with matrix

for eachn € N, whereP, are the standard projectors spark {€ey, ...,e,} [LD02] (see also
Appendix and comments to it). Whene {€] : j € up}, then evidentlyp has the form
given by Equatioriii), since i (K) = 1 for eachi € wo, whereej(e) = 9; j for eachi, j.
Suppose now that] ¢ Lqg(Co). For this we considerp®(K \ B(K,0,r)) >
3§ Jxer x1>rC exp(—|%¢;|9|Z;|~v(dx), whereg = (1,1,1,...) € ¢ = |”(wp,K). On the
other hand, there exists a const@at> 0 such that fobg > p3 and each > by there is the
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following inequality: fcic j/~r C &XP(—|x/Z;|9)[Z;] v (dX) >

Col /i exp(=[yfIZ; |~ N[Z;|Hdy+ [ exp(=yfIZ;|~9){j|~*dy]. From the estimates of
Lemma 11.1.1 [DF91] and using the substitutiar= y'/29 for y > 0 andz = (—y)/2% for

y < 0 we get thap is notc-additive, consequently is not o-additive, sincePg‘l(A) are
cylindrical Borel subsets for eacghe Bf(K), wherePyz= g(z)is the induced projection
onK for eachz € cj.

7. Corollary. A g-Gaussian measure p from Proposition 6 with By < o is quasi-
invariant and pseudo-differentiable for some I relative to a dense subspaged M, =
{aeX:vq(a) € EY2(Y)}. Moreover, if Bis diagonal, then each one-dimensional projection
19 has the following characteristic functional:

(i) () =exp(— B 1911%) 1) Xy (M)

where g= (g; : j € wo) € Co(0o, K) *.

Proof. Using the projective limit reduce consideration to the Banach sadde first
statement follows from Theorems 3.12, 4.2 and 4.4 (see also [Lud00a]). Telfiadnsider
a < X and theg-Gaussian measurg&lz)andp,(dz):= pu(—a+dz).Each Hellinger integral
H (Ma,n, bn) has a value in0,1], hencey_1H(Han, bn) either diverges to zero ang L p
or converges to a number<03 < 1 andpy ~ M (see Theorem 3.3.1). Suppose thais not
orthogonal tqy, thenpy ~ pand there existga(dX) /H(dx) = limp e W (dX") /pVn(dX") €
LY(X,3,u,C), whereV, :=spark (e,...,€), n€ N, W is the projection oftonV, X" :=
(1%..., nX), jx€ K for eachj, x" ¢ V". But

Ha(dX)/p(dX) = lim [a(dX") /An(dX)] [ (dX) /An(dX)] 72,

where A, is the Haar nonnegative measure, hengg(dx")/A(dxX") € LY(Vy, Bn,
An, C) for eachn. Choose an orthonormal basigz: j € N) in X and an operatds : X — X
suchthaG jz= jajz, ja# 0foreachj, henceu(G—1dy) has the correlation operat6EC,
wherey € G(X), G 1: G(X) — X, C is defined byG and the transition operator from the
standard orthonormal basdig; : j) to ( jz: j) (see also § 11.6.21).

Itis possible to tak& such thaCECis the bounded continuous operatorband there
exists the bounded continuous operd®EC)~t onY. The Fourier operator is unitary on
L2(X,8,U,C). Therefore, the existence ¢f Telative to the measung implies vy(a) €
EY/2(Y). Sincevg(&a) = vq(&)vg(a) andvg(a; + bj) < max((a;),vqy(bj)) for eachg € K
anda,b € X, a= y;ajej, then the family of all sucka € X with vg(a) € EV/%(Y) is the
K-linear subspace.

Vice versa, ifvg(a) € EY/?(Y), then the proof above shows that there exigtselative
to pand hence there exists the limit
M o[ (AX") /A (AX")] [L (AX?) /An (AX7)] 7 = pa(dx) /p(dX).

For the verification of Formuldi) it is sufficient at first to consider the measyre
on the algebraP of cylindrical subsets ircy. Then for each projectiop?, whereg €
spark (e, ...,em)*, we have:

ﬁg(h):/K---/KXe(hZ)Ul(dxl)"'“m(dxf")’
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wheree = (1,...,1) € Qg, h € K, n:=dimgK, X € Kej, z= g(x), x= (x, ..., xm),
consequently,p9(th) = M2, fi(hg), since xe(hg(X) = M1 Xe(higiX') for each x
spark (er, . ..,en). LetJ be a subspace of adle X such that/(x) € Bl/z(DB,Y). SinceDgy

is R-linear andvg(az) =|a|%/2vy(z) for eacha € K, vq(y+2z) < max(\(y),vq(z)), thenJ is
K-linear andp is quasi-invariant relative td. In view of the Parceval-Steklov equality and
definition of pseudo-differentiabilty and convergence/jeexp(—a(\(x))?)|x/Mv(dx) < oo
for eachm > 0 and eacta > 0, wherev is a nonnegative nontrivial Haar measurekoiit
follows, thatu is pseudo-differentiable for eathe C with Re(b)> 0.

SinceB € L, thenp is the Radon measure, consequently, the continuatignfiafm
UP producesu on the Borelo-algebra ofcy, hence limy,_..f%"9(h) = {i9(h), whereQy, is
the natural projection ospark (ey, . ..,em)* for eachme N such thaQm(g) = (91, - - -, Om)-
Using expressions qf We get Formulgi). From this it follows, that ifB € Lq, theni(g)
exists for eacty € ¢ if and only ify € co, sincep®(h) = [i(gh) for eachh € K andg € c,.

8. Corollary. Let X be a complete locallit-convex space of separable type over a
local fieldK, then for each constant it O there exists a nondegenerate symmetric positive
definite operator B= L1 such that a g-Gaussian measuresisadditive on B{X) and each
its one dimensional ovdf projection is absolutely continuous relative to the nonnegative
Haar measure oiX.

Proof. A spaceY from § 4 corresponding tX is a separable locallR-convex space.
Therefore,Y in a weak topology is isomorphic witR™° from which the existence d
follows. For eachK-linear finite dimensional oveK subspacé a projectionuS of pon
Sc X exists and its density>(dx) /w(dX) relative to the non-negative nondegenerate Haar
measurew on Sis the inverse Fourier transforf~({ijs) of the restriction ofu’on S
(see about the Fourier transform on non-Archimedean spaces 8 VII [VVZ94]). FoBsuch
each one dimensional projectiontorresponding teu has a density that is a continuous
function belonging td-}(K, w, Bf(K), R), wherew denotes the nonnegative Haar measure
onkK.

9. Proposition. Let gy and |y g5 be two g-Gaussian measures with correlation
operators B and E of class;| then there exists a convolution of these measuges, u
Hg,E,5, Which is a g-Gaussian measurggl e . 5.

Proof. SinceB andE are nonnegative, thefB+ E)(y,y) = B(y,y) +E(y,y) > 0 for
eachy €Y, that is,B+ E is nonnegative. Evidenthy + E is symmetric. In view of
[Pie65] B+ E is of classL;. Therefore iy g eys is the o-additive g-Gaussian measure
together withpg gy and g, 5 in accordance with Proposition 6. Moreovggg e ys IS
defined on ther-algebraoUg, g containing the union afi-algebrassUg andoUg on which
HqBy and g e 5 are defined correspondingly, sinker(B+E) C ker(B)Nnker(E). Since
U B+Ey+5 = Pg.Byilg E,5 thenly gey+s = Hg,B.y* Mg,E,5 (S€€ Proposition A.12 in Appendix
and use projective limits).

9.1. Remark and Definition. A measurable spad€, F) with a probability real-valued
measure\ on a coveringr-algebraF of a sefQ is called a probability space and it is denoted
by (Q,F,A).

The random variablé& induces a normalized measurgA) := A(§1(A)) in X and a
new probability spaceX, B, vg).

Let T be a set with a covering-algebrag and a measurg : & — R. Denote by
L9(T, & ,n,H) the completion of the set of ak -step functionsf : T — H relative to the
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following norm:

(1) [flng:= (ier I [An(d)¥dfor 1 < g < 0 and

(2) [[f]lnw :=ess—sup 7|1 f(t)|ln, whereH is a Banach space ovér For 0 <
g < 1 this is the metric space with the metric

(3) Pa(f,8):= (fier (1) —g®)[fn(dt)) /0.

If H is a complete locallk-convex space, theH is a projective limit of Banach spaces
H= Iim{Hq,ng,Y}, whereY is a directed serng : Hy — Hp is aK-linear continuous
mapping for eaclr > 3, 1y : H — Hg is aK-linear continuous mapping such th@om =
T for eacha > 3 (see § 6.205 [NB85]). Each norpy on Hy induces a pre-normg on
H. If f:T—H,thenmyof =:fq:T — Hq. In this casd.%T, % ,n,H) is defined as a
completion of a family of all step functions: T — H relative to the family of pre-norms

(1) [fllnge:= (her Pa(f(1))°N(dt)) Y%, a € Y, for 1< q <  and

(2)  [[fllnea = €SS-sup, et fa(f(t)), a €Y, or pseudo-metrics

() Paa(f.0):= (herlPa(f(t) = g(t)]M(dt)) ¥, a € Y, for 0< q < 1. Therefore,
L9(T, & ,n,H) is isomorphic with the projective limit
Iim{Lq(T,x,n,Hq),ng,Y}. For exampleT may be a subset d&®. If T C F with a non-
Archimedean field-, then we can consider the non-Archimedean time parameter also.

If T is a zero-dimensional;-space, then denote lﬁ;@(T,H) the Banach space of all
continuous bounded functiorfs. T — H supplied with the norm:

(4) [fllco == super || F(1)[| < oo,

For a setT and a complete locall)k-convex spaceH over K consider the product
K-convex spacéd’ := [TteT He in the product topology, whetd; := H for eacht € T.

Then take on eitheK := X(T,H) = L%T, & ,n,H) or X := X(T,H) = CX(T,H) or
on X = X(T,H) = HT a coveringo-algebraB such that3 > Bf(X). Consider a random
variableg : w+— &(t,w) with values in(X,B), wheret € T.

Consider T such thatcard(T) > n. For X = C)(T,H) or X = HT define
X(T,H; (t,...,th);(z1,...,2)) as a closed sub-manifold itX of all f: T — H,

f € X such that f(t1) = z,...,f(tn) = z, where ty,...,t, are pairwise distinct
points in T and z,...,z, are points inH. For X = LYT,%,n,H) and pairwise
distinct pointsty,...,ty in T with supp(n)> {t1,...,ta} define X(T,H;(t1,...,tn);
(z1,...,2)) as a closed sub-manifold which is the completion relative to the jdiiff q of

a family of % -step functiond : T — H such thatf (t;) = z, ..., f(t,) = z,. In these cases
X(T,H; (ta,...,tn); (0,...,0)) is the propeK-linear subspace of(T,H) such thaiX(T,H)

is isomorphic withX (T, H; (ty,...,tn); (0,...,0))®H", since if f € X, thenf(t) — f(t;) =:
g(t) € X(T,H;t1;0) (in the third case we use thate ® and hence there exists the embed-
dingH — X). Forn=1 andty € T andz = 0 we denoteXp := Xo(T,H) := X(T,H;to;0).

9.2. Definitions.We define a (non-Archimedean) stochastic proegsaw) with values
in H as a random variable such that:

(i) the differencesv(ts, w) — w(tz, w) andw(tz, w) — w(t1,w) are independent for each
chosen(ty,tp) and (t3,ta) with t; # tp, t3 # t4, such that eithet; or t; is not in the two-
element sefts, t}, wherew € Q;

(i) the random variabley(t, w) — w(u,w) has a distributiop™, wherep is a probabil-
ity real-valued measure qiX(T,H),B) from § 9.1,u9(A) := p(g~1(A)) for g: X — H such
thatg~1(®n) C B and eacthA € Ry, R y(W) == w(t, w) —w(u,w) for eachw € LY(Q, F,\; X),
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where 1< g < o, %y is a coveringo-algebra ofH such thaFtLl(:RH) C B for eacht #u
inT,

(i) we also putw(0,w) = 0O, that is, we consider &-linear subspacd 9(Q,F,
A; Xo) of L9(Q, F,A; X), whereQ # 0, X; is the closed subspace Xfas in § 9.1.

10. Definitions. Let B andq be as in § 6 and denote g ya the corresponding
g-Gaussian measure &h Let & be a stochastic process with a real titne T C R (see
Definition 9.2), then it is called a non-ArchimedegiWiener process with real time, if

(ii)" the random variabl&(t, w) —&(u,w) has a distributiony, ¢ s, for eacht #uc T,

Let ¢ be a stochastic process with a non-Archimedeantien&€ C F, whereF is a local
field, theng is called a non-ArchimedeanWiener process witk-time, if

(ii)" the random variableg (t,w) — &(u,w) has a distributiony ny.—uys,y for each
t £ uc T, wherexr : F — St is a continuous character Bfas the additive group.

11. Proposition. For each given g-Gaussian measure a non-Archimedean g-Wiener
process with rea(F respectivelytime exists.

Proof. In view of Proposition 9 for each> u > b a random variablé&(t, w) — &(b,w)
has a distributiony _n)s,y for real time parameter. I u, b are pairwise different points
in F, then&(t, w) — &(b,w) has a distributioy |y —bys,y» SINCEIN[XF(t —u)] +In[Xr(u—
b)] =In[xg(t —b)]. This induces the Markov quasi—measu@ﬁ on ([ter (Ht, Ut)), where

H; = H andU; = Bf(H) for eacht € T (see 8§ VI.1.1 [DF91] and § 3 in [Lud0321]). There-
fore, the Chapman-Kolmogorov equation is accomplished:

P(bXtA) = | P(bxu.dy)P(uy.t,A)
H

for eachA € Bf(H). An abstract probability spad€, F,A) exists due to the Kolmogorov
theorem, hence the corresponding spidcexists. Therefore, conditions of Definitions 10
are satisfied (see also 4.1 [Lud0321]).

12. Proposition. Let & be a g-Gaussian process with values in a Banach spaee H
co(a,K) atime parameter € T and a positive definite correlation operator B of trace class
andy =0, where carda) < g, either TC Ror T C F. Then either

(i) Hthll(Vq(el(E(t»w)),--~,Vq(eN(E(t,w)))H|22=tTr(B)0r
(if) ~ lim M | (va(e" (& (t. ), .-, va(€" (&(t,0)) I, = [In(Xr(t))]Tr(B) respectively.

Proof. At first we consider moments of g@Gaussian measuggg,. We define mo-
mentsmy(elt, ... elk) i= [, vag(el1(X)) - - Vog(ek(X) ) g,8,/(dX) for linear continuous func-
tionalse!,..., el onH such tha€(ej) = &,, where in our previous notatiofe; : j € a} is
the standard orthonormal baseHn

Consider partial pseudo-differential operat(a:nzj“ given by the equation

(i) poY(x) :=Fj (%[ B(K)) (%),

where the normb|x = modk (b) onK is chosen coinciding with the modular function as-
sociated with the nonnegative nhondegenerate Haar measareK (about the modular



Real-Valued Measures 81

function see [Wei73])u € C\ {—1}, { := Fj(y) is the Fourier transform af by a vari-
ablex; € K such thatF; is defined relative to the Haar measwen K [VVZ94]. From
the change of variables formuli f(ax+b)g(Xw(dxX) = fi f(y)g((y—b)/a)lajk w(d
for eachf andg € L?(K, Bf(K),w,C), a# 0 andb < K, also the Fubini theorem and
the Fourier transform ol it follows that f_q * fy4 1 = fu;1-o for u# a and Mg (u+
)& = F(xj|Y), wherefy(xj) = |xj|Y"1/Tk (u), Tk is the non-Archimedean gamma
function, Mk (u) := [ |zt *X(z)w(dz),x : K — St is the character oK as the additive
group such thag(z) := 111 Xp(Z}), Zj € Qp, 2= (Z1,...,Zm) € K for K considered as
the Qp-linear spacem € N, dimg K = m, )(p Qp — S is the standard character such
that Xp(y) := exp(21i{y}), {y}p = Sicoap' for lylg, > 1 and{y}p = 0 for |ylg, < 1,
y=ySap,ac{01,..,p-1}1€Z min(l:a #0)=:ordy(y) > —». Therefore,
p0[xj[" = [%["k (n)/Tk (n—u), wheren € C\ {—1}. A functiony for which pojy
eX|sts is called pseudo-differentiable of orddsy variablex;.

Frommy/%(el1, ..., el) = F1(|x;, |9/2- - |x;,|2F(W))(0), sinceF (hg) =F(h)F(g) for
functionsh andg in the Hilbert space2(K, Bf(K), w,C) it follows thatmd/%(el1 ... elz) =
paq/z 0% %01(0) = ([pDYJ2(0)).(ej,. ..., €},), Where pDY/2 is aK-linear pseudo-

Jok
dlfferentlal operator byx € H such that

(PDY2(x)).€; 1= p0Y AP(x).

Then

(iv) m%z(e"l, .., &) = (=1)"(n!) [ DV [B(v4(2) Vg (2)]" (€)1 - - Bi)

= (") "3 oex,0 Bo(ja)o(i2) *** Bo(jzn-1).0(zn)
sincey = 0 and xy(z) =1, whereZy is the symmetric group of all bijective map-
pings o of the set{1,...,k} onto itself, B j := B(g,q), sinceY* =Y for Y =
l2(a,R). Therefore, for eaclB € L1 andA € L, we have | A(v(X),Vq(X))Hg,B,0(0X) =
limneca Y1 TRea A, kmz ’(ej,&) = Tr(AB).

In particular forA = | andpg g o corresponding to the transition measuré, @f w) we
get Formula(i) for a real time parameter, usimg . )s,0 We get Formuldii) for a time
parameter belonging t, sinceg(tp, w) = 0 for eachw.

13. Corollary. Let H=K and¢&, B= 1, y be as in Propositioi2, then

(i) M< e w)|dE(tw|K) U (p(twdt]

for each a< b € T with real time, where@(t,w) € L%(Q,U,A\,C3(T,R)) & €
LA(Q,U,A, Xo(T,K)), (Q,U,A) is a probability measure space.

Proof. Since fi(, n @(t, w)[d&(t, w)[g
= liMmax;(t;,1-t;)—0 z'j\‘zlcp(tj,w)ﬁ(tj“,w) —&(tj,w)|p for A-almost allw € Q, then apply-
ing Formula 12.(i)to each|&(tj;1,w) — &(tj,w)|s and taking the limit by finite partitions
a=t; <ty <--- <tny1 = bof the segmenfa,b] we get Formula 13.(i).

14. Remarks. In the classical case with = 2 andR instead ofK there is analo-
gous formulaM ([ ., p @(t, w)dBi(w)]?) = M2 o(t, w)2dt] known as the ti formula (see
the classical case in [Bou63-69, DF91]). Another analogs of théohfiula were given
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in [Lud0341] (see also comments in § 1.7). Certainly it is impossible to get in the non
Archimedean case all the same properties of Gaussian measures and Wiener process (Brow-
nian motion) as in the classical case. Therefore, there are different possibilities for seeking
non-Archimedean analogs of Gaussian measures and Wiener processes depending on a set
of properties supplied with these objects. Giving our definitions we had the intention to
take into account the most important properties.

SinceF(xy)(y) =08(y—y) and[d(y—y) xh(y)](X) = h(x—y) for any continuous function
h, then fi; xj, = Vi, %2 -+ xj, = Vi V2o .y= Ji [Xia| 2+~ [}, | °d g 8.0, consequentlyy
plays in some sense the mean value role.

If A>0onY =Iz(a,K), then

Hq.B,of X : A(Vg(X),vg(x)) > 1} <Tr(AB)and

Hg.B.0{X © [A(Vg(X),Vg(X)) — Tr(AB)| <c(Tr(AB))Y/2} > 1—2||AB||/& for eachc > 0
due to the Chebyshev inequality and Formula 12.(iv).

15. Definitions and Notes.Consider a pseudo-differential operatorldn= cy(a, K)
such that

i) A= > (—)%0S POl PO,

0<keZ;J1,....jkea

wherebX . €R, pdj := p0j. If there existan := max{k: b, #0,j1,...,jk€a},
thenn is called an order oA, Ord(A). If A =0, then by definitiorOrd(A) = 0. If there
is not any such finite, thenOrd(A) = . We suppose that the corresponding fokron
@, Y¥is continuous intcC, where

(i) Ay)y=— 5 (=D i Vi

0<keZ;1,...,jkEQ

yel(a,R)=Y. If A(y) > 0 for eachy # 0 inY, thenA is called strictly elliptic pseudo-
differential operator. The phase multiplieri)¥ is inserted into the definition ok for in
the definition of pd; it was omitted in comparison with the classical case.

Let X be a complete locallyK-convex space, leZ be a complete locallyC-
convex space. For & n € R a space of all functiond : X — Z such that f(x)
and ( pD¥f(x)).(y%,...,y®) are continuous functions o for eachy!,....y®¥ ¢
{et,e,€3,...} € X*, I(k) := [K] +sign{k for eachk € N such that < [n] and also for
k=nis denoted bypc"(X,Z) andf € pc"(X,Z) is calledn times continuously pseudo-
differentiable, whergn] < n is an integer part ofi, 1> {n} :=n—[n] > 0 is a frac-
tional part ofn, sign(b) =1 for eachb > 0, sign(0) =0, sign(b) =—1 for b < 0. Then
pC”(X,Z) :=Nn=1 PC"(X,Z) denotes a space of all infinitely pseudo-differentiable func-
tions.

16. Theorem. Let A be a strictly elliptic pseudo-differential operator on H
co(a,K), card(a) < Op, and let te T = [0,b] C R. Suppose also thatox —
y) € L3(H,Bf(H), s, C) for each marked y H as a function by x H, uy(x) €
pc (M) (H,C). Then the non-Archimedean analog of the Cauchy problem

(i) du(t,x)/ot =Au, u(0,X)=up(X)

has a solution given by

(i) u(t) = [ wolx—yua(dy),
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where W is a o-additive Borel measure on H with a characteristic functiofigi(z) :=
exp[tA(v2(2))].

Proof. In accordance with § 8 4 and 15 we ha¥e= I>(a,R). In view of the condi-
tions of this theorem the function exptA(v2(z))] is continuous o < H* for eacht € R
such that the familyH of continuousK-linear functionals orH separates points iH. In
view of the Minlos-Sazonov theorem 2.35 above it definesaaditive Borel measure on
H for eacht > 0 and hence for eache (0,b]. The functionalA on each ball of radius
0 <R< ®inY is a uniform limit of its restrictions&\@k[spark(elwm]k, whenn tends to
the infinity, sinceA is continuous o, Y¥. Sinceup(x—y) € L2(H,Bf(H), 5 C) and a
space of cylindrical functions is dense in the latter Hilbert space, then due to the Parceval-
Steklov equality and the Fubini theorem it follows thatgim Fpxuo(PX))f4 (Y + PX) con-
verges inL%(H,Bf(H),z,C) for eacht, sincepk, s * M, = My, 41,4 for eachty, t; and
t;+t, € T, whereP is a projection on a finite dimensional ouersubspacélp ;= P(H) in
H, Hp — H, P tends to the unit operatdrin the strong operator topolog¥,pxuo(PX)
denotes a Fourier transform by the variaBe € Hp. Consider a functiorv := Fx(u),
thendv(t,x) /ot = —A(W(x))V(t,X), consequentlyy(t,x) = vo(x) exp—tA(Vva(x))]. From
u(t,x) = F1(v(t,x)), where as abovEy(u) denotes the Fourier transform by the variable
x € H such thaFx(u(t,x)) = limn_«Fx, .. x,U(t,X). Thereforeu(t,x) = up(x) * Fx1(f4x) =
iy Uo(X—Y)Ha(dy), sinceup(x—y) € L2(H,Bf(H), k4, C) andyz is the bounded measure
onBf(H) and| fy uo(x—y)a(dY)] < (Jis [Uo(x—y)Pka(dy)Ima(H) < e.

17. Note. In the particular case dDrd(A) = 2 andA corresponding to the Laplace
operator, that isA(y) =31,09.jnY;, Equation 12.(i)is (the non-Archimedean analog of)
the heat equation oH. This provides the interpretation of the 2-Gaussian megsyre
o4 0- FOrdimeH < oo the densityyz(dx) /w(dx) is called the heat kernel, wheveis the
nonnegative nondegenerate Haar measuié.on

For Ord(A) < « the formAq(y) corresponding to sum of terms with= Ord(A) in
Formula 15.(ii)is called the principal symbol of operatar If ,&o(y) > 0 for eachy # 0O,
thenA is called an elliptic pseudo-differential operator. Evidently, Theorem 16 is true for
elliptic A of Ord(A) < o, since exp[+A(v2(z))] is the bounded continuous real-valued
positive definite function.

18. Remark and Definitions. Let linear spaceX overK andY overR be asin § 4
andB be a symmetric nonnegative definite (bilinear) operator on a defsear subspace
Dgy inY*. A quasi-measurg with a characteristic functional

R(¢,x) := exp[—{B(\4(2),Yq(2))]X/(2)

for a parametef € C with Re({)> 0 defined orDq g x is called a complex-valued Gaussian
measure and is denoted fayzg y also, wherédg g x := {z€ X* : there exist§ € Y'such that
z(X) = zj(@j(x)) ¥x € X, Vq(z) € Dy }.

19. Proposition. Let X = Dqgp x and B be positive definite, then for each function
f(z):= [x Xz(x)v(dx) with a complex-valued measuwref finite variation and each Re(&
0 there exists

(i) /Xf(ZMB(dZ):Em/)(f(PZ)Irg)(dZ)
:/xeXp(_ZB(\Q(Z),Vq(z)))xy(z)v(dz)’
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where |P)(P~1(A)) := u(P~1(A)) for each Ac Bf(Xp), P: X — Xp is a projection on a
K-linear subspace X a convergence P- | is considered relative to a strong operator

topology.

Proof. A complex-valued measuxkecan be presented &s=v; — v, +1iv3z —iv4, where
Vj are nonnegative measurgs=1,...,4,i = (—1)Y/2. Using the projective limit decom-
position ofX and § 2.27 above we get that

(i) /Xf(z)p(B(dz):gTI/xf(Pz)Q?(dz).

On the other hand, for each finite dimensional d¢esubspace&p

(i) [ 1(P2)g(d2) = [ {exp(~LB((2) vq(2))Xy(2)} by (d2).

Since each measuxg is non-negative and finite, then due to Lemma 2.3 and § 2.5 above
there exists the limit

“m/ {exp[~1B(¢(2).va(2))]X/(2) } x.v™* (d2)

- /xeXp(_ZB(\ﬁ(Z)qu(Z)))Xy(Z)V(dz).

20. Proposition. If conditions of Propositiori9 are satisfied and
/ £ (PX) W (dX) < 0
Xp

for each finite dimensional ovét subspace Xin X, then Formulal9.(i) is accomplished
for { with Re({) =0, where WP is a non-negative nondegenerate Haar measure@n X
Proof. The finite dimensional ovef distribution

IJq iB, y/WXP(dX) = F  (gieylx)

is locally w**-integrable, but does not belong to the spatep, Bf(Xp),w*®,C). In view
of Condition 20.(i)above and the Fubini theorem and using the Fourier transform of gen-
eralized functions (see 8 VI1.3 [VVZ94]) we get Formulas 19iijli, Taking the limit by
P — | we get Formula 19.(iin the sense of distributions.
21. Remark. A measurgyq s y is the non-Archimedean analog of the Feynman quasi-

measure. Put
/f Moy (dX) _Ilm/f lg.28.4(dX)

if such limit exists. If conditions of Proposition 19 are satisfied, the() =
Jx f(X)Hg,z8(dX) is the holomorphic function o € C : Re({)> 0} and it is continu-
ous on{C € C: Re({)> 0}, consequently,

e [ F00Haim () = [ exp{-iBG().v(¥) IXy(9V(EX).
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Above were defined non-Archimedean analogs of Gaussian measurespaitic
properties, but usual Gaussian measures does not exist on non-Archimedean spaces as the
following theorem shows.

22. Theorem.Let X be a Banach space of separable type over a locally compact field
K. If on Bf(X) there exists a nontrivial real-valued (probability) usual Gaussian measure,
thenK =R.

Proof. Let pbe a nontrivial usual Gaussian real-valued measuifgX). Then by the
definition its characteristic functionglmust be positive definite complex-valued function
such thap{0) =1, limyy . fi(y) =0 for eachy € X*\ {0}, whereX* is the topological con-
jugate space tX of all continuousK-linear functionalsf : X — K. Moreover, there exist a
K-bilinear functionalg and a compact non-degeneritdinear operatofT : X* — X* with
ker(T) = {0} and a marked vectog € X such thapy,(y) = f(g(Ty, Ty)) for eachy € X*,
wherepy, (dx) := p(—xo+dx), x € X. SinceK is locally compact, theX* is nontrivial and
separates points of (see [NB85, Roo78]). Each one-dimensional oeprojection of a
Gaussian measure is a Gaussian measure and products of Gaussian measures are Gaussian
measures, hence convolutions of Gaussian measures are also Gaussian measures. There-
fore, [y, : X* — C is a nontrivial charactery(y1 + y2) = fix,(Y1)Pix, (Y2) for eachy; and
y2 in X*. If char(K) = 0 andK is a non-Archimedean field, then there exists a prime
numberp such thatQ, is the subfield oK. Then [i(p"y) = (fi(y))P" for eachn e Z and
y € X*\ {0}, particularly, forn € N tending to the infinity we have lip... p"y = 0 and
liMp o o (P"Y) = 1, limMy_eo(f (¥))P' = 0, since lim . fix, (P "y) = 0 and |, (y)| < 1
for y# 0. This gives the contradiction, heni€ecan not be a non-Archimedean field of zero
characteristic. Suppose thgtis a non-Archimedean field of characteristltar(K) = p >
0, thenK is isomorphic with the field of formal power series in variabtever a finite field
Fp. Therefore g, (py) =1, butfi,(y)P # 1 fory # 0, since lim—.« i, (t™"y) = 0. This
contradicts the fact thai, need to be the nontrivial character, consequeftlgan not be
a non-Archimedean field of nonzero characteristic as well. It remains the classical case of
X overR or C, but the latter case reducesXoverR with the help of the isomorphism of
C as theR-linear space witlR?.

23. Theorem.Let |y gyand g s be two g-Gaussian measures. Thegm is equiva-
lentto Wy g 50r Hg,By L Hg,B,5according to y(y—9) € Bl/Z(DB’Y) or not. The measureys y
is orthogonal to g 5, When g# g. Two measuresygyand |y 5 are either equivalent or
orthogonal.

24. Theorem. The measuresgs y and [y ay are equivalent if and only if there exists
a positive definite bounded invertible operator T such that BY/2TBY2 and T—1 €
La(Y™).

Proof. Using the projective limit reduce consideration to the Banach sgac€hen
proof of theorems 224 follows from the consideration of characteristic functionals of
measures, the Kakutani theorem 3.3.1 and the fact that the Fourier trarfsfisrthe uni-
tary operator on.?(K, Bf(K), v,C) due to the Parceval-Steklov equality, wherdenotes
the Haar normalized nonnegative measuréorTherefore, it is possible to proceed with
the characteristic functionalg g s andiig a y instead of measures. df~ g then the measure
Hg .y is orthogonal tQiyg 5, SINCe liMk=0 R n—olHaB.y)% (X& n)/ (Hg8.8)% (X&) = O,
for eachq > g, whereXg , := X, \ B(X%,0,R), Xy :=spark(em: m=n,n+1,...,2n),
(Ha,B.y)x, IS the projection of the measupg g y on X,. Each Hellinger integral in the Kaku-
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tani theorem is if0,1] C R, consequently, the product in the Kakutani theorem is either
converging to a positive constant or diverges to zero, hence two meggweandpga 5
are either equivalent or orthogonal (see also the classical case in § 11.3 [Kuo75]).

1.7. Comments

Real-valued Haar measures on locally compact topological groups are described in details,
for example, in [Bou63-69, HR79, FD88].

S.N. Evans had used stochastic approach to study non-Archimedean analogs of Gaus-
sian measures [Eva89, Eva9l].

1. Definition. Consider a normed spac¥, || « ||y) over a non-Archimedean field.

A subsetX in Y is called orthogonal if for each finite subsgt;,...,x,} C X and each
a,...,an is satisfied the equalityl| y7_; ajxjlly = maxi<j<n|laj[|[[Xjlly. An orthogonal
subseiX is called orthonormal, ifx|ly = 1 for eachx € X.

2. Definition. Let (E, =) be a measurable vector space over a local flelé random
variable€ € L?(E,P,R) is called a Gaussian random variable (is distributed by a Gaussian
probability measure) if for each two independent cogiesnd¢, of ¢ and each orthonormal
vectors(ag,ap) and (bg,by) € F? the pair(§1,€2) has the same distribution da;&; +
a82,b181 +bo82).

3. Theorem. A random variableg € L?(E,P,R) that is not almost surely zero is
Gaussian if and only if its distribution is a cutoff of the Haar measurd®({§ € dx}) =
T "Y(1r"||x||)A(dx) for some ne Z, wherey is the characteristic function db,1] C R,
|| < 1is the generator of the normalization grolip, E is locally compact.

4. Theorem. Suppos€E, || « ||g) is a separable Banach space with topological dual
space E and P is aF-Gaussian measure on E. PutS{x e E: |[T(X)| < [|[T(X)|l» VT €
E*}. Then

(i) the group S is the closed support of P;

(i) the group S is compact;

(iii) if M is a measurable vector subspace of E, then P{#%itherl or O, depending
on whether S— M or not.

5. Remark. A random variable§ € L?(E,P,R) was called also a random variable
with values inE in terminology of S.N. Evans (see also [DF91, Eva88, Eva89, Eva9l]).
Gaussian random fields with values @ and controlled by real-valued measures were
also constructed in [AK91] with the help of forward and backward Kolmogorov equations.
The property of invariance of the Gaussian distribution under orthogonal non-Archimedean
transformations leads to a measure with compact support and equivalent to the Haar mea-
sure up to a constant multiplier. Together with results above this gives another proof of the
fact that in the non-Archimedean case there does not exist a measure having all the same
properties as the Gaussian measure in a real Banach space. On the other hand, it shows
that the orthogonality condition being too strong in the non-Archimedean case leads to a
measure, which is a restriction of the Haar measure on a compact subset in the case of lo-
cally compacgk. Theorem 4 shows, that S.N. Evans has considered measures with compact
support also in a non-locally compadgtlinear spacee. This means, that such measures
of Theorems 34 are not quasi-invariant, but in the classical case Gaussian measures are
quasi-invariant.
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V.S. Vladimirov (see [VIa89, VVZ94] and references therein) and A.Nclddei
[Koc95] also have considered integrals o@y of the functionf (x) := xp(ax? + bx) with
parameters,b € Qp as analogs of Gaussian integrals and they evaluated them, yhisre
the complex valued character@f, as the additive group. Certainly, becauséx@iz)|= 1
for eachz € Qp, the function)(p(ax2 + bx) has not characteristic graph of the Gaussian
distribution tending to zero whilk| tends to the infinity.

All this terminology Gaussian integrals and Gaussian measures is very conditional and
optional, since in the times of K.F. Gauss no any non-Archimedean fields were studied and
non-Archimedean analysis was not existent, because non-Archimedean fields had begun to
be investigated only in the end of the 19-th century and the non-Archimedean normalization
comes back from the Ostrowski’s theorem (see [Roo78, Wei73]). Any use of suitable non-
Archimedean measures or integrals depends on concrete problems.

Pseudo-differential operators considered in this chapter were first studied by V.S.
Vladimirov [VIa89] and also were used in non-Archimedean quantum mechanics [VV89,
VVZ94]. They were used for solutions of the non-Archimedean analog of the heat equation
(see, for example, [Koc96]). It was proved [VVZ94], for example, o 2 anda # 0,
thath(prO’pN)xp(ax2+bx)dx:: I(p,N,a,b) has value$(p,N,a,b) = pNw(pN|b|y), when
’a‘pPZN <1

1(p.N,a,b) =Ap(a)laly *xp(—b?/(4a)(p~N[b/aly).

when [a[pp®™ > 1, where)p(a) = 1 for evenv, Ap(a) = (%), if v is odd andp =
1 (mod 4), Ap(a) =i(%), if v is odd andp =3 (mod 4), wherev is such that
a=p'laot+aip+---),veZ a€{01,....p—1},a€ Qp, ap #0, (B) is the Legen-
dre symbol for each primp andn an integer prime t@, such that(g) =1 for n being a
quadratic residue modulo, and(g) = —1 otherwisew(y) =1 for0<y < 1, w(y) =0 for
y > 1, dxdenotes the Haar nonnegative measur@gnTaking the limit whileN tends to
infinity gives

/ Xp(@€+bxdx:= lim 1(p,N,a,b) =Ap(@)lal" Xp(~b%/ (42)).

For a local fieldK and the characteg of rank zero oK as the additive group and a radial
function f(x) := g(||x||) it was also evaluated the integral

/Kx(xé)f(X)dXz (L—gHlE i)Q‘”g(q_”HEH*) — [l g(allEl™)

for eaché # 0, whereK is the finite algebraic extension Qf andq := pf, f > 1istheindex
of inertia,ef = (K : Qp), e> 1 is the ramification index3(K, 0,1) /{xe K : |x] < 1} = Fq
is the finite field consisting aj elements.

There is a generalization of the Minlos theorem on loc#ligonvex spaces. In the
case ofK = R it states, that there exists a bijective correspondence between continuous
positive definite functions on a nuclear locally convex topological vector space and Radon
probability measures on the Borelalgebra of the topological conjugate sp&cesupplied
with the weak topologyo(E*,E) provided by the Fourier transform. For properties of
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measures to be quasi-invariant or pseudo-differentiable it does notaplayole. This
theorem only permits to get an information about a measure by its characteristic functional,
that is also very important. Madrecki has proved its non-Archimedean analog in [Mad91c].

6. Theorem. Let E be a Hausdorff locall)k-convex space, wher€ is a local field.
Then any continuous positive definite function on E is the Fourier transform of a Radon
probability measure on the Borel-field Bf(E*) of the topological conjugate space' E
supplied with thex-weak topology (E*,E). Conversely, if E is barreled, then the Fourier
transform of a Radon probability measure on(Ef) is a continuous positive definite func-
tionon E.

7. Remark. In [Sat94] an analog of a Wiener measure in a Banach space with a
measurable norm was studied by T. Satoh. It was further development of some results of
S.N. Evans.

8. Definitions. A countable subsdt : i € N} is called an orthogonal Schauder base in a
normed spackl over a non-Archimedean field if it satisfies the following two conditions:

(1) for eachv € H there is the unique sequenf®g : ¢, € K, i € N} such thav = 5 cie;

(2) for any converging seri€j; cig, we have 3;°; cie| = max|cig|.

If in addition to the above conditions| = 1 for eachi, then{e : i} is called an or-
thonormal Schauder basis.

A K-linear mapP € L(H) is called an orthogonal projection,® = P andIm(P) :=
P(H) is orthogonal t&ker(P) := P~1(0).

A probability real-valued measureonK is said to be admissible, if:

(1) the measure is isometry invariant absolute continuous with respect to the Haar
measurgland

(2) the value of the Radon-Nykodim derivatide /dp(x) atx = 1" is a non-decreasing
function ofn, where|m| < 1 is generator of the normalization groliR.

The cylinder measur@, with parametevp is the function orCyl(H) defined by the fol-
lowing formula: G, (P~1(F)) := vPH)(F), whereCyl(H) denotes the algebra of all cylinder
subsets defined with the help of orthogonal projections on finite dimensionakKosab-
spaces iH, dimgP(H) < oo, P~1(F) € Cyl(H), F € Bf(P(H)).

A semi-norm||«|| in H is called measurable if for evegy> 0 there exist® € FOP(H)
satisfying||x|| < €||x|| for eachx € Ker(P), whereFOP(H) denotes the family of all or-
thogonal projection operators with finite-dimensional ranges Kver

SupposeB is a completion oH relative to the measurable norhx || in H andB* be
the topological dual space of all continud@sinear functionalsf : B — K.

9. Proposition. The measure Gis notc-additive.

10. Definitions. Let Cyl*(B) be the family of all cylinder subsets B of the form:
T:={xeB: (Pi(X),...,Pa(X)) € E}, whereE € Af(K"u"), Py,...,Py € Cyl(H).

The Wiener measulM, with parametew is defined orCyl*(B) of the form:W,(T) :=
Gy(T NH) for eachT € Cyl*(H).

11. Theorem. The Wiener measureVéxtends to a-additive measure on the sigma
algebraa(Cyl*(B)) generated by CyI(B).

12. Remark. Relations between topologies and Borel structures are given, for example,
in [Chr74, Kur66] and references therein.

13. Definitions. By a Borel structures (X) on a setX there is understood a system
(a particular subfamily) of subsets ¥f which is closed with respect to the operations of
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complement and countable union, and which is nonempty. B{X9 is the paving ofX,
it is also called ar-field.

A (Borel) measurable mappingof (X, 3 (X)) into (Y,8(Y)) is a mappingf : X —Y
such thatf ~1(B) € 8(X) for eachB € 3(Y). A Borel isomorphism is a bijective mapping
f of X ontoY such that bottf andf—* are (Borel) measurable.

A measurable spaceX, (X)) is called separated, if for akt # y € X there exists
A€ B(X) such thak € A, buty ¢ A.

A measurable spaceX,3(X)) is called separable, if there exists a sequeflsec
3(X) : ne N} which generates (X). It is called countably separated, if there exists a
separable subfield which is separated.

14. Theorem. A measurable spacgX, 3 (X)) is Borel isomorphic with a subset of
the real segmerniD, 1] equipped with the subspace Borel structtireluced from the Borel
structure generated by the usual topology[0ri]) if and only if it is separable and sepa-
rated.

15. Definitions. A Polish spaceX is a Hausdorff topological space which can be
equipped with a metrid generating its topology anc, d) is complete.

An analytic topological spacé is a Hausdorff space which is the continuous image of
a Polish spac¥.

If the Hausdorff topological spacéis an injective continuous image of a Polish space,
it is called a standard topological space.

16. Theorem. If X is an analytic topological space, then there exists a surjective
continuous mapping f from"° onto X, whereN"™° is supplied with the product topology.

17. Definitions. Let (X,1x) be a topological space with a Hausdorff topolagy then
A C X is called of the first category (iX), if A is a countable union of closed nowhere
dense subsets XK. Subset#\ of X which can not be so represented are called of the second
category. The BP-field is the-field of subsets\ of X for which there existd) € 1x such
thatAAU := (A\U)U (U \A) is of the first category. A Hausdorff topological space is
called a Baire space, if every its open subset is of the second category.

A topological groupG is called analytic, ifG is analytic as a topological space. A
topological groupG is calledo-bounded, ifG can be covered with countably many left
translations of every neighborhood.

18. Theorem. Let G be a topological group and A be a BP-measurable subset of the
second category. Thenof 1 is a neighborhood.

19. Theorem.Any BP-measurable homomorphism f from a topological group G which
is of the second category in itself tasabounded topological group H is continuous. If both
G and H are analytic and G is of the second category, then each homomorphism-fH
with analytic graph is continuous.

20. Theorem. Let (G,1g) be a Baire topological group with a quasi-invariant non-
trivial nonnegative measure | relative to a dense Baire subg(@ip ) (in itself) with a
BP-measurable quasi-invariance factog(h,g) : G' x G — R, thenpy(h,g) is continuous
in (h,g) e G' xG.

Proof. It follows from Theorems 189 using the co-cycle property of a quasi-
invariance factopy(hv.g) = pu(v,h~1g)pu(h,g) on a topological grouf relative to the left
action of a dense subgro@, wherep,(h,g) := p(h~*dg)/udg), pis a measure o6. Let
B be a Borel subset iR, thenpljl(B) =:Ais a BP-measurable subset(il® x G,1g X 1g).
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In particular, takeB open inR. In view of the co-cycle condition and Definition 17 there
existsV of the second category i@’ x G such thatv is BP-measurable anllAV is of
the first category. SinceG’ x G,Tg x Tg) is the Baire topological group, theko A1 is a
neighborhood of the unit element@f x G.

21. Note. The latter theorem shows, that the supposition of continuity of the quasi-
invariance factor of this chapter is not very restrictive. Moreover, it is implied also un-
der milder conditions. In details relations between Borel measurability and continuity
of functions@: (G’ x X) 5 (h,x) — hx:= @(h,x) € X satisfying conditionsp(e,x) = x,

(v, (h,x)) = @(vh,x) for eachv,h € G’ and eachx € X were given in [Fid00], wher& is
a Polish topological space a@ is a Polish topological group.



Chapter 2

Non-Archimedean Valued Measures

2.1. Introduction

This Chapter is the continuation of the first one and treats the case of measures with values
in non-Archimedean fields of zero characteristic, for example, the @gldf p-adic num-
bers. There are specific features with formulations of definitions and theorems and their
proofs, because of differences in the notionweddditivity of real-valued an@@,-valued
measures, differences in the notions of spaces of integrable functions, quasi-invariance
and pseudo-differentiability. For thefree groupG a measuran with values in a non-
Archimedean fielK s satisfy Conditionl.1.(H) only for an algebra of clopen (closed and
open) subsetd, where a fielKs is a finite algebraic extension §s. Indeed, in the last
case if a measure is locally finite aneadditive on the Borel algebra &, then it is purely
atomic with atoms being singletons, so it can not be invariant relative to the entire Borel
algebra (see Chapters 7-9 [Roo78]). The Lebesque convergence theorem has quite another
meaning, the Radon-Nikodym theorem in its classical form is not applicable to the consid-
ered here case. A lot of definitions and theorems given below are the non-Archimedean
analogs of results for real-valued measures of Chapter I. Frequently their formulations and
proofs differ strongly. If proofs differ slightly from the case of real-valued measures of
Chapter I, only general circumstances are given in for non-Archimedean-valued measures.
In § 2 sequences of weak distributions, characteristic functions of measures and their
properties are defined and investigated. The non-Archimedean analogs of the Minlos-
Sazonov and Bochner-Kolmogorov theorems are given. Quasi-measures also are consid-
ered. In § 3 products of measures are considered together with their density functions.
The non-Archimedean analog of the Kakutani theorem is investigated. In the present
chapter broad classes of quasi-invariant measures are defined and constructed. Theorems
about quasi-invariance of measures under definite linear and non-linear transformations
U : X — X are proved. § 4 contains a notion of pseudo-differentiability of measures. This
is necessary, because for functidnsk — Qg with s p there is not any notion of differ-
entiability (there is not such non-linear non-trivigl, wherekK is a field such thak > Q.
There are given criteria for the pseudo-differentiability. In 8§ 5 there are given theorems
about convergence of measures with taking into account their quasi-invariance and pseudo-
differentiability, that is, in the corresponding spaces of measures. The main results are
Theorems 2.21, 2.30, 3.5, 3.6, 3.15, 3.19, 3.20, 4.2, 4.3, 4.5, 5.7-5.10.
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In this chapter notations of Chapter | are used also.

Notations. Henceforth,K denotes a locally compact infinite field with a non-trivial
norm, then the Banach spaXes overK. In the present chapter measures6have values
in the fieldKs, whereKg is a non-Archimedean field complete relative to its uniformity
and such tha@Qs C K, whereQs is thes-adic field with the certain prime number In
all theorems of this chapter and Chapter IV measures can be realized Kiwhem local
field, that is, a finite algebraic extension@f, but also they are true, whéty is a broader
field, for exampleCs C Ks or Us C K (see below). Hencefortlgs denotes the uniform
completion of the union of all local fields s with the multiplicative ultra-norm extending
that of Qs. Let Ug be a field obtained frors with the help of procedures of ultra-products
and spherical completion such that its normalization gifoyp= (0,) (see [Dia84, Esc95]
and references therein and comments below). We assumK tisad-free as the additive
group, for example, eithezhar(K) = 0, K is a finite algebraic extension of the field of
p-adic numberg), or char(K) = pandK is isomorphic with a field, (8) of formal power
series consisting of elements= ¥ ;a;6’, wherea; € Fp, |6] = p~%, Fy, is a finite field of
p elements,p is a prime number ang £ s. These imply thaK has the Haar measures
with values inK¢ [Ro078]. If X is a Hausdorff topological space with a small inductive
dimensionnd(X) = 0, thenE denotes an algebra of subsets{ofas a rulee O Bco(X) for
Ks-valued measures, wheBeo(X) denotes an algebra of clopen (closed and open) subsets
of X, Bf(X) is a Borelo-field of X, Af(X,) is the completion oE by a measurgtin 8
2.1.

2.2. Non-Archimedean Valued Distributions

2.1. For a Hausdorff topological spacé with a small inductive dimensiomd(X) = 0
[Eng86], henceforth, measurgsare given on a measurable spdeeE), whereE is an
algebra such thé D Bco(X), Bco(X) is an algebra of closed and at the same time open
(clopen) subsets iX.

We recall that a mapping: E — Ksfor an algebrd& of subsets oX is called a measure,
if the following conditions are accomplished:

(i) pis additive andu(0) = 0,
(i) for eachA € E there exists the following norm
|Allp == sup{|UB)|k,: BCABeE} <,

(iii) if there is a shrinking familyF, that is, for each

A,B € F there existF 5C C (ANB) andN{A: A€ F} =0, then limaer P(A) =0 (see
also Chapter 7 [Roo78] and also about the compleBidX, ) of the algebreE by the
measurgl). A measure with values iKs is called a probability measure [iX||, = 1 and
H(X) = 1. For functionsf : X — Ksand@: X — [0,) there are used notatiofi$ || :=
Supex (| F(X)]@(x)), Nu(x) :=inf(JJU]|p: U € Bco(X), x € X). Tight measures (that is,
measures defined da D> Bco(X)) compose the Banach spalgl X) with a norm||y|| :=

| X||u. Everywhere below there are considered measures|iMti < o for pwith values
in Kg, if it is not specified another.
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A measureuon E is called Radon, if for each> 0 there exists a compact sub€at X
such that|y|x\c)l| < €. HenceforthM(X) denotes the space of norm-bounded measures,
Mt (X) is its subspace of Radon norm-bounded measures.

2.1.1. Definition. Suppose that is a subfamily of a covering ring. of X such that
for eachA andB in s there exist€ € s with C ¢ ANB, thens is called shrinking. For a
functionf: ® — K or f : & — R the notation lim¢; f(A) =0 means that for eacgh> 0
there exist® € s such that f (A)| <& for eachA € s with A C B.

2.1.2. Notes. Put || f|[,:= ||f||n,. Then for eachA C X the function [|A[|, :=
supaNu(x) is defined such that its restriction @n coincides with that of given by Equa-
tion 2.1.(ii) (see also Chapter 7 [Roo78]). A-step functionf is a functionf : X — K
such that it is a finite linear combination ou€rof characteristic function€hy of U € % .

A function f is calledp-integrable if there exists a sequerdg : n € N} of step functions
such that lim || f — fy|n, = 0. The Banach space pfintegrable functions is denoted by
L(p :=L(X,® ,uK). There exists a ringry, of subsetsA in X for whichCha € L(p). The
ring %y, is the extension of the ring such thatg, > % .

For example, ifK is locally compact, then the normalization grolip := {|X| : X €
K, x# 0} is discrete in0,00) C R. If pis a measure such that0||p|| < o, then there exists
a € K such thata| = ||| =2, since||u|| € Mk for discretelx, henceapis also the measure
with [|y| = 1. If ||| = 1, thenuis the nonzero measure. For syctvith pu(X) =: bx € K
if bx # 1 we can take a non-void new sétand define orXp ;=Y UX a minimal ring®p
generated by and{Y}, thatis,zoNY = {0,{Y}} and®o D ® U{Y}. Since||y| =1,
then|bx| < 1. Putp(Y) := 1— by, then there exists the extensionpofrom % on ®p such
that ||y/| = 1 andu(Xo) = 1, since|l— bx| < max(1,)bx|) = 1. In particular, we can take a
singletonY = {y}. Therefore, probability measures are rather naturally related with nonzero
bounded measures. This also shows that fijpih= 1 in general does not folloy(X) = 1.
Evidently, frompu(X) = 1 in general does not folloyp|| = 1, for example X = {0,1},

R = {0,{0},{1},X}, u({0}) =a, u({1}) = 1—a, wherefa| > 1, hence|y|| = |a| > 1.

Consider a non-void topological spa¢e A topological space is called zero-
dimensional if it has a base of its topology consisting of clopen subsets. A topological
spaceX is called alp-space if for each two distinct pointsandy in X there exists an open
subset) in X such that eithex € U andy € X \U ory € U andx € X\ U.

A covering ring® of a spaceX defines on it a base of zero-dimensional topology
T4 such that each element @&f is considered as a clopen subseKinlf t: X — Y is a
mapping such that 1(®y) C ®x, then a measungon (X, ®x) induces a measuke= Ti()
on (Y, ®y) such thav(A) = u(rr1(A)) for eachA € gy .

2.2.1f A€ Beo(L), thenP}(A) is called a cylindrical subset ) with a baseA, B :=
P 1(Bco(L)), By :=U(B": L C X,L is a Banach subspaceimk X < 0o) (see §1.2.2). Let
an increasing sequence of Banach subspbgesL, 1 C --- such thatl(U[L : n]) =X,
dimk L, = K, for eachn be chosen, where (A) = A denotes a closure @fin X for AC X.
We fix a family of projections™ : L — L, such thaP"P." = PL.™ for eachm > n > k.

A projection of the measungontoL denoted by (A) := u(P1(A)) for eachA € Beco(L)
compose the consistent family:

ML, (A) = ke, (PCH(A) ML) (1)

for eachm > n, since there are projectoF%':‘, wherek,, < Og and there may be chosen
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Kn < Og for eachn.

An arbitrary family of measure§y , : n € N} having property(1) is called a sequence
of weak distributions (see also [DF91, Sko74]).

2.3. Lemma.A sequence of weak distributiofig,, : n} is generated by some measure
uon BegX) if and only if for each ¢ O there exists b> 0 such that|Ln\ B(X,0,r)||y, <c¢
for each ne N andsup, ||Ln|[y,, < o for p with values irks, where r> b.

Proof. For pwith values inK s the necessity is evident.

Recall Theorem 7.6 [Ro078]:

(Ri). If pis a measure oR_, thenN, is ® -upper semi-continuous and for ealle %,
andb > 0 the set{x € A: Ny(x) > b} is ®,-compact (henc& -compact);

(Rii). Conversely, lep: & — K be additive. Assume that there exists @rupper
semi-continuous functiop: X — [0,e0) such thatp(A)| < sup., @(x) for eachA € ® and
{xe A: @(x) > b} is compact for everp > 0. Thenp is a measure and, < ¢.

To prove the sufficiency it remains only to verify property (2.1.iii), since tfp¥f, =
sup ||Lnlly, < . LetB(n)e< E(Ln), A(n) = PL‘nl(B(n)), by the cited above Theorem
7.6 [Ro078] for eactt > 0 there is a compact subs€fn) C B(n) such that||B(n)\
C(n)|lw, < ¢, where[|B(n)\ D(n)|y < max(||B(m)\ C(m)|jy, :m=1,....n) <cand
D(n) := Nm=1PLm) H(C(M))NLn), P[nl(E(Ln) CE=E(X).IfA(n)DA(n+1)>--- and
MNhA(n) =0, thenA'(n+1) c A'(n) and,A'(n) =0, whereA'(n) := P[nl(D(n)), hence
|A(N)[ju < |A(N)||u+ c. There may be takeB(n) as closed subsets K

Remind the Hahn-Banach Theorem 4.8 [Roo78]:HeindF be normed spacef) a
linear subspace dE; assume that eithdd or F is spherically complete; then eve8/c
L(D,F) has an extensioS e L(E,F) such that|S|| = ||S]|.

In accordance with the Alaouglu-Bourbaki theorem (see Exer. 9.202(a.3) [NB85])
if K is a locally compact field with a non-Archimedean multiplicative nodnis a lo-
cally K-convex space antl is a neighborhood of zero iK, then its polaitU® := {f €
X': supey [f(X)] <1}iso(X’,X)-compact.

In view of the Alaoglu-Bourbaki theorem and the Hahn-Banach theorem/Agets
and B(X,0,r) are weakly compact irX, hence, for eaclr > 0 there existsn with
B(X,0,r)NA(n) =0. Therefore)|A(n) ||, = |B(N)[l, < IILn\B(X,0,r)||, < cand there
exists lim_»H(A(n)) =0, sincec is arbitrary.

2.4. Definition and notations. A function @: X — Ky of the form@(x) = @s(Psx) is
called a cylindrical function ifps is a E(S)-measurable function on a finite-dimensional
overK spaceSin X. For@s € L(S ps,Ks) := L(Ys) for pwith values inKs we may define
an integral by a sequence of weak distributi¢pgn)}:

[ 000H(@) = [ @i (b (60

whereL(p) is the Banach space of classeqohtegrable functionsf(= g pralmost every-
where, that is||Al|, =0, A:= {x: f(x) # g(X)} is p-negligible) with the following norm
11 := llgli,.
2.5. Remarks and definitions. In the notation of § 1.2.6 all continuous characters
X : K — Cg have the form
Xg(x) =& (&) 1)
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for eachn((&,x)) # 0, xe(x) := 1 for n((,x)) = 0, wheree = 1* is a root of unity,
z=pd(EX) K — R, n(x) == {x}p and& € QF* = Qf for char(K) = 0, n(x) :=
T 1(X)/p andg € K* =K for char(K) = p> 0, x € K, (see also § 25 [HR79]). Eachis
locally constant, hence: K — Tgis also continuous, where denotes the discrete group
of all roots of 1,Ts denotes its subgroup of elements with orders that are not degft@és
s,me N.

For a measurgwith values inK ¢ there exists a characteristic functional (that is, called
the Fourier-Stieltjes transformatiof)= 8, : C(X,K) — Us:

0(1) = [ Xe( F(¥) () @)

whereKsUCs C Us, eithere= (1,...,1) € Qp for char(K) = 0 ore= 1 € K* for char(K) =

p>0,xe X, fisinthe spac€(X,K) of continuous functions fromX into K, in particular
for z= f in the topologically conjugated spa¥é overK, z: X — K, ze X*, 8(z) =:[i(z).
It has the following properties:

8(0) =1foru(X)=1 (3a)
and@(f) is bounded oi€(X, K);
sup|6(f)| = 1 for probability measures ; (3b)
f
6(z) is weakly continuous, that i$X*, o(X*, X))-continuous (4)

o(X*,X) denotes a weak topology ofi', induced by the Banach spa¥eoverK. To each
x € X there corresponds a continuous linear functiothaX* — K, x*(z):= z(x), moreover,
6(f) is uniformly continuous relative to the norm on

Co(X,K) :={f e C(X,K) : || f| := seuxp\f(X)IK < 0},

Recall the non-Archimedean analog of the Lebesgue theorem (see Exer. 7.F [Roo78])
for pwith values inKs. Letpbe a measure oR , letg e L(u) and let{f; : j} be a net of
p-integrable functions fronX into Ks converging to a functior uniformly on%,-compact
subsets and such thgftj| < |g| for every j. Thenf e L(p) and lim;||f; — f||, =0 and
limj fx fi()u(dx) = [y F(X)u(dx).

Remind also the equicontinuity theorem: ¥ebe a topological vector space and Xét
be its topologically dual; a subsktof X’ is equicontinuous if and only Kl is contained in
a polarVv° of some neighborhood of 0 in X (see (9.5.4) and Exer. 9.202 [NB85]).

Property (4) follows from Lemma 2.3, boundedness and continuify @nd the fact
that due to the Hahn-Banach theorem therg;is X with z(x%) = 1 for z# 0 such that
Z|xe) =0and

8(z) = [ Xe(RLOOIME@) = | Xely)p ().

wherelL = Kx, also due to the Lebesgue theorem.
Indeed, for eactt > O there exists a compact sub&t X such that|| X\ S|, < c,
each bounded subsgtC X* is uniformly equicontinuous 08, that is,{Xe(z(X) : z€ A} is
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the uniformly equicontinuous family (by <€ S). On the other handke( f(x)) is uniformly
equicontinuous on a boundéd- Cy(X,K) by xe S

We call a functiona® finite-dimensionally concentrated, if there exilsts X, dimg L <
Do, such tha®|x\.) = W(X). For eachc > 0 andd > 0 in view of Theorem 7.6[Ro078]
recalled above there exists a finite-dimensional #vsubspacé and compac8c L% such
that||X \ S|, < c. LetB-(z):=6(P.2).

This definition is correct, sinck C X, X has the isometrical embedding inXd' as
the normed space associated with the fixed basis,afuch that functionalg € X sep-
arate points inX. If ze€ L, then|6(z)— 6(z)| <c x b x g, whereb = ||X||,, q is in-
dependent ot andb. Each characteristic functionél(z) is uniformly continuous by
z € L relative to the nornj| x || on L, since|8(z) —8-(y)| < | gL Xe(Z(X) — Xe(Y(X))]
H(dX)] +] fi\ s [Xe(Z(X¥) — Xe(Y(X)] ML(dX)|, where the second term does not exce€tl 2
for ||L\ S|, < c for a suitable compact subsgt— X andxe(z(x)) is an uniformly equicon-
tinuous byx € S family relative toz € B(L,0,1).

For a fieldK denote byTk the group of all those roots of unity &f whose orders are
not divisible by the characteristjg of the residue class fieklof K. A K-valued character
of a point-wise torsional grou@ is a continuous homomorphis@ — Tx. TheK-valued
characters form a groub}(.

Remind the basic theorem about the Fourier-Stieltjes transform (see also Theorem 9.20
[Roo78]): letG be a torsional group compatible withs, then the Fourier-Stieltjes trans-
form is an isomorphism of Banach algebMéG) ~ BUC(G&S).

A group G is supplied with a subgroup topology, if there exists a familyof its
subgroups so thdf)y., H = {1} and the co-sets dfl € u form a subbase for a zero-
dimensional Hausdorff topology da that render& a topological group. Remind also that
a topological groups with a subgroup topology is called torsional if every compact subset
of G is contained in a compact subgroup®f

Therefore,

8(z) = lim Bx(2) (5)

n—oo

for each finite-dimensional ové& subspacé, whereBy(z)is uniformly equicontinuous and
finite-dimensionally concentrated &R C X, z€ X, cl(U,Ln) = X, Ly C Ln41 for everyn,
for eachc > O there aren andq > 0 such that6(z)— 6;(z)| <cbgforze Lj andj > n,

g = const> 0 is independent of, c andb. Let{g;: j € N} be the standard orthonormal
basis inX, ej = (0,...,0,1,0,...) with 1 in j-th place. Using Property 2.1.(iii) qf, local
constantness gfe, considering alz = be; andb € K, we get thatd(z) on X is non-trivial,
whilst L is a non-zero measure, since due to LemmayRi8 characterized uniquely by
{W, : n}. Indeed, fou with values inKs a measurgy, onV, dimkV < Oy, this follows
from the basic theorem about the Fourier-Stieltjes transform, where

F(9)(2):= lim Xe(z(x)g(x)m(dx,
—% JB(V,0,r)
zeV, ge L(V,uwv,Us), mis the Haar measure ov with values inKs. Therefore, the
mappingu — 6y is injective.

2.6. Theorem.Let g and | be measures itM(X) on the same algebra E, where
Bco(X) C E ¢ Bf(X) such thatfy(f) = fio(f) for each fe . Then 4 = pp, where
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X =cp(a,K), a < wy, I' isa vector subspace in a space of continuous functions > K
separating points in X.

Proof. Let at firsta < wyp, then due to § 2.puy = b, since the family generate&.
Now leta = wp, A= {x € X: (f1(x),..., fa(X)) € S}, v; be an image of a measungfor a
mappingx — (f1(x),..., fa(x)), whereSe E(K"), f; € X — X*. ThenVy(y) = f{uu(y1f1+
o +¥Ynfn) = o(yafi+ -+ ynfn) = V2(y) for eachy = (yi,...,yn) € K", consequently,
v1 =V, onE. Further compositions dof € I with continuous functiong: K — Ks generate
a family of K¢-valued functions correspondingly separating pointX ¢éee also Chapter 9
in [Ro078]).

2.7. Proposition. Let 4 and p be measures ikl(X) and M(X) respectively, where
X = co(0,K), aj < wp, X =[11X, n € N. Then the conditiofi(z,...,z,) = [/, ()
for each(z,...,z,) € X — X* is equivalent to = [/, W-

Proof.  Let p = Lyp, then {(z,....z0) = [xXe(T2(X))[ip(dx) =
Mit1 fx Xe(z (%))W (dx ). The reverse statement follows from Theorem 2.6.

2.8. Proposition.Let X be a Banach space ouersuppose |, pand | are probability
measures on X. Then the following conditions are equivalent: U is the convolution of two
measures y i= Py x o, andfi(z) = fu(z)f2(z) for each ze X.

Proof. Let u= y1 x 2. This means by the definition thatis the image of the measure
M1 @ W for the mappingxg, X2) — X1+ X2, Xj € X, consequentlyi(z) = [y, x Xe(Z(X +X2))
(M1 bo) (A(X, X2)) = 71 S Xe(Z0%)) 11 (%) = P (2)fi2(2)- On the other hand, iz = 1,
thenii= (g * )" and due to the basic theorem about the Fourier-Stieltjes transform (see
above) for measures with valueskn, we haveu = i * .

2.9. Corollary. Letv be a probability measure on BX) and p«v = p for each p with
values in the same field, then= &.

Proof. If zp € X — X* and{i(z) # 0, then from|i{z)V(zo) = {i(2o) it follows that
Vo(z0) = 1. From Property 2.6(5) we get that there exists N with {i(z) # O for eachz
with ||z|| = p~™, sincel(0) = 1. Thenv(z+2) = 1, that is,V|g(x z,p-m) = 1. Sincep are
arbitrary we gef|x = 1, thatisv = & due to § 2.5.

2.10. Corollary. Let X and Y be Banach spaces okep andv be probability measures
on X and Y respectively, suppose X — Y is a continuous linear operator. A measure
is an image of u for T if and only ¥ = [io T*, where T : Y* — X* is an adjoint operator.

Proof. It follows immediately from § 2.5 and § 2.6.

2.11. Proposition. For a completely regular space X with the zero small inductive
dimension indX) = 0 the following statements are accomplished:

(@). if (bg) is a bounded net of measuresifi(X) that weakly converges to a mea-
sure p inM(X), then(fig(f)) converges tqi(f) for each continuous fX — K; if X is
separable and metrizable thefig) converges tdt uniformly on subsets that are uniformly
equicontinuous in X, K);

(b). if M is a bounded dense family in a ball of the spaeX) for measures iM(X),
then a family(fi: p € M) is equicontinuous on a localliK-convex space CX,K) in a
topology of uniform convergence on compact subsets<S

Proof. (a). Functionsye(f(x)) are continuous and bounded &h where [ f) =
Jx Xe(f(x))u(dx). Then (a) follows from the definition of the weak convergence, since
spany {xe(f(x)): f € C(X,K} is dense irC(X,Us).

(b). For eaclc > 0 there exists a compact subSst X such that|p|x,g)|| < c/4 for
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K s-valued measures. Therefore, foe M andf € C(X,K) with |f(X)|x <c<1forxe S
we get|u(X) —(f)| = | Jx (1 —xe(f(X))u(dx)| < c/2 for Ks-valuedy, since forc < 1 and
x € Swe havexe(f(x)) —Xe(—f(x)) =0.

2.12. Theorem.Let X be a Banach space ov€r y: I — Cg be a continuous positive
definite function,(ug) be a bounded weakly relatively compact net in the spédgeX)
of Radon norm-bounded measures and there elifafig(f) = y(f) for each fe I and
uniformly on compact subsets of the complefiowherel" C C(X,K) is a vector subspace
separating points in X. Thefug) weakly converges to @ M (X) with fijr =y.

Proof. Is analogous to the proof of Theorem 1.2.17 and follows from Theorem 2.6 and
using the non-Archimedean Lebesgue convergence theorem recalled above.

2.13. Theorem. (a). A bounded family of measuresh(K") is weakly relatively
compact if and only if a familyfl: p€ M) is equicontinuous oK".

(b). If (pj : j € N) is a bounded sequence of measureMifK"), y: K" — Us is a
continuous functionf;(y) — y(y) for each ye K" uniformly on compact subsets K",
then(p;) weakly converges to a measure i Witk .

(c). A bounded sequence of measuygs in M(K") weakly convereges to a measure
K in My(K") if and only if for each y= K" there existdim _.., {1 (y) = f(y).

(d). If a bounded nefyg) in M;(K") converges uniformly on each bounded subset in
K", then(ug) converges weakly to a measure [Mi(K"), where nc N.

Proof. (a). This follows from Proposition 2.11.

(b). Due to the non-Archimedean Fourier transform and the Lebesgue con-
vergence theorem foKg-valued measures formulated above and from the condition
limr—esupy~r|Y(Y)|R' = 0 it follows, that for eacte > 0 there existsRy > 0 such that
iMmSUB - m 14 ixeknx>R1ll < 2supy-r|Y(Y)|R< & for eachR> Ry. In view of Theorem
2.12 (y;) converges weakly tp with fi=y. (c,d). These can be proved analogously to
1.2.18.

2.14. Corollary. If (fig) — 1 uniformly on some neighborhood®in K" for a bounded
net of measuresgiin M (K"), then(pg) converges weakly .

2.15. Definition. A family of probability measure®! c M;(X) for a Banach space
X overK is called planely concentrated if for each- O there exists &-linear subspace
Sc X with dimk S=n < Og such that inf(||§|,: pe M) > 1—c. The Banach spadé;(X)
is supplied with the following nornfjp||

2.16. Theorem. Let X be a Banach space ovKrwith a familyl" C X* separating
points in MC M;(X). Then M is weakly relatively compact if and only if a famfily; :
pne M} is weakly relatively compact for eached” and M is planely concentrated, where
Iz is an image measure df of a measure | induced by z.

Proof. It follows from the Alaoglu-Bourbaki theorem recalled above and Lemmas 1.2.5
and 1.2.21.

2.17. Theorem. For X andl the same as in Theoreth16 a sequencey; : j €
N} C Mi(X) is weakly convergent to @ M¢(X) if and only if for each z I there exists
limj_ [ (z) =f(z) and a family{p; } is planely concentrated.

Proof. It follows immediately from Theorems 2.12,13,16.

2.18. Proposition.Let X be a weakly regular space with ifXl) =0, € C(X,K) be a
vector subspace separating points in(s : n€ N) C M¢(X), pe M¢(X), limp_efin(f) =
fi(f) for each fe I'. Then(u,) is weakly convergent to p relative to the weakest topology
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o(X,I) in X relative to which all fe I are continuous.

Proof. It follows from Theorem 2.13.

2.19. Let (X,U) = [»(Xx,Uy) be a product of measurable completely regular Radon
spaceg X, Uy) = (X, Uy, Ky ), whereK, are compact classes approximating from below
each measurg, on (X, U,), that is, for eaclt > 0 and elementé of an algebradJ, there
is Se Ky, SC Awith ||A\ S|, <c.

Theorem. Each bounded quasi-measure p with value&inon (X,U) (that is, Huy,
is a bounded measure for eakhis extendible to a measure on an algebra(Xfu) > U,
where an algebrdJ is generated by a familjU, : A € A).

Proof. We have 2.1(i) by the condition aniK||, < o, if 2.1(iii) is satisfied. It remains
to prove 2.1(iii). For each sequen@&,) C U with N, A, =0 and eaclt > O for eachj € N
we choose; € K, where the compact clagsis generated byK,) (see also Proposition
1.1.8[DF91]), such thal(J C Aj and||Aj \ Kj|lu < c. SinceN,— lKn C NnAn =0, then there
existsl € N with N}_; Ky = 0, henceA = A\ N\_1Kn € Ul_1(An\ Kn), consequently,
1Ay < maxe—s s (1An\ Knlly) < c.

Remind a theorem about uniqueness of extensions of measures (see also Theorem
7.8[R0078]). Letu be a measure oRr . Lets be a separating covering ring &f such
thats is a sub-ring ik, and letv be a restriction ofton.s. Thensy = %, andv = p.

To finish the proof of this theorem it remains to use the theorem about uniqueness of an
extension of a measure.

2.19.1. Note.More general theorem is given in § 2.37, since products are particular
cases of projective limits (see also § § 2.36 and 2.38).

2.20. Definition. Let X be a Banach space ovEr then a mappingf : X — Ug is
called pseudo-continuous, if its restrictidfy is uniformly continuous for eacK-linear
subspacé. C X with dimgL < . Letl be a family of mappingd : Y — K of a setY
into a fieldK. We denote byC(Y,I") an algebra of subsets of the fo@g__ f.g :={xe X:
(f1(x),..., fn(Xx)) € S}, whereS e Bco(K”) fi € I'. We supplyY with a topologyt(Y)
which is generated by a batey, . r.e: fj €I, EisopeninK").

2.21. Theorem. Non-Archimedean analog of the Bochner-Kolmogorov theorem.
Let X be a Banach space ovi€r X2 be its algebraically duaK-linear space(that is, of
all linear mappings f: X — K not necessarily continuoiiss A mappingd : X2 — Us is
a characteristic functional of a probability measure u with valueKinand it is defined
on C(X& X) if and only if 6 satisfies Condition2.5(3,5) for (X2 1(X?) and is pseudo-
continuous on X, whereK ;U Cs C Us.

Proof. (I). For dimk X = card(a) < Op a spaceX? is isomorphic withK®, hence the
statement of this theorem for a measumgith values inK s follows from the basic theorem
about the Fourier-Stieltjes transform reminded above and Theorems 2.6 and 2.13, since
6(0) =1 and|6(z)| <1 for eache.

(I1). Now let a = wy. It remains to show that the conditions imposedare sufficient,
because their necessity follows from the modification of 8 2.5 (sides an algebraic
embedding int&X?). The spac&? is isomorphic withK which is the space of al-valued
functions defined on the Hamel bagisn X. LetJ be a family of all non-void subsets in
A. For eachA € J there exists a functiondls : K* — C such thaBa(t) = 6(Fyeat(y)y)
for t € KA. From the conditions imposed dhit follows that8a(0) = 1, 84 is uniformly
continuous and bounded &, moreover, due to 2.5(5) for each- 0 there are andqg > 0
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such that for each > n and z € K the following inequality is satisfied:

(i) 18a(z)—8j(z)| <cbq,

moreoverl; D KA, g is independent fronj, c andb. From (l) it follows that orB f(K*)
there exists a probability measung such thatya = 6a. The family of measure$pa :

A € J} is consistent and bounded, singe= pg o (P2)~1, if AC E, whereP2 : KE — KA
are the natural projectors. Indeed, this is accomplished due to Conditions (i), 2.5%5) for
and due to the basic theorem about the Fourier-Stieltjes transform.

In view of Theorem 2.19 on a cylindrical algebra of the sp&fehere exists the unique
measureu such thatus = po (PA)~1 for eachA € J, whereP” : KN — KA are the natural
projectors. FronX® = K/ it follows thatu is defined orC(X?2,X). ForponC(X?&,X) there
exists its extension oA f(X, ) such thatA f (X, ) D Bco(X) (see § 2.1).

2.22.For f € L(X,, Us) andK s-valued measurg let

/Xf(x) (dx) —r!anm/ On(X

for norm-bounded sequence of cylindrical functiapsfrom L(X,p, Us) converging tof
uniformly on compact subsets of, whereKs C Us. Due to the Lebesgue converging
theorem this limit exists and does not depend on a choidegpfn}.

Lemma. A sequence of weak distributio(js ) of probability Radon measures is gen-
erated by & s-valued probability measure p on Be6) of a Banach space X ovér if and
only if there exists

(i) lim / Ge (X (dX) = 1,

€| —e0 /X

where fy Gg ()1 (dX) := S ({1, : n}) and

S = im [ Faen) (91 (00, Vealy r!Vz ).

Fn is a Fourier transformation by(yi,...,¥n), Y= (Yj : | € N), ¥j € K, ¥e(y) :
C(&)s2min00rdb(yE) C(&) € K, Vg : K — Ks, ¥,& € K, ve(K) = 1,vs(dy) =Yg (dy)w(dy),
w : Bco(K) — Ks is the Haar measure; here m(n) eimk L, < Oo, cl(U,Ln) = X

Co(wo, K).
Proof is quite analogous to that of § 1.2.30 with the substitution of

—

/XGE(X)p*(dX) _ 1’ <c/2

for real-valued measures o0ffG; (x)|| — 1| < ¢/2 for Ks-valued measures.

2.23. Notes and definitionsSupposeX is a locally convex space over a locally com-
pact fieldK with non-trivial non-Archimedean normalization aKd is a topologically dual
space. For & s-valued measurgon X a completion of a linear space of characteristic func-
tions {chy : U € Bco(X)} in L(X,u,Us) is denoted byB,(X), whereKs C Us. ThenX is
called aKS-space if onX* there exists a topologysuch that the continuity off : X* — Ug
with || f||co < 0 is necessary and sufficient férto be a characteristic functional of a tight
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measure of the finite norm, whe@ C Us. Such topology is called thi€-Sazonov type
topology. The class oKS-spaces contains all separable locally convex spaceskaver
For example]”(a,K) = co(a,K)*. In particular we also writeg(K) 1= co(wp,K) and
1°(K) :=1%(wp,K), wherewy is the first countable ordinal.

Let nk (I, co) denotes the weakest topology Bhfor which all functionalspx(y) :=
sup, |Xnyn| are continuous, where= S, xn&, € Co andy = ¥ yn€; € 1°, &, is the standard
base incy. Such topologynk (I*,¢p) is called the normal topology. The induced topology
on ¢y is denoted by (o, o).

2.23.1. Proposition. (i). The topology r(I*,co) is theK-locally convex Hausdorff
topology on ’(K) and the family of set& := {Uy: X € co}, where Y := {z€ |”: py(z) <
1}, is the base of neighborhoods of zero for it.

(ii). The topology R (I*,cp) is strictly weaker than the norm topology ifi.|

(iii). The space gis dense in¥ in the topology Rr (I, Co).

Proof. (i). If Gis aTo-group, therG is a Hausdorff group (see Chapter 1 in [HR79]).
Sincel® has the additive group structure ang(I*,cp) is the To-topology, hencd® is
Hausdorff in this topology. By the definition forms the base of neighborhoods of zero.

(il). To prove it consider the standard orthonormal bgss : n} in cp, then
limn_e Px(€n) = [Xa|k = O for eachx = (X, : n) € ¢, Wherex, € K for eachn € N.

(ii). Put an(x) := (X1,...,%n,0,0,...) for eachx € . Then

liMp e Pz(@n(X) — X) = liMn—e SUReN [Xn4-2Yn41]lk = O
for eachy € cp.

2.24. Theorem.Let f:1°(K) — Us be a functional such that

(i) £(0) =1and||f]lo < 1,

(ii) fis continuous in the normal topology 1, cy), then f is the characteristic func-
tional of a probability measure on(X).

Proof. If v is the Haar measure d4", then onBco(K") it takes values irQ, when it
is chosen witlv(B(K",0,1)) =1 and hence(B(K",x, p")) = p" for eachx € K" and each
ne Z. If K is alocally compact non-Archimedean fieRlis its maximal compact sub-ring
B(K, 0,1) andP is the maximal ideal oR, then the order of a nontrivial characjeof K
is the largest integem € Z such that|p-» = 1, it is denoted byrd(x) :=n. In view of
Proposition 12 [Wei73] ify is a non-trivial character df of ordern, then for eacim e Z,
X(xt) = 1 for eacht € P™if and only if x € P~"~™. Therefore, for a characteristic function
Chg of a ballB we have

Chgn 0,jrgm) (X1 - - Xn) = [V(B(K",0,[m~™))]

n
/KnChB(Kn,o,\nrm)(YL---,Yn)X <|;X|Y|> v(dy),

sinceB(K",0,|m~™) = (B(K, 0,|r1~™))", whereP = TR, |11} is the generator of the normal-
ization groupl . Therefore,

P{Vilk < [m™,...,|Valk < [mM} = /Knch(K“.,O,m\m)(Vl(w)w--aVn((‘)))P(d(‘))

-/, {[v(B(K“,o,rnrm))rl /. ncrwn,o.m-m)(y)x(l_imvl<w>)v<dy>} P(do),
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hence
(i) P{MValk < [m™,...,[Valk < [m™}

= V(BK"0.m ™) [ fw(y)Checn m m(¥)V(dy)

for measurable mapg : (Q,B,P) — (K, Bco(K)), where(Q, B, P) is a probability space
for a probability measurP with values inKs on an algebrd of subsets of a s&®, fy is
a characteristic function W = (V1,...,Va), fw(Y) := Jq Xw(w) (Y)P(dw). To continue the
proof we need the following statements.

2.25. Lemmalet f: cp(K) — Cs be a function satisfying the following two conditions:

(i) |[f(x)] < 1for each xe co(K),

(if) fis continuous at zero in the topology (T, Co),
then for eacte > O there exists\(g) € co(K) such that|1 — f(x)| < pye)(X) + € for each
x € cp(K).

Proof. In view of continuity for eacle > 0 there existy(€) € ¢ such thatl— f(x)| <€
if pye) < 1. PutA(e) = T 'y (€), whererk € K is such thatri | = p~*. If x € ¢o is such
that py(e) (X) < p~l, then|l—f(x)| <e<e+ Pace) (X)- If Pre)(X) > p, then|1l— f(x)| <
2<p< pre(X) +&

2.26. Lemma.Let{V,: n€ N} be a sequence ¢f-valued random variables for P with
values inKg. If for eachf3 > 0 ande > 0 there exists Ne N such that

() 1P l{sugrg ol <py | > L—€(1+B7),

thenlimpV, = 0 P-almost everywhere an.

Proof. Consider a marke@ > O and for eacle > O there existd\; € N such that
Inequality (i) is satisfied. Take a sequen{®, : n € N} such that 0< €541 < €, for each
n and lim,_.€, = 0, then there exists a sequendq := Ng, : n} such thatk,;1 > k, for
eachn € N. Putan(w) := supy- [Vn(w)|k. Thena, > 0 andan,1 < a, for eachn € N.
Hence there exists lifn.o an(w) = infasupy,-y [Va(W)[k =: X(w). Sincelk is discrete in
(0,00) for the local fieldK, then X(w) is the discrete real random variable (@,B,P).
Considerby(w) 1= sup,=n|Vm(w) |k, consequentlyb, > 0 andb,1 < by, for eachn € N.
Thus there exists lif, by and{a, : n} is the subsequence b, : n}, hence lim_... b, =
limn_..an = X. From the definition of, we have||P|s, <pl| > 1—€n(1+B1). SinceP is
the probability measure, theif|im, ..a,<gll = 1 and||P|gim,_..b,)<pll = 1 for each3 > 0.
Therefore,|P|jim,_..b,.—0)[| = 1 and inevitably limy_...b, = 0 P-almost everywhere.

2.27. Proposition.Let f: cy(K) — Us be a function such that

(i) f(0)=21and|f(x)| < 1for each xe ¢y,

(i) f(x)is continuous in the normal topology (o, Co). Then there exists a probability
measure [ ongtK) such that £x) = [i(x) for each xe co.

Proof. Consider functiongn(x, ..., Xn) := f(x1€1+- - +Xn€n), Wherex= 3 ; ;€ € Co.
From Condition(ii) and Proposition 2.23.1.(iiit follows, that f(x) is continuous in the
norm topology.

The field K is spherically complete an&X has a basis orthonormal in the non-
Archimedean sense. So there are canonical embeddikgsinfo X and the corresponding
projections fromX onto such finite dimensional ovrsubspaces associated with the basis.
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From Chapters 7,9 [Roo78] it follows, that there exists a consistent famitjgbft
measuresl, onK" such thapn(x) = fn(X) for eachx € K". In view of Theorem 2.19 there
exists a probability spad®, B, P) with a Ks-valued measurB and a sequence of random
variables{V,} such thapin(A) =P{we Q: (V1(w),...,Vn(w)) € A} for each clopen subset
Ain K", consequently, ligV,, = 0 P-almost everywhere if. In view of the preceding
lemmas we have the following inequality:

|2~ [IPl(NVa|<B.vees Vism<B) | < IPAGe) (V1€ + -+ -+ YmEnmllL(B(Kn,0,8 1) v.Ko)-

Since limcpy) (&) = O, then there existdl € N such that sup.y Py (&) < €, conse-
quently, [Pl (<. Vusm<g} | = 1—€(1+B71). Due to Lemma 2.34P|(jim,v,—o}l| = 1.
Define a measurable mappiny from Q into ¢y by the following formula: W(w) :=

3 nVn(w)e, for eachw € Q, then we also define a measwi@) := P{W~1(B)} for each

A € Bco(X), henceuis a probability measure arp. In view of the Lebesgue convergence
theorem there exis{gX) = limp fin(X1€1 + - - - +Xn€n) = f(X) for eachx € co.

Continuation of the proof of Theorem 2.24.Let f : [*(K) — Cs satisfies assumption
of Theorem 2.24, then by Proposition 2.27 there exists a probability mepsaney(K)
such thatf (x) = fi(x) for eachx € cp(K).

2.28. Theorem.Let p be a probability measure og(&), then 1 is continuous in the
normal topology r (I*,cp) on I”.

Proof. Let 4 be a probability measure aiy. Then in view of Lemma 2.3 for each
0 < & < 1 there exists a sequenga, : n} € o and a compact subskt:= Ky .n) := {X €
Co: [Xn| < an| Vne N} for which [[pfe\k || < €. Therefore, +{i(z) = (fo\k + Jk)(1—
Xe(z(X))H(dX)), where supq « |1—Xe(Z(X))[Nu(X) < €. Sincexe is continuous and locally
constantxe(0) =1, K is compact, hencge is uniformly continuous oK and there exists
a constand > 0 such that supy |1 — Xe(z(Y))| < dsupcx |2(y)|. Therefore|l—[i(z)| <
| (1= Xe(2(%))H(dX)| < &+BSURcx [2(Y)| <E+SUR,ey|Znan| < €+ Pa(2)for eachze 1.

2.29. Corollary. The normal topology (I, cp) is the K-Sazonov type topology on
[ (K).
2.29.1. Remark.Since each Banach spaXeof separable type over a locally compact
non-Archimedean field is isomorphic with (see the theorems at the beginning of Chapter
| above or Chapters 4 and 5 in [Roo78]), then from Corollary 2.29 it follows,rthéX*, X)
is the Sazonov type topology oft.

2.30. Theorem. Non-Archimedean analog of the Minlos-Sazonov theorenkor a
separable Banach space X owerthe following two conditions are equivalent:

(I 8: X — Ug satisfies Condition2.5(3,5) and

for each c> 0 there exists a compact operatog SX — X such thai6(y) — 6(x)| < c for
4(&z)|< 1,

(1) 8 is a characteristic functional of a probability Radon measure p

on E, wheréeZ is an element z X — X* considered as an element of ¥nder the natural
embedding associated with the standard base @bg K), z=x—y, x and y are arbitrary
elements of X.
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Proof. (Il — I). For 6 generated by &s-valued measure for each> 0 we have
18(0) — 8(x)| = | J (1~ Xe(x()) ()| < (L~ Xe(X(W))lax.0.n I+ 2lIH 8o In
view of the Radon property of the spaXeand Lemma 1.2.5 for eadlh> 0 andd > 0O there
are a finite-dimensional ové¢ subspacé. in X and a compact subs@ C X such that
W C L2, [ o) [| < b, hencel| 5| < b.

We consider the expressidij,|) (see § 1.2.35). and the compact operéoiX — X
with &;(Se) = &;,t. Then|6(0) —6(z)| < ¢/2+ |Z(Sz)|< c for the Ks-valued measure, if
12(Sz)|< |t|c/2, whereQs C Ks C Us. We choose such that|u|x\gx0,) [l < ¢/2 withS
corresponding tdr; : j), wherery =r, L1 =L, then we take € K with |t|c = 2.

(I — 11'). Without restriction of generality we may také0) = 1 after renormalization
of non-trivial 8. In view of Theorem 2.24 as in § 2.5 we construct uséi{g) a consis-
tent family of finite-dimensional distributiongy, : n} all with values inKs. Letm,, be
the Ks-valued Haar measure dr, which is considered a@f} with a = dimk Lndimg, K,
m(B(Ly,0,1)) =1. If & is a compact operator such thaty) — 8(x)| < c for | Sz)| < 1,
z=x—y, then|1— 8(x)| < max(C, 2%(Sx)|) and||Ve n(2) 1 — 8(2))llm,, <
max([¥.n(2) lm, C. 2| (Ve n(2))2(S2) ) < MaxC,b||S [ /IE),
whereb := p x supg|- (|€/%[[Ye,n(2)Z(Im,,) < o for theKs-valued measures.

Remind the substitution theorem for integrals (see also [Kob77, Roo78, Sch84, Wei73]).
Let U anV be compact open subsetsknand leto : U — V be aC'-homeomorphism,
o’'(x) #0 forallxe U. Let f :V — Kg be a continuous function\ : Bco(K) — K be a
Haar measure, thefy f(y)A(dy) =, f(o(x))modk (o' (x))A(dX).

Due to the formula of changing variables in integrals the following equality is valid:

< max(C,b|||/[&[?)

for theK s-valued measures. Then taking the limit wjgh— c and then wittc — +0 with
the help of Lemma 2.22 we get the statem@nt 11).

2.31. Definition. Let on a completely regular spagewith ind(X) = 0 two non-zero
KsVvalued measurgsandv are given. Themw is called absolutely continuous relativejto
if there existsf such thav(A) = [, f(x)p(dx) for eachA € Bco(X), wheref € L(X, u,Ks)
and it is denoted < . Measure® andy are singular to each other if therefisc E with
X\ F|u=0and|F|ly =0anditis denoted L p. If v< pandu < v then they are called
equivalenty ~ L.

2.32. Definition and note.Forp: E(X) — Ks a sequencép,(X) : n) C L(p) is called a
martingale if for eachp € L(pU,):

[1-11Ge()

e

() | @rabOwOH(En) = [ arOOwu(ax)

such that @, : n) is uniformly converging oA f(X, u)-compact subsets X, whereU,, is
the minimal algebra such thép; : j =1,...,n) C L(YUn), WU, is a restriction ofu on
U, C E(X), X is the Banach space ovi€r

Recall Lemma 7.10 [Roo78]. Letbe a measure ag. Forb > 0 putXy := {x: Ny(x) >
b}. Then the restrictions of th& - and thegy-topologies onX, coincide. A function
f : X — K is gy-continuous if and only if for every > 0 the restriction off to X, is
R -continuous.
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Remind as well Theorem 7.12 [Roo78]. Ligbe a measure oR . A functionf : X — K
is p-integrable if and only if it satisfies the following two properties.

(Ri). f is ®y-continuous.

(Rii). For eactb > 0 the set{x: |f(x)|Ny(x) > b} is ®,-compact, hence contained in
some{x: Ny(x) > &} with & > 0.

In view of these two statements formulated just above|f],, < o the Af(X,u)-
topology on compact subspac&s= [x € X : Ny(x) > c| coincides with the initial topology,
if pis defined ork such thaBco(X) C E C Af(X, ), wherec > 0.

2.33. Theorem. If there is a martingale(@, : n) for p with values inKs and
sup, [|en[[n, < 0, then there existimn .. gh(X) =: @(x) € L(W).

Proof. Let Y(x) be a characteristic function of a clopen subseXjrthen for eachg1
there exists a sequence of simple funcu(m’ﬁ j € N) such that lim_ [|@h — cpAHNu
From || — ™[, < ¢ and 2.32.()) it follows that f, (@) n+1)(x) — @ MYpu(dx)| <
cll@lln, for eachy € L(p), j(n+1) (ﬂjq N, < € and there exists
iMoo @™ = liMp @ = @ € L() due to the Lebesgue theorem,(f=c(n) =s™":

n e N), where for eacly, is chosenj(n) € N, since((n’q(m . n) is a Cauchy sequence in the
Banach spack(l) due to the ultra-metric inequality.

2.34. Proposition. Let (X, % ,n) be a measure space. Then there exists a quotient
mappingTtt: X — Y on a Hausdorff zero-dimensional spadét;) and m(p) :=v is a
measure on 'Y such thgt=1(% ), where(Y, g,v) is a measure space.

Proof. Suppose thatY,1;) is aTo-space, wherg is a covering ring olY. For each
two distinct pointsx andy in Y there exists a clopen subsgtin Y such that eithex € U
andy € Y\U oryc U andx € Y \U, since the base of topology: inY consists of clopen
subsets. On the other hand,)\ U is also clopen, sinc® is clopen. ThereforeY is the
Hausdorff space. Clearly this implies théats the Tychonoff space (see also § 6.2 [Eng86],
but it is necessary to note that we consider the definition of the zero-dimensional space
more general without;-condition in § 2.1.2).

Now we construct &-spaceY, that is a quotient space of. For this consider the
relation inX:
xky if and only if for eachS € ® with x € Sthere is the inclusiofx,y} C S. Evidently,
XKX, that is, K is reflexive. The relatioxky means, thay € Vy := MNxeser S whereV,
is closed inX, then fromy € Sit follows, thatx € S, since otherwisg ¢ Vx, becausex.
is a covering ring. Therefordj =V, andykx, hencek is symmetric. Lexky andykz,
thenVy =V =V,, consequentlyxkz andk is transitive. Thereforex is the equivalence
relation. Letrt: X — Y := X/k be the quotient mapping artibe supplied with the zero-
dimensional topology generated by the covering ringuch thatt (g ) = % , since each
Ac g is clopen, then for eack€ A € & we haveVy C A. Thentr1([y]) =V, for each
y € X and[y] := 1(y). Hence each poirjy] € Y is closed, henc¥ is theT;-space. The
topology inY is generated by the covering rirgg, consequentlyy is the Hausdorff space
(see above), since from tfig separation property it follows thk separation property.

If s is a shrinking family with the void intersection Wisuch thats C g, thentr ()
is also a shrinking family with the void intersectionXnsuch thatt1(s) c & , hence from
limacre1(5) M(A) =0 it follows limaes V(A) = 0. Therefore, Conditioriii) from § 2.1 is
satisfied. Evidentlyjv|| = ||y/| andv is additive ong, hencev is the measure.
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2.35. Note. In view of Proposition 2.34 we consider henceforth Hausdorff zero-
dimensional measurabl&, ® ) spaces if another is not specified.

In the classical case the principal role in stochastic analysis plays the Kolmogorov the-
orem, that gives the possibility to construct a stochastic process on the basis of a system of
finite dimensional real-valued probability distributions (see § I11.4 [Kol56]). The following
theorems resolve this problem firs-valued measures in cases of a product of measure
spaces, a consistent family of measure spaces and in cases of bounded cylindrical distribu-
tions.

Consider now a family of probability measure spa¢e%;, ®j,1;) : j € A}, whereA
is a set. Suppose that each covering riygs complete relative to a measyug, that is,

Rj = Ry, whereg,, denotes a completion of; relative toy;. Let X := []jca X be the
product of topological spaces supplied with the product, that is Tychonoff, topalagy
where eaclX; is considered in its.;-topology. There is the natural continuous projection
m; : X — X| for eachj € A. Let % be the ring of the formJ;,  j.canen ﬂ{‘zlnj‘ll(ﬂ(jl).

2.36. Note. A setA is called directed if there exists a relatighon it satisfying the
following conditions:

(D1) If j <kandk < m, thenj <m;

(D2) Foreveryj e A\, j < |;

(D3) For eachj andk in A there existsn € A such thatj < mandk < m. A subsel of
N\ directed by< is called co-final im\ if for eachj € A there existsn € Y such thatj < m.
Suppose thah is a directed set anf{Xj, ®j, ;) : j € A} is a family of probability measure
spaces, wherg; is the covering ring (not necessarily separating). Supply eqachith a
topologyt; such that its base is a ring;. Let this family be consistent in the following
sense:

(1) there exists a mapping : Xc — X; for eachk > j in A such tha{(t") ~*(&;) C R«

n}(x) = x for eachx € Xj and eachj € A, n{}‘on{(: " foreachm> k>l in A;

(2) (1) = (W) for eachk > 1 in A. Such family of measure spaces is called consistent.

2.37. Theorem. Let {(Xj,®;,H;) : ] € A} be a consistent family as & 2.36. Then
there exists a probability measure spaeg %y, 1) and a mappingt; : X — X for each
j € A\ such that(rg) ~1(%;) € ® andT () = ; for each je A.

Proof. We have(r¥)~*(%;) C ® for eachk > j in A, then (1) ~}(1}) C 1« for each
k> jin A, since each open subset (i, Tj) is a union of some subfamily in x; and
(M) H(U6) = Uneg () 1(A). Therefore, eacht is continuous and there exists the in-
verse syster§ ;= {Xk,n‘jﬂ/\} of the space¥. Its limit im S =: X is the topological space
with a topologytx and continuous mappingsg : X — X; such thaU'l'j‘oTu( = for each
k> jin A (see also § 2.5 in [Eng86]). Each elemerg X is a threadk = {X; : Xj € X
for eachj € A, Tﬂj‘(xk) =x; foreachk > j € A}. Thennj‘l(gq) =: Gj is the ring of sub-
sets inX such thatg; C tx for eachj € A. The base of topology diX, tx) is formed by
subsetsnj‘l(A), whereA € 1, j € A\, but g; is the base of topology; for eachj, hence
{B:B= nj‘l(A), A€ g}, j € \} is the base ofx. Therefore, the ringR. := Ujcp Gj is the
base oftx. In view of Proposition 2.34 we can reduce our consideration to the case, when
eachg; is separating oiX; and® is separating oiX, sinceg; C Gk for eachk > jin A.

Consider ong. a functionp with values inK such tham(njl(A)) = Wj(A) for each
Ac gj and eachj € A. If AandB are disjoint elements iR, then there exist$ € A such



Non-Archimedean Valued Measures 107

thatAandB are ing;, hence

(i) A= (C) andB = 1, *(D) for someC andD in %;, consequentlyp(AUB) =
Hj(CUD) = 1j(C) + (D) = yj(A) +1(B), that is,uis additive. Moreover|Al|, = [|C||,
for eachA = nj‘l(C) with C € %, hence||X||, = 1. Sincep(X) = p;(X;) andp;(X;) = 1 for
eachj € A\, thenu(X) = 1. Thereforep satisfies Conditions 2.1.(i). It remains to verify
Condition 2.1.(iii). By formula of § 2.1 we have the functidfj(x) on (X, % ) such that for
eachx € X ande > 0 there exist®\ € ® such that

(i) IAllp—¢€ < Nu(X) < [|All. In view of (i) and upper semi-continuity o, (xj) on
(Xj,®;) for eachx € X ande > 0 there existg € A and its neighborhood = nj‘l(C) ER
such that

(iii) Ny, (yj) < Nu(x) +¢ for eachy € A, wherey; := 1 (y). Hence for eack € X and
eache > 0 there exists a basic neighborhoddf x such that

(iv) Nu(y) < Nu(x) + € for eachy € A, that is Ny(x) is upper semi-continuous @ix, % ),
since 0< Ny, (xj) < 1 for eachx; € Xj andj € A. From Formulagi, ii, iii) and 2.1.(ii)we
have

(V) |Ally = supex Nu(x) for eachA € % , sincel|Al|, = sup.c Ny (X). For a compact
subseV in X and eaclt > 0 there exists a finite coveringes, ...,Em} C ® of V such that
inequalities(ii —iv) are satisfied for eadh instead ofA. Therefore,

(Vi) SURey Nu(X) < MaX-1,__m | Erllu < SUpey Nu(X) +2€ and

(vii) supey Nu(x) = infg sa-v ||Allw. Though the compact subséis not necessarily in
R we take Equatiorivii) as the definition ofiV ||, := inf sa-v [|Allu-

Choose a sequeneg= 0 > 0 for eachj € A\, whered > 0 is independent fron). For
eachej > 0 a subseX; e, := {Xj : Xj € Xj,Ny;(Xj) > €j > 0} is compact. Iixx € Xg,, then
Ny, (T¢(x¢)) > ek for eachj < k, since(T¥) ~1(%;) C ®« and||B||y,, < [|A[l,, for eachB andA
in &y with B C A. Hencert(Xg,) C X; g, for eachj < kin A. Sincer’o 1 = 1" for each
m>k>1linA, then{Xkﬁ,Tllj(,/\} is the inverse mapping system. The ima{{;@(k@) of each
compact se¥ 5 is compact for eack > j (see also Theorem 3.1.10 [Eng86]), since each
(X«, Tk) is the Hausdorff space in our consideration. Since the limit of an inverse mapping
system of compact spaces is compact (see also Theorem 3.2.13 [Eng86]), then the limit
Xigjijy i= Iim{Xkﬁk,n‘j(,/\} is the compact subset i such thatXe.j; is homeomorphic
with 8(X) N ke Xkg,, Whered : X «— [xea Xk is the embedding.

For a shrinking familys in ® consider all finite intersections of finite familiesgn this
gives a centered familyp in ® such thats C s and denote it also hy. Applying (i — vii)
toV = Xg;:j; and using basic neighborhoods= qul(Uk), whereUy € Rk, we get that for
each shrinking familys in £ with N s = 0 there exists limc; ||Al|, = 0, since due tQvi)
we have

(viii) Nu(x) < 8 for eachx € X\ Xe;:j3, sinceNy, (xj) < & for eachx; € X'\ Xj 5 and
eachj € A. Using the completion oR relative to we get the probability measure space
(X, Ry, W)

2.38. Note. Theorem 2.37 has an evident generalization to the following case:
[IXjlly; < o for eachj and there exist two limits liqaa, 4 (X)) € K and limjea [|Xj ||y, < oo,
where/o := {1 j € A,1j(Xj) # 0} andA\ /Ao is bounded im\. We havel|X;||,; < [[Xl|y
for eachj <k in A, since (i) = p;j and (1¢)~*(®x) C ®;. SinceA is directed,
then limjen [[Xj |y, = supeallXjlly- Since a cylindrical distributioq is defined ong,
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and bounded on it, thep has an extension to the bounded meaguen %, such that
M(X) = limjea b (X)) and||X]|, = limjea [|IX]],;, wherezy, is the completion of. relative
to .

LetnowX be a set with a covering ring suchthaX € % . Letalso{(X, gj,u;) : j € A}
be a family of measure spaces such that directed and;; C gk for eachj <k € A,
R =Ujen Gj- Supposal: & — K is such thay|s, = Y and g, = W for eachj <k
in A. Then the tripleX, % , ) is called the cylindrical distribution. For eaghe % there
exists j € A such thatA € gj, hence| /Al = [|Al|, for eachk > j in A, consequently,
| . )
particular simpler case is given below in § 2.41).

2.39. Theorem.Let (X, %, ) be a bounded cylindrical distribution as §12.38. Then
H has an extension to a bounded measure | on a complggion®, relative to p.

Proof. Let tx be a topology ofX generated by the bage. In view of Proposition 2.34
each covering ring;; of X produces an equivalence relatiapand a quotient mapping
m; : X — X; such thatrj(Gj) =: &; is a separating covering ring of, whereX; is zero-
dimensional and Hausdorff. Moreovex; is a base of a topology; on Xj. Sincegy D
Gj for eachk > j, then on(Xk,(n‘J?)*l(Rj)) there exists an equivalence relatildﬁand a
guotient (continuous) mappingf : Xk — X; such thatrg' o n‘f = n‘J“ for eachj <k <min
A. Hence there exists an inverse mapping sys{é(mn‘j‘,/\}. Therefore, the seX in the
topologytx generated by its base consisting of clopen subsets is homeomorphic with
lim{Xy, ¥, A}. Eachm (W) = ; is a bounded measure ¢¥j,®;) such thatr(p) = b;
and(n‘f)*l(ﬂq) C R for eachk > j € A. Therefore{(X;,%;,l;) : j € A} is the consistent
family of measure spaces. From the definitiorudtffollows thatp is additive, hencéX||,,
is correctly defined. FroriX||,, < o it follows || X||, <  for eachj € A and there exists
limjen [ Xjlly = [ X|lp. FromX € & it follows, thatp(X) = pj(X;j) for eachj € A. Then
this Theorem follows from Theorem 2.37.

2.40. Note. Let X := [ieT % be a product of set¥; and onX a covering ring
R be given such that for eaam e N and pairwise distinct points,...,t, in a setT
there exists &-valued measurd?, i, on a covering ringgRy, . t, of X[l X .-+ X X, such
thatn{ ,,,,, t"” Krl, tha) = Ry, t, fOr eachtp g € T andRy, g, (AL X - X Ag X Xnp1) =
Pty (Al X -+ x Ay) for eachAy x -~ x Ay € Ry, 1., Wherenilj__.f”+1 Xy X -+ X Xepy —

Xy X oo X th is the natural projectloan C X, for eachl =1,...,n. Suppose that this
cylindrical distribution is bounded, that is,

-----

Ilmtl,_“’tngoyneN R, tn (X X ---xX,) €K, whereTo:={te T:R(X)#0}, T\Tois
finite.

2.41. Theorem(the non-Archimedean analog of the Kolmogorov theorefkylin-
drical distribution R, ___, from § 2.40has an extension to a bounded measure P on a com-

pletiongp of & := U, tneTneNth _____ i, relative to P, wheregy, 1 = (Tg,.t,) " *(Ry,...1,)

andtg, 1, 1 X — X X -+ X X, is the natural projection.
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2.3. Quasi-invariant Ks-Valued Measures

In this section after few preliminary statements there are given the definition of a quasi-
invariant measure and the theorems about quasi-invariance of measures relative to transfor-
mations of a Banach spageoverK.

3.1.Let X be a Banach space ov€r (Ln : n) be a sequence of subspaad$| J,,Ln) =
X, Ln C Ln41 for eachn, pl be probability measureg? < i, (1 ) be sequences of weak
distributions, also let there exist derivativegx) = pZ_ (dx) /i (dx) and the following limit
P(X) := limp_ePn(X) eXists.

Theorem. If u are Ks-valued and[pn(PL, X) : n] converges uniformly on AKX, ut)-
compact subsets in Xup, Hpn||Nul < oo, then this is equivalent to the followingi(x) =

W (dx) /p(dx) € L(K") andlimp . |[p(X) — Pn(PLX) [N, = O.
Proof. For eachA € Bco(L) the equality is accomplished:

(A = [ pbout(@n = [,

L (A

)pL(PLX)Ul(dX)-
Then for eachp € L(i'|P}[Bco(L)]) we have

[ WO0RE(@x) = | pL(POWOM! (), consequently
X X

[ Prs100WOOR (e = | WOOR(E) = [ pa(OwEOR ()
X X X

wherep, = pn, Y € L(u1|PL‘nil[Bco(Ln+1)}). From Theorem 2.33 and Definition 2.31 the
statement follows.

3.2. Theorem.(A). Measures Ji: E — K, j = 1,2, for a Banach space X ovér are
orthogonal it L 2 if and only if Na (x)N,2(x) = O for each xe X.

(B). If for measures {1 E — K5 on a Banach space X ovér is satisfiedo(x) = O for
each x with \i(x) > 0, then i L p2; the same is true for a completely regular space X with
ind(X) = 0andp(x) = u2(dx)/u*(dx) = 0 for each x with I (x) > 0.

Proof. (A). From Definition 2.31 it follows that there exiskse E with [ X\ F||,» =0
and||F||,2 =0.

Remind Theorem 7.20 about tight measures from [Roo78]. For a funétiofi— K
the conditionga) and(p) are equivalent.

(a). For everyu € M(X) the functionf is p-integrable.

(B). The functionf is bounded and for each compact suli3ét X the restriction off
to C is continuous.

In view of Theorems 7.6 [Roo78] recalled above and the Theorem just cited above the
characteristic functioshe of the setr belongs td(u) NL(p2) such that\,; (x) are semi-
continuous from aboveH,chFH,\jp2 =0, ||chx\FHNul = 0, consequentlyN,a (X)N,2(x) = O for
eachx € X.

Recall Lemma 7.2 [Ro078]. Letbe a measure oR . There exists a unique function
Ny : X — [0,00) for which

(Ri) l&ulIn, = [lU ]|y for eachU € %, where&y denotes the characteristic function of
U;
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(Rii) if @: X — [0,00) and||&y |l < ||U||x for all U € %, theng < N, moreoverN, is
given by the formuldN,(x) = infycg xeu [|U |-

On the other hand, iK1 (X)N,2(x) = 0 for eachx, then forF := [x € X : Nj2(X) = O]
due to the lemma recalled just abdjfe|| . = |che HNuz = 0. Moreover, in view of Theorem
7.6[Ro078] reminded abové = ;-1 Us-n, whereU, := [x € X : Nj2(X) < c] are open in
X, henceche € L(u') NL(K2) andN|x\g) = 0, consequently|X \ F|| 2 = 0.

(B). In view of Theorems 2.19 and 2.37 for eaéhe Pl_*nl[E(Ln)] and m > n:
JaPm(¥)pt(dx) = p2(A), then from lim e ||p(X) — Pn(PLX)]In,, = 0 and Conditions 2.1.(i-

iii) on p2 Statement (B) follows.

3.3. Note. The Radon-Nikodym theorem is not valid fpf with values inKs, so not
all theorems for real-valued measures may be transferred onto this case. Therefore, the
definition of absolute continuity of measures was changed (see § 2.31 above and [Sch71]).

3.4. Theorem. Let measures juand v/ be with values inKs on Bco(X) for a
Banach space Xover K and p= pl @ 12, v =vl®@Vv2 on X = X; ® X, therefore,
the statement < i is equivalent tov! < pt and v? < P2, moreover,v(dx)/p(dx) =
(Vi(Prdx)/ut(Prdx)) (v2(P2dx) /p2(P2dx)), where R : X — X; are projectors.

Proof. Recall the non-Archimedean analog of the Fubini theorem (see also Theorem
7.15 [Roo78]). Letu andv be K-valued measures on separating covering riggand.s
on X andY correspondingly. The finite unions of séis B for A€ £ andB € s form a
covering ringg. ® s of X x Y. Moreover,

(Ri) there exists a unique measyre v on g ®.s so that(ix v)(A x B) = p(A)v(B),
Nuw (%, Y) = Nu(X)Nu (y);

(Rii) if f eL(p),geL(v),thenf®@gel(uxv)and[ fegd(uxv)= [ fdu/gdv;

(Riii) if f € L(uxv), theny— [ f(x,y)duXx) is v-almost everywhere defined
integrable function and fd(ux v) = [ [ f(x,y)dpux)dv(y).

This theorem follows from the formulated just above non-Archimedean analog of the
Fubini theorem and making the modification of the proof of Theorem 3.2.3 of Chapter |
above.

3.5. Theorem. The non-Archimedean analog of the Kakutani theorem. Let
X = [N}=1 X be a product of completely regular spacgsmth ind(X;) = 0 and probability
measures §v! 1 E(Xj) — Ks, also let y < vj for each j,v = Q_;vj, p= Q11 are
measures on &), pj(x) = pj(dx)/v;(dx) are continuous by x Xj, [17_1 pj(Xj) =: tn(X)
converges uniformly on AX, p)-compact subsets in 8; := ||p; (X)]|q;, @;(X) := N,i(x) on
Xj. If 1721 B; converges in(0,) (or diverges to 0), then g v and ch(x) = [1]_1 Pj(Xj)
converges in [X,v,Ks) to q(x) = 721 Pj(Xj) = H(dx)/v(dx) (or p L v respectively),
where x € Xj, x€ X.

Proof. The countable additivity o and p follows from Theorem 2.19. Then
Bi = lIpjllg, < ||p,-HNvj = |IX|ly; = 1, sinceNy; < 1 for eachx € X;, hence[]i_,Bj can
not be divergent tao. If this product diverges to 0 then there exists a sequepce
HT:(E])(b) B; for which the series convergég_; &, < «, wheren(b) < m(b). ForA, := [x:

b . b
(M5t Pi (1)) = 1] there are estimateidhe[y < SuBa, [N} o) [P (X))]1 ()] < &, con-
sequently||Ally = 0 for A= limsup(A, : b — o), since 0< Y _;&p < 0.
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ForBy := X\ A, we have:

m(b) m(b)
[Ball < | sup T [1/ps0) 10| = | ] lloyxll] =os
X€Bo j=n(b) j=n(b)

, Whereyj(x) = Ny (X), sincep;(dxj) = pj(x;)v;(dxj) andNy, (x) = [pj(xj)[Ny, (x) due to
continuity of pj(x;) (for pj(x;) = 0 we set|1/p;j(x;)|P;(x;) = 0, becausep;(x;) = 0 for
suchx;), consequently| limsup(By : b — o) ||, =0 and||Al|, > |[liminf(Ap: b — o) ||, = 1.
This means that L v.

Suppose tha]j, Bj converges to & B < «, thenB < 1 (see above). Therefore from
the non-Archimedean analog of the Lebesgue reminded above in this Chapter it follows that
tn(X) converges in(X, y, Ks), sincelta(x)| < 1 for eachx andn, at the same time eatt{x)
converges uniformly on compact subsets in the topology generatéd ¢, 1). Then for
each bounded continuous cylindrical functibnX — K¢ we have

/xf(x)u(dx):/xf(xl,...,xn)tn(x)®T:1vj(dxj)
—lim [ £(0ta(x)v(dx) = /X (v (dx).

n—oo X

Approximating arbitraryh € L(X, i, Ks) by suchf we get the equality

J n6ou(@ = | nop(gviax).
X X

consequentlyp(x) = p(dx) /v(dx).

3.6. Theorem. Letv, Y, vj, Y be probability measures with values i, X and X
be the same as i 3.5and p< v, then |y < v; for each j and[]{_, Bj converges td,
> >0, whereB; = [|pjlg;, @ (X) = Nv; ().

Proof. For Ks-valued measures frorﬁjfl(Bco()ﬁ)) C Bco(X) it follows that p; <
vj for each j, since [1Tpj(Xj) = p(x) € L(X,v) and pj(xj) € L(Xj,vj), wherex; =
Pix, Pj : X — X; are projectors. Themp(x) = limy_[11pj(Pjx) and [[p(X)||n, =
liMnp_o || ||ij- SinceN,; <1, theng;(x) < Ny, (x) and forg= N,, consequentlyjjp(x)||¢
=limn_[1]-1 [IPjllg; < lIPlln, = 1 (due to the definition of the Tihonov topologyXn[see
also § 2.3[Eng86]] and definition dif« [|¢). If ||p||e = O, then||p|n, = 0 and by Theorem
3.2(B) this would mean that | por p= 0, butp# 0, hence3 > 0.

3.7. Definition. Let X be a Banach space ou€r Y be a completely regular space with
ind(X) =0,v:Bco(Y) — Ks, ¥ : Bco(X) — K for eachy € Y, supposgq¥(A) € L(Y,v)
for eachA € Bco(X), [[Y|lv < e, SURey [[X]w < e, a family (W(An) : n) is converging
uniformly byy € C on eachAf(Y,v)-compact subs& in Y for each given shrinking family
of subsetgA, : n) C X. Then we define:

() ua) = [ WA (dy).

A measurep is called mixed. Evidently, Condition 2.1(i) is fulfilled; (ii):||Allx <
(SURey [[Allw)[IAlly < oo; (iii) is carried out due to the non-Archimedean analog of the
Lebesgue theorem, since

im (A0 = [ (Im 1 (Aq)v(dy) =0.

n—oo
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We define measuras by the formula:
(i) 0 (AxC) = [ W¥(AN(dy).
c

wherej = 1,2 andp} together withv! are defined as aboy# andv.

3.8. Theorem.Let i beK s-valued measures and, X and Y be the same as§.7.

(A). If T? < 1, thenv? < v and |2Y < pY (modv?).

(B). If v2 <« vt and 1#Y <« pu*Y (mod v?) and a Bco(Xx Y,Tt)-measurable
function p(y,x) = p2¥(dx)/pY(dx) € L(X x Y,1¢) exists, then™ < 1@ and
e(d(x,y))/TH(d(xy)) = (vV*(dy) V' (dy)B(Y,%). ,

Proof. (A). From the conditions imposed qd¥Y andv! it follows that for eachp €
L(X x Y, 1) due to the non-Archimedean analog of the Fubini theorem recalled above the
following equality is accomplished

o(x y)Te (d(x,Y)) /[/cpxy u’y(dX)]V‘(dy)

XxY

alsop(y,x) = Te(d(x,y))/m(d(x,y)) € L(X x Y, ¢), hence

VE(dy) () = | [ pygpi(an| € LY

Further we modify the proof of Theorem 1.3.1 above. TlEg x) may be defined for
vZ-almost ally by p(y,x) = p(y.X)/ fy Py, X)H¥(dx) € L(X, ).

(B). Let A € Bco(X) x Beo(Y), A, = [y : (xy) € A, then TW(A) =
JWY(A)Vi(dy). If Az = 0, then [[A/],ayNya(y) = 0 for eachy €Y, con-
sequently, |Allz = 0, since v3(dy)/Vi(dy) € L(vY), p2Y(dx)/ut¥(dx) € L(uY),
p € L(X xY,1¢) and Conditions(i,ii) in § 3.7 are satisfied. From this it follows
that T@(d(x,y))/Te(d(x,y)) € L(X x Y,T¢), since v?(dy)/vi(dy) € L(X x Y,mt) with
sup || X][piy < oo.

3.9. Definition. For a Banach spacé overK an element € X is called an admissible
shift of a measurel with values inKs, if pg < W, wherepg(A) = W(S_3A) for eachA in
E D Bco(X), SA:=a+A, p(a,x) :=pu(a,x) := pa(dx)/p(dx), My:=[aec X : o < Y (see
§§2.1and2.31).

3.10. Properties ofV, and p from § 3.9.

|. The set M is a semigroup by additiom(a+b,x) = p(a,x)p(b,x—a) for each ab e
M.

Proof. For each continuous bounddd: X — Kg: [y f(X)patb(dX) = [y f(X+a+
b)u(dx) = fy f(x+a)p(bXu(dx) = fy f(x)p(b.x—a)p(ax)u(dx), since|X], < « and
f(x)p(b,x—a) € L(K), consequentlyp(b,x —a)p(a,x) = p(a+b,x) € L(n) as a function
of xandpa p < W

Il. Ifae My, p(a,x) #0 (mod Y, then |4 ~ u, —a€ My andp(—a,x) = 1/p(a,x—a).

Proof. ~ For each continuous boundefl : X — Kg : [y f(x)p(dx) = [ f(X)
M(dx) = Jx [Ha(dX)/(dX)] " a(dlX), since]X |, < o, hencepa ~ i

. If v< pandv(dx)/p(dx) = g(x), then MinMy =My fa: u([x: g(x) =0, g(x—
a)pu(a,x) # 0]) = 0] andpy (a,x) = [g(x—a)/g(¥]pu(a.x) (Modv) for a e My M.
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Proof. For each continuous bounded functibnX — Ks: a€ My and [y f(x+a)v(dx)
= Jx f(x)g(x—a)pu(a,x)p(dx) such thap([x: g(x) =0, g(x—a)pu(a,x) # 0]) =0 we have
Jx Fx+a)v(dx) = fx f(x)[g(x—a)pu(a,x)/g(x)]v(dx), since||X]ly + [|X[[, < 00, Ny(x) =
infaeox)-usxSUReu [ 19(Y)INu(Y)], consequentha € MyNM,. If a€ MynNMy, then

/,109p(@x)g(9m(e0) = | F(0g(x—)pu(ax(dx)

consequently,py(a,x)g(x) = g(x— a)pu(a,x) (mod P and p([x : g(x) = 0, g(x—
a)pu(a,x) #0]) =0.

IV. If v~u, then M = M,.

V. For p with values inKs and X= K™, me N a family M, with a distance function
r(a,b) =|[p(a,x) — p(b,X)|In,,, is @a complete pseudo-ultrametrizable space.

Proof. Let (a,) C M, be a Cauchy sequence relativertdhen(an) is bounded inX
by ||+ |Ix, since for lim .« ||aq, || = o andr(an;,an,.,) < p~i for f € L(p) with a compact
support we have f (x+ an,) — f(x+an,)|In, < 1/p. Then forf with [|f(x+an,)[n, >
1/2 and||f||n, = 1 we get a contradiction: lig| f (x4 an,)[In, > 1/2—1/p > 0. This is
impossible because of compactnesswpp(f). Therefore(a,) is bounded, consequently,
there exists a subsequen@, ) =: (bj) weakly converging inX to b € X. Therefore,
8)(2) = Jx Xe(z(x+by)(AX) Xe(z(b}))8(2) = fy Xe(2()p(b}. X)1(dx), lim;z(by) = z(b)
and lim; 8(z) =Xe(z(b))B(z) for eachz € X'.

From the basic theorem about the Fourier-Stieltjes transform reminded above in this
chapter it follows that there ig € L(p) with limj |[p(bj,X) — p(X)|[n, = O, sinceL(l) is the
Banach space ang corresponding t@; converges in the Banach spad¢X). Therefore,

] xelz0me(e) = [ xe(z(9)p(9mi(cx

for eachz e X’ = K™, consequentlyp(x) = pp(dX)/pu(dX).

3.11. Definition. For a Banach spack¥ over K and a measurg : Bco(X) — K,
ac X, |la]l = 1, a vectora is called an admissible direction, & ¢ M{f =z: ||z|]x =1,
Az e My andp(Az,x) # 0 (mod p (relative tox) and for eachh € K] C X. Letae M{f
we denote by, :=Ka, X; = X &Ly, pt andi are the projections gfi ontoL; and X;
respectivelyu™= p! ® {it be a measure oBco(X), given by the the following equation
fi(AxC) = i1 (A (C) onBco(Ly) x Bco(X) and extended oBco(X), whereA € Beo(Ly)
andC € Bco(X).

3.12. Definition and notes A measurgl: Bco(X) — K for a Banach spack overkK
is called a quasi-invariant measuréMf, contains &-linear manifoldJ, dense inX.

From § 3.10 and Definition 3.11 it follows that c M.

Let (ej : j € N) be orthonormal basis iX, H = spark (gj : j). We denote(Y) = [p/u
is a measure with a finite total variation 8eo(X) andH C J,|, whereY = K.

3.13. Theorem. If u: Bf(Y) — F is a o-finite measure on Bc¥(), Y is a complete
separable ultra-metrizabl&-linear subspace such that co(& nowhere dense in Y for
each compact 8 Y, whereK andF are infinite non-discrete non-Archimedean fields with
multiplicative ultra-normg = [ and| x |r. Then from J= it follows that p= 0.

Proof. Sincep is o-finite, then there argY; : j € H) C Beo(Y) such thatY = Ujcy Y;
and 0< ||p/Bco(Y;)|| < 1 for eachj, whereH C N, Y;NY; = 0 for eachj #1. If card(H) =
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0o, then we define a functiori(x) = s/ /|Y;]|, for p with values inF, wheres is fixed
with 0 < |s|r < 1, se N). Then we define a measuvgA) = [, f(x)u(dx), A € Beo(Y).
Therefore||Y||y <1landl, =Y, sincef € L(Y,u, F). Hence itis sufficient to considgmwith

Il < 1 andu(Y)=1. For eacln € N in view of the Radonian property of there exists

a compaci, C Y such that|Y \ Xy||, < s™". InY there is a countable everywhere dense
subsetx; : j € N), henceY = Ujcn B(Y, xj,11) for eachr; > 0, whereB(Y,x,r) =[yeY:
d(x,y) <, dis an ultra-metric irlY, i.e. d(x,z) < maxd(x,y), d(y,z)), d(x,z) =d(z,x),
d(x,x) =0, d(x,y) > 0 for x # y for eachx,y,z<€ Y. Therefore, for eachy =1/I,1 € N
there existsk(l) € N such that||Y \ Xn||, < s due to compactness ot = [y € Y :

Ny (y) > c| for eachc > 0, whereX; | := U'j‘i)lB(Y, Xj, ), consequently]Y \ X, ||, < s for

Xn 1= =1 X%n1. The subsetX, are compact, sinck, are closed ir¥ and the metrid on

Xn is completely bounded andis complete (see also Theorems 3.1.2 and 4.3.29 [Eng86]).
Then 0< [|X||p < 1 for [[Y \ X[, = 0 and forX := spark (Un-1 %n)-

The sets, = co(Yn) are nowhere dense ¥for Y, = U, X, consequentlyspark Y,
are nowhere dense ¥ Moreover,(Y \ Un_1Yn) # 0is dense irY due to the Baire category
theorem (see also 8§ § 3.9.3 and 4.3.26 [Eng86]). Thergfarel C Y\ X fory e Y\ X and
from J, =Y it follows that ||X||, = O, since|ly+ X||, = 0 (see § § 2.32 and 3.12 above).
Hence we get the contradiction, consequeithy, O.

3.14. Corollary. If Y is a Banach space or a complete countably-ultra-normable
infinite-dimensional oveK space, u Bco(Y) — K, K and F are the same as i§ 3.13
and J, =Y, then p=0.

Proof. The spaceY is evidently complete and ultra-metrizable, since its topology is
given by a countable family of ultra-norms.

Recall the theorem about hulls of compact sets (see also § (5.7.5) in [NB85]).

(NBI). In any topological vector spaeethe balanced huli, of a bounded or compact
setH is again totally bounded or compact respectively.

(NBii). If H is a totally bounded subset of a locally convex spXc¢eahen so is its
convex hullH; and therefore its disked hutpc.

(NBiii). If H is a compact subset of a locally convex spAcehen its convex hulH
and disked hulHy are compact if and only ifl; andHy. are complete respectively. X is
complete, therlxHc andclxHyc are compact.

Due to this theorermo(S is nowhere dense v for each compac®in Y, sinceco(S =
cl(Syc) is compact iry and does not contain in itself any open subsat,isinceY is infinite
dimensional over the fielH.

3.15. Theorem. Let X be a separable Banach space over a locally compact infinite
field K with a nontrivial normalization such that eith& > Q, or char(K) = p > 0. Then
there are probability measures p on X with valueKin (s # p) such that p are quasi-
invariant relative to a densK-linear subspace 4

Proof. Let S(j,n):= p/B(K,0,1)\ p'*'B(K,0,1) for j € Z and j < n, S(n,n) :=
p"B(K,0,1), w be the Haar measure df considered as the additive group (see also
[Bou63-69, HR79, Roo78]) with values iKs for s# p. Then for eachc > 0 and
n € N there are measures on Bf(K) such thatm(dx = f(x)v(dx), | f(x) |> O for each
x € K and| m(p"B(K,0,1))—1|<c, m(K)=1, | m| (E) <1 for eachE € Bco(K)

, wherev = w, v(B(K,0,1)) = 1. Moreover, we can choosé such that a density
ma(dx)/m(dX =: d(m;a,x) be continuous bya,x) € K2 and for eachc > 0, x and
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la|<p™: |d(max)—1|<c. Let f|gjn :=a(j,n) be locally constant, for exam-
ple,a(j,n) = (1—s)@1—1/p)"1p="for j <n,a(nn)=(1—s"p " Then taking

f +h and usingh(x) with 0 < supg |h(x)/f(x)| = c” < 1/s" we get| ya(dx)/y(dx) |=]|
ma(dx)/m(dx |, wherey(dx) = (f +h)(x)m(dX. More generally it is possible to take
g € L(K, Bco(K),w',Ks) such thatg(x) # 0 for w-almost everyx € K and||g|| = 1 and
Mn=1Bn > 0 converges for each= {yn : yn € K, n € N} in a proper dense subspatén

X = Co, Wheregn(x) := g(¥/an), limp_oa, =0, 0# a, € K for eachn € N, B := ||on|| g,
Pn(X) := Hn(dX) /Vn(dX), Ga(X) := Ny (X), An(dX) := gn(X)W (dX/a), then use Theorem 3.5
for the measure,(dx) := gn(X)W (dx/a,) and its shifted measugg(dx) := vn(—yn + dx).

Let {m(j;dx)} be a family of measures df with the corresponding sequenge(j)}
such thatk(j) < k(j+1) for eachj and lim_. k(i) = , wherem(j;dx) corresponds
to the partition[S(i,k(j))]. The Banach spac¥ is isomorphic withcy(uwno, K), since K
is spherically complete. It has the orthonormal bgsis: j = 1,2,...} and the projec-
tors Pjx = (x(1),...,%(j)) onto KI, wherex = x(1)e; + X(2)e; +---. Then there exists
a cylindrical measuret generated by a consistent family of measwésB) = b(j,E)
for B = PflE andE € Bf(Kl) [Bou63-69, DF91] wheréd(j,dz) =®[m(j;dz(i)):i =
1,...,j],z=(z(1),...,2(j)). LetL:=L(t,t(1),...,t(1);]) :=={x:xe X and | x(i) |< p?,a=
—t—t(i) fori=1,...,I, and a= —k(j) for j > 1}, thenL is compact inX, sinceX is Lin-
delof andL is sequentially compact (see also [Eng86]). Therefore, for easl there
existsL such that|X \ L||,, < c due to the choice d@(j,n).

In view of the non-Archimedean analog of the Prohorov theorem for measures with
values inKs reminded above (see also 7.6(ii)[Roo78]) and due to Lemmau2has
the countably-additive extension d@f(X), consequently, also on the completdield
Af(X,p) andpis the Radon measure.

Let Z € spark{e; : j = 1,2,...} and z” = {z(j) : z(j) = Oforj < landz(j) €
Sin,n),j =1,2,....n=k(j)}, 1 €N, z=Z +2z". Now take the restriction oft on
Bco(X). In view of Theorems 2.19, 3.5 above and also the lemma about isometric map-
pings 1.1.4 [Roo78] recalled above (see also 8§ 1.3.20 above) therengrelz(j) such
thatp,(z,x) =1{d(j;z(j),x(J)): ] =1,2,...} = p(dx) /p(dx) € L((X,p,Bco(X)),Ks) for
each suclzandx € X, whered(j;*,*) = d(m(j; %), x,*) andp,(X) = u(X) = 1.

3.15.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fiel& and J be a dense propét-linear subspace in X such that the
embedding operator TJ — X is compact and nondegenerate, @y = {0}. Then a
setar (X,J) of probability Ks-valued measures p on Be6) quasi-invariant relative to J
is of cardinality cardKs)“. If J, J C J, is also a dens&-linear subspace in X, then
M (X,J) D (X,J).

Proof. As in the proof of Theorem 3.20.1 choose for a given compact opefator
an orthonormal base iX in which T is diagional andX is isomorphic withcy over
K such that in its standard bage; : j € N} the operatorT is such thatTe; = aje;,
0+# aj € K for eachj € N, limj_.a; = 0 (see Appendix). As in Theorem 3.15 take
On € L(K, Bco(K),w (dx/an),Ks), gn(X) # O for v-a.e. x € K and||gn|| = 1 for eachn,
for which converge§n_1Bn > 0 for eachy € J and such thaf]i; gn (X)W (dX%/an) =:
v, (dx") satisfies conditions of Lemma 2.3, whee:= ||pn||g,, 07 an € K for eachn e N,
Pn(X) := Hn(dX) /Vn(dX), Ga(X) 1= Ny, (X), An(dX) 1= gn(X)W (dX/an), then use Theorem 3.5
for the measure,(dx) := gn(X)W (dx/a,) andpn(dX) := va(—yn+dx), X" := (X1, ...,%n),
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X1,...,% € K for eachn € N. The family of such sequences of functiofg, : n € N}
has the cardinalitgard(Ks), since inL(v) the subspace of step functions is dense and
card(Bco(X)) = c. The family of all{g, : n} satisfying conditions above fdralso satisfies
such conditions fod’. From which the latter statement of this theorem follows.

3.16. Note. For a givenm= w (see above) new suitable measures may be con-
structed, if to use images of measure4E) = m(g~%(E)) such that for a diffeomor-
phism g € Dif f}(K) (see § A.3) we haver® ' (dx)/m(dx =| (¢(g (X)) |k, where
| x|k = modk (%) is the modular function of the fiel& associated with the Haar mea-
sure onkK, at the same timex | is the multiplicative norm irK consistent with its uni-
formity [Wei73]. Indeed, fork and X = KI with j € N and the Haar measure= w
on X, vx := v with values inKs for s# p and for a functionf € L(X,v,Ks) we have:
Jom) TOV(AX) = [5 T(9(¥))lg (y) [k v(dy), wheremodk (A)v(dX) := v(AdX), A € K, since
v(B(X,0,p")) € Q, Ny(x) = 1 for eachx € X, consequently, fromy — f in L(g(A),v,Ks)
whilstk — oo it follows that fy(g(x)) — f(g(x)) in L(A,v,Ks), wherefy are locally constant,
Ais compact and open X.

Henceforward, quasi-invariant measyren Bco(g(wp, K)) constructed with the help
of projective limits or sequences of weak distributions of probability measyrgs, : n)
are considered, for example, as in Theorem 3.15 such that

(1) My (dX) = frym)(X) Vi (dx), dimgH(n) = m(n) < Op for eachn € N, where
fum) € LIH(N),Vhn),Ks), H(N) CH(n+1) C -+, cl(UyH(N) = co(wp,K), if it is not
specified in another manner.

In accordance with the Schikhof’s Theorem 8.9 [Roo78]Gifs a zero-dimensional
topological group with unit elemerg, v is a tight measurey € M(G), v # 0, then the
following conditions are equivalent:

(a) the mapping+— Vs is continuouss — M(G);

(B) this mappings+— Vs is continuous ag;

(y) G has a left Haar measuteandv € L(G), whereL(G) denotes the set of tight
absolutely continuous measures relative to the Haar measin&.

Eachv € L(G) can be written in the fornv = fh, wheref € C(G) is a continuous
function so that for each > 0 there exists a compact subggtin G with |f| < b outside a
compact subsdi,.

For probability quasi-invariant measure with valueK iy if shiftsx+— x+ybyy e H(n)
are continuous froril (n) to M(H (n)) (see § 2.1), that iy, — pﬁ(n), wherepy iy (y+A) =:
p};(n)(A) for A € Bco(H(n)), then due to the Schikhof’s theorem about tight measures on
zero-dimensional groupg; ) satisfies(i).

As will be seen below such measungsre quasi-invariant relative to families of the
cardinalityc = card(R) of linear and non-linear transformatiods. X — X. Moreover, for
eachV open inX we have||V ||, > 0, whenfy ) (x) # 0 for eachn € N andx € H(n).

Let ube a probability quasi-invariant measure satisfying (i) é#d j) be orthonormal
basis inMy, H(n) := spark (ey,...,en), we denote by

Pu(@,x) = p(a,x) = limp_cp"(Pra,Px),

P"(Pna,PaX) := fiy(n)(Pn(X—a))/ fr(n)(PaX) for eacha andx for which this limit exists
andp(a,x) = 0 in the contrary case, whef : X — H(n) are chosen consistent projec-
tors. Letp(a,x) = p(a,x), if ga(X) = u(X) andp(a,x) € L(X,y,Ks) as a function by
and||X||n, = 1, wherev(dx) := p(a,x)H(dx), p(a,X) is not defined whepy(X) = p(X) or
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IIX|In, # 1, this condition of the equality to 1 may be satisfied, for example, for continu-
ous fy(n) with continuousp(a,x) € L(u) by x for each givers, if lim,p"(a,x) converges
uniformly by x. If for some another basig; : j) andp is accomplished

(i) X\ Sllu= 0, thenp(a,x) is called regularly dependent from a basis, whre-
Naem, [X: p(a,x) = p(a,x))).

3.17. Lemma.Let p be a probability measure,:Bco(X) — Ks, X be a Banach space
overK, suppose that for each basi§; : j) in My a quasi-invariance factop satisfies the
following conditions:

(1) if p(aj,x), j=1,...,N, are defined for a given& X and for each\j € K then a
functionp(y]_;Ajaj,x) is continuous by, j=1,...,N;

(2) there exists an increasing sequence of subspacgy H My, cl(U,H(n)) =
X, with projectors R: X — H(n), Be Bf(X), |B||u=0 such thatlimp_..p(Pha,x)
= pP(a,x) for each ac M, and x¢ B for which is defineg(a,x). Thenp(a,x) depends
regularly from the basis.

Proof. There exists a subs&tdense in each(n), hence|B'||, = 0 for B’ = [Jacg[X:
p(a,x) # p(a,x)]. From (1) it follows thatp(a,x) = p(a,x) on eachH (n) for x ¢ B'. From
sparkSD H(n) and (2) it follows thap(a,x) = p(a,x) for eacha € My andx € X\ (B'U
B), consequently, Condition 3.16(iig satisfied, since from(a,x) € L() it follows that
p(a,x) € L(p) as the function by.

3.18. Lemma. If a probability quasi-invariant measure pBco(X) — Ks satisfies
Condition3.16(i), then there exists a compact operatorX — X such that M c (T X)~,
where X is the Banach space ower

Proof. Products of tight measures are tight measures (see also Theorem 7.28 [Ro078]),
whence forpiy ) (dx) = ®§”:<q> lke(j)(dX;) is accomplished\y,, . (X) = |‘|'j“:('1) Nuee (%)
wherex = (X1, ..,Xm()), Xj € K. From Theorem 7.6[R0078] formulated above and Lemma
1.2.5 it follows that for each - ¢ > 0 there areRj = Rj(c) with [X; : Ny, (Xj) > ¢|] C
B(K,O,Rj) and |imjﬁoo Rj =0.

Choosingc = ¢(n) =s™", n € N and using[{_; = &j = 0 whilst 0< ¢; < ¢ < 1 for
eachj we get that there exists a sequefige j] for whichcard(j : |a;| > rj] < Oo for each
ae My, since[x e X : |xj| <rj for all j] is a compact subgroup X, wherea= (a; : j),
aj €K, rj >0, limjrj = 0. ThereforeM, C (TX)~ for T = diag(T; : j) and|Tj| > r; for
j €N.

3.19. Let X be a Banach space owér | x|k = modk (%), U : X — X be an invertible
linear operatont: Bco(X) — K be a probability quasi-invariant measure.

The uniform convergence of a (transfinite) sequence of functiosfov, v)-compact
subsets of a topological spadeds called the Egorov condition, whevds a measure oY.

Theorem. Let pairs (x—Ux,x) and (x—U~1,x) be in domp(a,x)), where domf)
denotes a domain of a function f(x —Ux,x) # 0, p(x—U~1x,x) # 0 (mod P and p
satisfies Condition 3.16(i), algi(P(x—UX),X) =: fn(X) € L(W) andp(Pn(x—U 1x x) =:
pn(X) € L(1) converge uniformly on A, p)-compact subsets in X such that there exists
g € L(p) with |pn(X)| < |g(X)| and |pn(X)| < |g(x)| for each xe X and each projectors
Pn: X — H(n) with cl(U,H(n)) =X, H(n) c H(n+1) C ..., that is, Egorov conditions
are satisfied fop, andpy,. Thenv ~ p and

(i) v(dx)/u(dx) = [det(U) |k Bx—U 1%, x),
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if p depends regularly from the base, themay be substituted kyin formula (i), where
V(A) := u(U~1A) for each Ac Bco(X).

Proof. In view of Lemma 3.18 there exists a compact operdtorX — X such that
M, C (TX)~, consequentlyU — 1) is a compact operator, whekés the identity operator.
From the invertibility ofU it follows that (U -1_ ) is also compact, moreover, there exists
det(U) € K. Let g be a continuous bounded functiay, H (n) — K, whence

L #09v(@) = [ 909y (U6 B 001U e (9,

for g(x) = g(P.x), where subspaces exist such thimn) c X, (U=t —1)HA
cl(UpH(n)) =X, Up :=fa(U), rpy = Py : X — H(n) (see § § 1.3.8 and II.
H(n+1)C --- due to compactness ¢f — ).

In view of the non-Archimedean analog of the Lebesgue convergence theorem due to
fulfillment of the Egorov conditions fob, andp,, (see also §7.6 [MS63] or § 7.F [Roo78])
Jin = JIm,p, SiNCEP(x—U ~1x,X) € L(p), where

n) C H(n),

( H
3.16Ji(n) C

Jm::/xg(f)mx)v(dx) and

Jnp= /x g(Px)p(x—U~1x x)|det(U) |k p(dx).

Indeed, there existsy such thatu(i, j) — & ;| < 1/p for eachi andj > ng, consequently,
|det(Un)|k = |det(U)|k for eachn > ng. Then due to Condition 3.16.(i) and the Egorov
conditions (see also § 3.3) there exists

lim [ () (APX) /Y () (dPX)] = p(dX) /v(dx)  (modv).

Nn—oo

Further analogously to the proof of Theorem 1.3.24 above.

3.20. Let X be a Banach space ovEr |x*|x = modk (x) with a probability quasi-
invariant measurg : Bco(X) — K and Condition 3.16(ibe satisfied, also lé1 fulfils the
following conditions:

(i) U(x) andU ~1(x) € C}(X,X) (see also § A.3);

(i) (U’(x) —1) is compact for eack € X;
(i) (x—U~(x)) and(x—U (x)) € J, for p—a.e.x € X;
(iv) for p-a.e.x pairs (x — U (x); x) and (x —U ~(x); x)

are contained in a domain pfz,x) such thap(x—U ~1(x),x) # 0, p(x—U (x),X) # 0 (mod
b;
(V) X\ S|y =0,
whereS := ([x: p(z,x) is defined and continuous laye L]|) for each finite-dimensional
LC s
(vi) there existSSwith ||S||, = 0 and for each
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x € X\ Sand for eachz for which there existp(z,x) satisfying the following condition:
limn_— p(Phz,X) = p(z,x) and the convergence is uniform for each finite-dimensianal
JubyzinLnixe J.:|x|<cl, wherec > 0, By : X — H(n) are projectors onto finite-
dimensional subspacés$(n) overK such thatH (n) ¢ H(n+ 1) for eachn € N andcl U

{H(n):n}=X;
(vii) there exists for which for all j > nandx € X mappings

V(j,x) :=x+Pj(U"(x) —x) andU(j,x) := x+ Pj(U(x) — X) are invertible and lim|
detU’(j,x) |=| detU’(x) |, limj | detV/(j,x) |= 1/ | detU’(x) | with the Egorov convergence
in (vi) by z for p(Paz,x) and in(vii) by x for |det(U’(j,x))| and|det(V'(j,x))| for p with
values inK.

Theorem. The measurg(A) := u(U ~1(A)) is equivalent to g and

(i) v(dx)/u(dx) =| det’(U1(x)) [k p(x—U~*(x),X).

Proof. The beginning of the proof is analogous to that of 8 1.3.25. Due to Conditions
(vi, vii) we get lim,p(x — Vi x,x) = p(x —U; 1%, ) in L(W) due to the Egorov conditions.
ThenJ; = J; o due to the Lebesgue convergence theorem, where

J= [ F(UnOu(A,

lep::/ f(x)p(x— Uy x,x)|detUr | p(dx)

for continuous bounded functloh X — K. Analogously forU; ! instead ofU;. Using
instead off the functlonCD(Ul x) == f(X)pu(x— U *x,x) and Properties 3.10 we get that
Pu(Uix —x,U1x)pu(x —U1x,x) = 1 (mod p. Therefore, fold = U;U, with diagonalU,
and upper trianguldd, and lower triangulatJ3 operators with finite-dimensional ovér
subspacegU; — )X, j = 1,2,3, the following equation is accomplishgq f (Ux)p(dx)

= [y F(X)pu(x—U~1x,x)|detU|x pu(dx). If either (SIU —1)X =L or (U~1S—1)X =L,
then from the decomposition given in () = SULU1U3z, we have eithefU; — )X =L or
(Uj*1 —1)X =L respectively,j = 1,2,3 due to formulas from 8 A.1, since corresponding
non-major minors are equal to zero.

If U is an arbitrary linear operator satisfying the conditions of this theorem, then from

(iv—vi) and(l,1l') for each continuous bounded functibnX — K¢ we havel = J,, where

J_/f u(dx) and

Jpi= /X £ (X)pu(x — U ~L(x), X)|detU]x pu(dx).

Analogously forU 1, moreoverp(x —U1(x),x)|detU|x =: h(x) € L(y), h(x) # 0 (mod
), since there existdetU.
SupposéJ is polygonal (see § 1.3.25). Thén ! is also pongonaIU (x) =V(]) for

xeY(j)andfx f(a(i)+V([I)x)udx) = [ f(@i) +x)pu(x—V1(i)x,x) x|det(V (i)) | i(dx)
for each continuous bounded: X — Ks and each. Froma(j) € M, and § 3.10 we get
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Jx F(@() +V()REx) = fy F)p(x—V ()" Hx—a(j)), X)|detV(j) [k H(dxX). LetHyj :=
[xe X :V(K)~x=V(j)~1x], assume without loss of generality thatk) # V (j) or a(k) #
a(j) for eachk # j, sinceY (k) # Y(j) (otherwise they may be united). Therefarg,; # X.
If |[Hwjllu> O, then fromX & Hy ; D K it follows thatM,, C Hy j, butcl(Hy j) = Hx j and
cl(M,) = X. This contradiction means thaa||, = 0, whereA = [x: V (k)" }(x—a(k)) =
V(j)~(x—a(j))]. Thenfy f(U(x))u(dx) = fy F(x)p(x—U1(x),x) |detU (x)| p(dx).

Then as in § 1.3.25() for the construction of the sequenflé(j,x*) : j} it is sufficient
to construct a sequence of polygonal functi¢as, j; x) }, thatisa(i, j; x) = lk(i, j) (X) + ak
for x € Y(K), wherel(i, j) are linear functionals € K, Y (k) are closed irX, Int(Y(j)) N
Int(Y(k)) = 0 for eachk # j, g1 Y (k) = X, m< Op. For eachc > 0 there existd/; C
X with || X\ Ve|| < ¢, the functionss(i, j;x) and (®!s(i, j; %)) (x,e(K),t) are equiuniformly
continuous (b € \; and byi, j,k € N) onV.. Choosingc = c(n) =s " and usingd-nets in
Ve we get a sequence of polygonal mappifidk : n) converging by its matrix elements by
Egorov in the Banach spatéX, p,Ks), from Condition(i) it follows that it may be chosen
equicontinuous for matrix elemerg§i, j;x), ds(i, j; x) ands(i,P;x) by, j (the same is true
foru—1).

Then calculating integrals as above Y with functionsf, using the Lebesgue con-
vergence theorem we get the equalities analogous to written in § 1.3.28gtlJ andJ, of
the general form. From(dx)/p(dx) # 0 (mod P and § 2.19 we get the statement of the
theorem.

3.21. Examples. Let X be a Banach space over the figdd with the normal-
ization groupl'k = Iq,. We consider a diagonal compact operafor= diag(; : j €
N) in a fixed orthonormal basige; : j) in X such thatkerT := T-10 = {0}. Let
Vi (dxj) = C/(§;)s Amin@0rds((X))/%)y (dx ) for the Haar measune: Bco(K) — Qs, then
Vj(Bf(K)) C Cs. We choose constant functio$(&;) such thaw be a probability mea-
sure, where® = (X1 j) € X, x= (xj : j) € X, xj €K,

With the help of product&); v’j (dx;) as in § 3.15 we can construct a probability quasi-
invariant measurg" on X with values inCs, sincecl (T X) is compact inX andspark (e :

j) ='H C .. FromMjcg(k0,1)\0Cl(ATX) = {0} we may infer that for each > 0O there
exists a compadtz(A) C X such that| X\ Ve(A) || < cand, .o Ve(A) = {0}, consequently,

im_ [ 1001 (A = 1(0) = Bo( 1),
A|[—0JX

henceyT is weakly converging t@, whilst |A| — O for the space of bounded continuous
functionsf : X — Cs.

From Theorem 3.6 we conclude that frapif_, |y; /& | < it follows y € Jr. Then
for a linear transformatiot) : X — X from (& (x—U(x))/&j[p < it follows thatx —
U(x) € J, and a pair(x— U (x),x) € dom(p(az)). Moreover, forp corresponding tq"
conditions (v) and (vi) in 8 3.20 are satisfied. Therefore, for speimdS € Af(X,u) a
quantity|u(ty+ S) — u(S)| is of order of smallnes|? whilstt — 0, hence they are pseudo-
differentiable of ordeb for 0 < Re(b)< q (see also § 4 below).

It is interesting also to discuss a way of solution of one problem formulated in [KE92]
that there does not existaadditive Qp-valued measure with values X over Q, such
that it would be an analog of the classical Gaussian measure. In the classical case this
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means in particular a quasi-invariance of a measure relative to shifts onmy/éam a
dense subspace. We will show, that on a Banach saceer K O Q, for each prime
numberp there is not as-additive u # 0 with values inK, such that it is quasi-invariant
relative to shifts from a dense subspace. Details can be lightly extracted from the results
given above. Let oriX,Bco(X)) there exists such. With the help of suitable compact
operators a cylindrical measure on an algebra of cylindrical subsé&sggeherates quasi-
invariant measures, SO0 we can supposejimtiuasi-invariant. Then it produces a sequence
of a finite-dimensional distributiofip,, : n € N} analogously to § 2 and § 3, whelrg are
subspaces of with dimensions oveK equal ton. Each measuna_, is o-additive.

From the quasi-invariance gfit follows, thatL,, can be chosen such that are quasi-
invariant relative to the entire,. But in view of Chapters 7-9 [Roo78] and [Sch84] for
measures with values K, (see also Proposition 11 from § VI1.1.9 [Bou63-69]) this means
thatyy, is equivalent to the Haar measurelgywith values inK .

The spacd., as the additive group can be considered d@gr moreover, for each
continuous linear functiongl: K, — Qp considered as the finite-dimensional Banach space
overQp the measureo p_,(*) is non-trivial for somep. Consequently, oh, there would
be the Haar measure with valuesQg, but this is impossible due to Chapter 9 in [Roo78],
sinceLy is not thep-free group. We get the contradiction, that is, spafoes not exist.

3.22. Theorem. Let A be a complete normed algebra over the local fi€ldIf a
nontrivial Ks-valued measure p on BE&) is quasi-invariant relative to dense subalgebra
A’ (relative to linear shifts and leftor right) multiplication), then A is finite dimensional
overK.

3.23. Theorem.Let A be a Banach space over the local figldf u is a non-trivial K ¢
valued measure on Bco(Auasi-invariant relative to shifts from a denisdinear subspace
L', then there exists a nontrivial topological group GkKolinear automorphisms of A such
that p is also quasi-invariant relative to G.

Proof. These statements of 3.22, 3.23 follow from Theorem 3.19 and Lemma 3.18
analogously to § §1.3.28, 1.3.29 above.

2.4. Pseudo-differentiable K-Valued Measures

4.1. Note and Definition. A function f : K — Ug is called pseudo-differentiable of order
b, if there exists the following integral:

PD(B. ()= [ (10~ F(y))x g(xyb)ldv(y).
We introduce the following notatioRD¢(b, f (x)) for such integral byB(K,0,1) instead

of the entireK. Whereg(x,y,b) := s\~ 1-P)x0rds(x~¥) with the corresponding Haar measure

v with values inKs, whereb € Cs and |x|x = p~°%®, Cs denotes the field of complex
numbers with the non-Archimedean normalization extending th@otf)s is a spherically
complete field with a normalization grodpy, := {|x| : 0 # x € Us} = (0,e0) C R such
thatCs C Us, 0 < sis a prime number (see also [Dia84, Roo78, Sch84, Wei73]). For each
y € (0,0) there existar = logy(y) € R, Iy, = (0,), hences® € Us is defined for each

a € R, wherelogs(y) = In(y)/In(s), In : (0,0) — R is the natural logarithmic function
such that In(e) =1. The functions®*® =: &(a,B) with o and B € R is defined due to
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the algebraic isomorphism @ with C (see also [Kob77]) in the following manner. Put
sH+B .= ¢7(¢)P and choose as a marked number ibls such thas := (EXR(i))"" S, where
EXR:Cs— C{ is the exponential functiolG{ := {x € Cs: |[x— 1|s < 1} (see Proposition
45.6 [Sch84]). TherefordEXR(i) — 1Js < 1, hencg EXR(i)|s = 1 and inevitablys|s =

1. Therefore,|s**®|s = s7® for eacha andB € R, where| *|s is the extension of the
normalization fromQs on Us, consequenthys® € Us is defined for each € Cs.

A quasi-invariant measune on X is called pseudo-differentiable fdre Cs, if there
existsPD(b,g(x)) for g(x) := p(—xz+ S) for eachS € Bco(X) |||, < « and eaclz € J?,
whereJB is a K-linear subspace dense K. For a fixedz € X such measure is called
pseudo-differentiable alorg

For a one-parameter subfamily of operatB(&,0,1) >t — U; : X — X quasi-invariant
measurey is called pseudo-differentiable fdr € Cs, if for each S the same as above
there existsPD¢(b,g(t)) for a functiong(t) := u(U; 1(S), whereX may be also a topo-
logical groupG with a measure quasi-invariant relative to a dense subg@ufsee
[Lud99t, Lud98s, Lud00a]).

4.2. Let y, X, andp be the same as in Theorem 3.15 d&hdbe a non-Archimedean
Fourier transform defined in [VVZ94, Roo78].

Theorems. (1) g(t) ;= p(z+tw,x)j(t) € L(K, v,Ks) =:V for p and the Haar measure v
with values irKs, where z and ve J,,, t € K, j (t) is the characteristic function of a compact
subset WC K. In general, may be i) := p(z+tw,x) ¢ V.

(2) Letgt) = p(z+tw,x) j(t) with clopen subsets W K. Then there are y, for which
there exists PD(lg(t)) for each be Cs. If g(t) = p(z+tw,x), then there are probability
measures U, for which there exists @y(t)) for each be Cs with 0 < Re(b)or b= 0.

(3) Let Se Af(X,y), |S|u < , then for each e U := {b’: Re B > 0 or b’ = 0} there
is a pseudo-differentiable quasi-invariant measure ..

Proof. We consider the following additive compact subgrdsip:= {x € X|||x())|| <
pk() for eachj € N} in X, whereT = diag{d(j) € K : [d(j)| = p %) for eachj € N} is
a compact diagonal operator. Thgifrom Theorem 3.15 is quasi-invariant relative to the
following additive subgroufsr := Gt +H, whereH := spark{e(j) : j € N}. The rest of
the proof is analogous to that of § 1.4.2.

4.2.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fiel& and J be a dense propé-linear subspace in X such that the
embedding operator TJ — X is compact and nondegenerate, y= {0}, be C. Then
a setep(X,J) of probability K s-valued measures p on Bg6) quasi-invariant and pseudo-
differentiable of order b relative to J is of cardinality caids)c. If 3/, J C J, is also a
denseK-linear subspace in X, them,(X,J') D ?,(X,J).

Proof. Asin §1.3.20.1 choose foF an orthonormal base X in which T is diagonal
andX is isomorphic withcy overK such that in its standard bage; : j € N} the operator
T is characterized bye; = ajej, 0# aj € K for eachj € N, limj_. a; = 0 (see Appendix
A).

Take g, from § 3.15.1, whereg, € L(K,Bf(K),w(dx/an),Ks), satisfy con-
ditions there and such that there exists pim,PD(b,[Tn19n(X2)) € L(X,Bco(X),

v, F) by the variablex for eachz € J, wherex € K, KsUCs C F, F is a non-Archimedean
field. Evidently,?,(X,J) C o (X,J). The family of such sequences of functiofgy : n €
N} has the cardinalitgard(Ks)<, since inL(v) the subspace of step functions is dense and
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the condition of pseudo-differentiability is the integral convergence comditee § § 4.1
and 4.2).

4.3. LetX be a Banach space ou€r by € R or bg = + and suppose that the following
conditions are satisfied:

(1) T : X — X is a compact operator witker(T) = {0};

(2) a mappingr from B(K,0,1) to Cr(X) := {U : U € C}(X,X) and(U’(x) — 1) is a
compact operator for eacte X, there isU ! satisfying the same conditions\d$ is given;

(3) F(t) =Uy(x) and ®U;(x+ h,x) are continuous by, that is, F € C}(B(K,0,1),
Cr(X));

(4) there isc > 0 such that|U;(x) — Us(x)|| < || T x|| for eachx € X and|t —s| < c;

(5) for eachR > 0 there is a finite-dimensional ovrsubspacél C X andc’ > 0 such
that||U(x) — Us(X)|| < ||TX|/R for eachx € X & H and|t — s| < ¢’ with (3—5) satisfying
also foru; 2.

Theorem. On X there are probability quasi-invariant measures | which are pseudo-
differentiable for each l& Cs with R 5 Re(b)< by relative to a family iJ, where p are with
values inK .

Proof. From Conditions (2,3) it follows that there s> 0 such that/det(U/(x))|
= |det(U{(x))| in L(K) by x € X and all [t — s| < ¢, where quasi-invariant and pseudo-
differentiable measurgson X relative toSr may be constructed as in the proof of Theorems
3.15 and 4.2. The final part of the proof is analogous to that of § 1.4.3.

4.4. Let X be a Banach space ovr p be a probability quasi-invariant measuyre
Bco(X) — K, that is pseudo-differentiable for a giverwith Re(b)> 0, Cy(X) be a space
of continuous bounded functiorfs: X — Kswith || f|| := supcx | f(X)|.

Theorem. For each ac J, and f € Cy(X) is defined the following integral:

() 1(5)= [ [ TO9I(—Aa+) —(ex)g(h.0.b)v(ch)

and there exists a measure Bco(X) — Cs with a bounded variation, moreover, fordbR
thisv is a mapping from from Bco(Xnto K, such that

(i) 1(F) = [ F09v(d).

where v is the Haar measure ¢t with values inQs, moreovery is independent from f
and may be dependent oreal,. We denote =: f)gu.

Proof. From Definition 4.1 and the non-Archimedean analog of the Lebesgue conver-
gence theorem it follows that there exists

lim _ [/.(f(XJr)\a)— f(x))g()\,o,b)p(dx)]v(d)\) =I(f),
(K0,p1) /X

j—oJK\B

that is(i) exists. Let

(i) |,-(v,f)::/K [/Vf(x)(p(—)\a+dx)—u(dx))g()\,o,b)}v(d)\),

\B(K,0,p~1)
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whereV € Bco(X). Then due to construction of § 3.15 for each 0 there exists a compact
Ve C X with || X\ Vv, < cfor each|A| >0, where

WA= [ TN A) WA, 0.b)v(@Y)

for A € Bco(X). The rest of the proof is analogous to that of § 1.4.4.

4.5. Theorem. Let X be a Banach space ovEr |« | = modk (x) with a probability
quasi-invariant measure pBco(X) — Kg and it is satisfied ConditioB.16.(i), suppose p
is pseudo-differentiable and

(viii) JpuC T"Jy, (Ut 1t € B(K,0,1)) is a one-parameter family of operators such that
Conditions3.20(i— vii) are satisfied with the substitution gf dnto .ﬁ uniformly by te
B(K,0,1),J, > T’X, where T,T": X — X are compact operators, kéf') = ker(T”) = 0.
Moreover, suppose that there are sequences

(ix) [k, j)] and[K (i, j)] with i, j € N, limi; j e K(i, ) = limi; j oK (i, j) = —c0c and ne
N such tha{ 7" j —&; j| < |T/; =& j|p*-0), Ui j = & j| < [T7i ;=& j|p* - and | (U~2); j —
&ij| < |T7ij— & |pk(D) for each i+ j > n, where Y; = &U (g)), (g : j) is orthonormal
basis in X. Then for each ¢ Cy(X) is defined

@1(H= o [ /1001 ) - u(dx)@ 9(t,0,b)v(dy

and there exists a measuwe Bco(X) — Cs with a bounded total variation [particularly,
for b € Ritis such that : Bco(X) — K] and

B)1(F) = [ T09v(ax).

wherev is independent from f and may be dependenféint), v =: ﬁﬂ*u.

Proof. From the proof of Theorem 3.20 it follows that there exists a se-
quence Ut((‘) of polygonal operators converging uniformly Rye B(K,0,1) to U;
and equicontinuously by indices of matrix elements Llif). Then there exists
iM g0 iMoo J5 ¢ 0.1)\B(K,0,p-1 /X f (U 1(x)) — f(x)]g(t,0,b)u(dx)]v(dt) for each f
Cp(X). From conditiong(viil, ix), the Fubini and Lebesgue theorems it follows that for
V) = jé(K,O,l)\B(K,O,\A|)[U(U;l(A)) — M(A)]g(t,0,b)v(dt) for A € Bco(X) for eachc > 0
there exists a compadst. C X andd > 0 such that|X \ ;|| < c. Indeed\; andd > 0
may be chosen due to pseudo-differentiabilityio® § 2.30, 3.18, Formulg), 3.16.(i) and
due to continuity and boundednessy &(K,0,1) > t) of |det U (U; 1)(x))| satisfying the
following conditionsU; *(Ve) € Ve and||(X \ Vo) A (U H(X\ Vo)) |l = O for eachlt| < 3,
sinceV: =Y (j) NV, are compact for every. Repeating proofs 3.20 and 4.4 with the use of
Lemma 1.2.5 for the family{U; : t) we get formulaga, B).

2.5. Convergence of k-Valued Measures

5.1. Definitions, notes and notationsLet Sbe a normal topological group with the small
inductive dimensiomnd(S) = 0, S be a dense subgroup, suppose their topologies ane
T correspondinglyt’ D t|g. Let G be an additive Hausdorff left-R-module, wherds
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a topological ringR D Bco(S be a a ringR D Bco(§ for Ks-valued measured(R,G)
be a family of measures with values @ L(R,G,R) be a family of quasi-invariant mea-
surep: R — G with py(g,x) x p(dx) := ugfl(dx) =: u(gdx), Rx G — G be a continu-
ous left action ofR on G such thatp,(gh,x) = pu(9,hx)pu(h,x) for eachg,h € S and
x € S Particularly, 1= p,(9,971x)pu(g~1,x), that is, pu(g,X) € Ro, WhereR, is a mul-
tiplicative subgroup oR. Moreoverzy € L for z € Ry with p(g,X) = zpu(g,X)z 1 and
z+# 0. We suppose that topological characters and weightedS are countable and each
openW in S is pre-compact irS. Let P” be a family of pseudo-metrics i@ generat-
ing the initial uniformity such that for eaath> 0 andd € P” and {U, € R : n € N} with
N{Un : n € N} = {x} there ism e N such thatl(p%(Un), pu(9,X)M(Un)) < cd(p(Un),0) for
eachn > m, in addition, a limitp is independenti-a.e. on the choice dfU, : n} for each
x€ Sandg € S. Consider a sub-ring C R, R D Bco(g suchthaty{A,:n=1,...,N} eR
for Ay € R with N € N andSR =R. ThenL(R,G,R;R) := {(1,pu(*,*)) € L(R,G,R):
pu— R — isregular and for eachc Sthere areA,, € R,ne N with s=N(A,:n),{s} eR}.
For pseudo-differentiable measune$et S’ C S, S’ be a dense subgroup 8 7'|S’
is not stronger tham” on S’ and there exists a neighborhoati > W” > e in which are
dense elements lying on one-parameter subgr@upst € B(K,0,1))). We suppose that
K is induced from the Banach spa¥eoverK due to a local homeomorphism of neighbor-
hoods ofe in Sand 0 inX as for the case of groups of diffeomorphisms [Lud96] such
that is accomplished Theorem 4.5 for eddhC S’ inducing the corresponding trans-
formations onX. In the following caseS= X we considerS = J, and S’ = J? with
Re(b)> 0 such thatM, > J, C (T.X)™, JB C (Tu(b)X)N with compact operator§, and
Tu(b), ker(Ty) = ker(Tu(b)) = 0 and norms induced by the Minkowski functioria for
E =T.B(X,0,1) andE = Tu(mB(X,O,l) respectively. We suppose further that for pseudo-
differentiable measureS is equal toCs vV Ks. We denotéd®(R,G,R,U,;R) := [(K P, Ny)
(W Py € L(R,G,R;R),u is pseudo-differentiable andy(t,U.,A) € L(K,v,Cs)], where
Nu(t,Us, A) = j(1)g(t,0,b) (U1 (A) — p(A)], j(t) = 1 for eacht € K for S=X; j(t) =1
fort € B(K,0,1), j(t) =0 for |t|x > 1 for a topological grougsthat is not a Banach space
X overK, vis the Haar measure df with values inQs, (U : t € B(K, 0,1)) is an arbitrary
one-parameter subgroup. On these spades P) the additional conditions are imposed:
(a) for each neighborhood (implying that it is opd#h)> 0 € G there exists a neigh-
borhoodS > V > e and a compact subsé, e € iy C V, with u(B) € U (or in addition
D u(B) € U) for eachB, R 5 B € Bco(S\W);
(b) for a givenU and a neighborhooR > D > 0 there exists a neighborhodd, S >
W > e, (pseudo)metrid € P” and ¢ > 0 such thaipy(g,x) — pu(h,x) € D (or I5&(u9 -
uM)(A) € U for A € Bcoy) in addition for P) whilst g,h € W, x,X € W, d(x,X) < c,
where (a,b) is satisfied for afly,p,) € L (or (1 py, Ny € P) equicontinuously in (a) on
V 5 U, Uyt and in (b) orW and on eachy for pu(g,x) — pu(h,X) andDP (p9 — pM)(A).
These conditions are justified, since due to Theorems 3.15, 3.19, 4.3 and 4.5 there exists
a subspac&” dense inZ’ such that for each > 0 and eacho > R > 0 there are > 0 and
6 > 0 with |py(g,x) — pv(h,y)| < € for each|jg—h|jz + ||[x—Yl|[z < 8, g,h € B(Z",0,r),
X,y € B(Z,0,R), wherez” is the Banach space ovKr. For a group of diffeomorphisms of a
non-Archimedean Banach manifold we have an analogous continugty fof a subgroup
G” of the entire groups (see [Lud96, Lud99t, Lud00a, Lud02b]). BY, we denote a
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subspace i, satisfying (a). Henceforth, we imply thBt contains all closed subsets from
Sbelonging toR, whereG andR are complete.

For u: Bco(§ — G by L(S,,G) we denote the completion of a space of continuous
f:S— Gsuchthaf|f[lq :=sUf\ec,(s6)d(/s f (X)N(X) p(dx),0) < e for eachd € P”, where
Cy(S,G) is a space of continuous bounded functibnsS — G. We suppose that for each
sequencéf, : n) C L(S,G) for whichg € L(S p, G) exists withd( f,(x),0) < d(g(x),0)
for everyd € P”, x andn, thatf, converges uniformly on each compact subset Swith
[V|lu > 0 and the following is satisfiedt € L(S,, G), lim, || fn — f||q = O for eachd € P”
and [ f(X)u(dx) = limp [sfa(X)u(dX). In the caseéG = K it coincides withL(S p,Ks),
hence this supposition is the Lebesgue theoremY 8y we denotd (K, v, Cs).

Now we may define topologies and uniformities with the help of corresponding bases
(see below) oL € GR x RS*S=:Y (or P ¢ GR x RS*Sx GS*K*R —: ¥, R, c R\ {0}.
There are the natural projectioms L (V P) — Mo, T, pu(*,*) (V ,Nw) =W §:L (V
P) — RS*S &(1,py, (V Ny)) = Py {2 P — GS¥R T (1, py,ny) = Ny LetH be a filter on
LorP,U=U’'xU"0rU =U’xU" xU", U’ andU” be elements of uniformities 06,
RandY (v) correspondinglyr’ >W > e, 13V D Wy 2 e,y is compact. Byp] we denote
(K py) for Lor (1, py,ny) for P,Q:=L VP, [W(AW,V) 1= [WI(A),pu(9,X), V Nys (t, U, A)|
geW,xeV, vteK]. We consideA C R, then

W(AW, Vi U) = {([W, V]) € Q%|(W, V) (AW, Myr) C U}, (1)
W(S;U) = {([W, V]) € @*{(B,g,x) : ([W, [V])(B,g,x)) €U} €S}, (2)

whereS is a filter onR x S x &, § is a family of compact subse¥s > e.
W(F,W,V;U) == {([W, V]) € Q*{B: ([, [v])(B,g,x) €U, geW,xeV} € F},  (3)
whereF is a filter onR (see also § 2.1 and 4.1[Con84]);

W(A,GU) == {([W, V]) € Q% {(9.%) : (I}, [V])(B,g,x) €U,BE A} € G}, (4)

whereG is a filter onS x S°; suppose) C R x 1, x &, ® is a family of filters orR x S x &°

orR x S x & xY(v) (generated by products of filtezz x Pg x g on the corresponding
spaces)l)’ be a uniformity on(G,R)or (G,R,Y(v)), F C Y. A family of finite intersections

of setsW(A,U) N (F x F) (see (1)), wheréA,U) € U x U’ (or W(F,U) N (F x F) (see (2)),
where(F,U) € (d x U’) generate by the definition a base of uniformitylbtonvergence
(®-convergence respectively) dhand generate the corresponding topologies. For these
uniformities are used notations

(i) Fy andFe; Frxwxv is for F with the uniformity of uniform convergence
onR xW xV, whereW € 1,V € &, analogously for the entire spa¥e
(ii) Fa denotes the uniformity (or topology) of pointwise convergence for

ACRXxT1,x S =:2Z, for A= Z we omit the index (see formula (1)). Henceforward, we
useH’ mstead of H in 4.1.24[Con84], that istl’(A, R)-filter on R generated by the base
[(LeR:LcA\K):K R, K cA], whereR c R andR is closed relative to the finite
unions.
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For example, letS be a locally K-convex space,S be a dense subspac§, be
a locally L-convex space, wher&, L are fields,R = B(G) be a space of bounded
linear operators orG, R, = GL(G) be a multiplicative group of invertible linear op-
erators. Then others possibilities ar& = X be a Banach space ové&, S = J,,
S = JB as above;S= G(t), S D S are dense subgroups; = R be the fieldKg
( s# p), M be an analytic Banach manifold oviér> Qp (see [Lud96]). The rest of the
necessary standard definitions are recalled further when they are used.

5.2. Lemma. Let R be a quasi-&-ring with the weakest uniformity in which
each pe M is uniformly continuous an® c ®¢(R,S x §). ThenL(R,G,R,R)o (or
P(R,G,R\U,;R)o)) is a topological space on which,Rcts continuously from the right.

Proof. Itis analogous to that of § 1.5.2 using Definition 4.1 for pseudo-differentidble

5.3. Proposition. (1). LetT be a®,-filter on M, (R,G;R), {Aq} be a disjointO(R)-
sequenceX be the elementary filter oR generated by{A,:ne N} and@: My xR — G
with @(, A) = u(A). Theng(T x Z) converges t®.

(2). Moreover, lelJ be a base of neighborhoods o&eS, @: L — G x R, @(i, A, Q) :=
(M9(A),pu(9,X)), where xc A. Then(0,1) € lim@(T x X x U).

(3). If T is ady-filter on P(R,G,R,U,;R),

W(K,B,g,t,U.) = [U(B);pu(9,X); Ny (t,Us, B)],

then(0,1,0) € lim (T x X x U) for each given Y€ S’, whereX andU as in(1,2).

Proof. The proof is analogous to that of § 1.5.3 with the use of the Lebesgue conver-
gence theorem.

5.4. Proposition. Let H be a®,-filter on L (or P) with the topologyF (see5.1(ii)),
AcR, g 35U 30, H(AR) € W¢(R). Then there are lc H, K € R and an element
of the uniformityU for Lg or Pr such thatk c A, L= [(4,pu(8,X)) : M =i, (L) >
W, T (L) =1 W 3 g (or (1, py, Nu(*, *,U.)) and additionallydd p=PD(b,n,))], eeW e T,
W9(B)—vM(C) €U (orin addition(DY p9(B))— (D, v1(C)) eU)forK cBCA,KCCCA
for each([u], [v]) € L2NU, whereL := cl(L, Lg) (or cl(L,Px)), Ty, is a projector from L
into M,.

Proof. Repeating the proof of § 1.5.4 we ge%(B) — u(B) € U’, v"(C) —v(C) € U’ and
for 3U’ c U we get 5.4 fol.. From Theorems 4.4 and 4.5, 85.1, the Egorov conditions and
the Lebesgue theorem we get 5.4 Ryrsincep are probability measures amg (or Pr)
correspond to uniformity from § 5.1(iwith A= R x 1, x §. Indeed,u9(A) —v"(A) =
(HO(A) — KO(V")) + (H(Vr) — V"(Vr)) + (W (V) — V(A)), H9(A) = [, pu(@. X)p(dX) for
eachA € Bco(S, for eachtg > U’ 5 0 there exists a compact subsgtc Awith p9(B) e U’
for eachB € Bf(A\ V) NBco(S and the same far” (due to the condition in § 5.1 th&
containsBco(9). At first we can consideA € Bco(9, then useR-regularity of measures
andoR D Bco(S.

From the separability o S and the equality of their topological weights fay,
restrictions 5.1.(a,b) it follows that there exists a sequence of partiiprs [(Xm, Am) :
m,Xm € Am| for eachA € Bco(S, AinA; = 0for eachi # j, UynAm= A, Am € Bco(S, such
that limn . (K(A) — ¥ Pu(9,Xj)U(A;)) = 0 and the same for, moreover, foMy: eachZ,
may be chosen finite. Then there exidsc T, with W x (S\V?) C (S\V), Te 3V C V?,
v9(B) and u9(B) € U’ for eachB € Bf(S\V?)NBco(9 (for G = Ks respectively) and
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g €W (see 5.1.(a)). Then frotA = [AN (S\ V?)]U[ANV?] and the existence of compact
V), €V with y(E) € U’ for eachE € Bf(V \ V{},) "Bco(S and the same for, moreover,
(V{})? is also compact, it follows that¥(B) —v"(C) € U for 9U’ c U, sinceR D Bco(9,
whereW satisfies the following conditiop®(V{},) —v(\{},) € U’ for \{}, € V2 due to §
5.1.(b),u(B) —v(C) € U', WV, C (V},)? due to pre-compactness\&fin S Since pseudo-
differentiable measures are also quasi-invariant, hence for them 5.4 is true.

Now let [y € limH, A € Bco(S, thenny € lim{(H) in Y(v) and there exists a
sequenceny, such that [ Ny, (A, U, A)v(dA) = DB*UH(A) due to § § 4.4 or 5.1 and
Ilmr,_>f,<,DU Hn(A) = [ Nu(A,U,,A)v(drh) =: K(A) due to the Lebesgue theorem. From
Nu(A, U, AUB) =n(A,U,,A) +n(A,U,,B) for AnNB =0, B € Bco(§ it follows thatv(A)
is the measure oBco(g, moreoverk(A) = ﬁa*u(A). Sincepd(A) = [ pu(9,X)H(dx) for
A€ Bco(gforge S, then

N (A, U.,A) = j(M)g(A,0,b)[I¥(A) — (U, A)]

= 1(VgA0.0) [ pu(@0) (e~ (e

and in view of the Fubini theorem there exists

B5,16(%) = [ | [ pu(@x)i()a000.0) e - (6] [u(e

, Wherej(t) = 1 for S= X andj(t) is the characteristic function & (K, 0,1) for Sthat is
not the Banach spacé. Thenp-a.e. DU ug(dx)/DU p(dx) coincides W|thpu(g, X) due to
5.1(ab), hence(Df, 19, po) generate theé,-filter in L arising from thed,-filterin P. Then
we estimateD?_(p9 —v")(A) as aboval9(A) — vI(A). Therefore, we find for the,-filter
correspondind., since there existd > 0 such thatJ, € W for each|A| < 8. For ®,-filter
we use the corresponding finite intersecti®vs - -- "W, = W, whereW, correspond to
the ®y-filters Hj.

Note. The formulations and proofs of § § 5.5-5.10 (see Chapter I) are quite analogous

for real-valued and s-valued measures due to preceding results.

2.6. Measures with Particular Properties

1. Theorem. Let X be a complete separable ultra-uniform space andKebe
a locally compact field. Then for each markedelCs there exists a nontrivialF-
valued measure p on X which is a restriction of a measursn a measure space
(Y,Bco(Y),v) = lim{(Ym,Bco(Ym),vm), fi, E} on X and eaclvy, is quasi-invariant and
pseudo-differentiable for b Cs relative to a dense subspacény where ¥ := co(K, ap),
" Ym — Y is a normal (that isK-simplicial non-expanding) mapping for eachm € E,
fp, = fi". Moreover, if X is not locally compact, then the familyof all such p contains
a subfamilyg of pairwise orthogonal measures with the cardinality cagd = card(F)*<,
c:=card(Qp).

Proof. Choose a polyhedral expansionXfin accordance with Theorem B.2.18. Let
eitherQ, C K for char(K) = 0 or F,y(8) C K for char(K) = p, s# p are prime numbers,
Qs C F, whereF is a non-Archimedean field complete relative to its uniformity. On each
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Xn take a probabilityF-valued measure,, such that|| X, \ Pu|lv, < &n, Sneeén < 1/5. In
accordance with 8 3.5.1 and § 4.2.1 eaghcan be chosen quasi-invariant and pseudo-
differentiable forb € Cs relative to a densK-linear subspac®’y, since each normal map-
ping f" has a normal extension &f supplied with the uniform polyhedra structure.

SinceE is countable and ordered, then a family can be chosen by transfinite in-
duction consistent, that isf"(vm) = vn for eachm>nin E, f"(Y'n) =Y'n. Then
X =lim{Pp, f™ E} — Y. Sincef™ areK-linear, then( f™~1(Bco(Y,)) C Bco(Yy) for each
m>n € E. Thereforey is correctly defined on the algebirs, ¢ f, 1 (Bco(Yy)) of subsets
of Y, wheref, : X — X, areK-linear continuous epimorphisms. Sinegas nontrivial and
|Iv| is bounded by 1, then by the non-Archimedean analog of the Kolmogorov theorem 2.39
v has an extension on the algeleo(Y) and hence on its completighf (Y, v).

PutY’ :=Ilim{Y'n,, f",E}. Thenvy, onYy, is quasi-invariant and pseudo-differentiable
for b € Cs relative toY'm. Fromy &y, < 1/5 it follows, that 1> || X[, > [n(1—¢&n) > 1/2,
henceu is nontrivial.

To prove the latter statement use the non-Archimedean analog of the Kakutani theorem
for [n Yn and then consider the embeddings— Y — [],Yn such that projection and sub-
sequent restriction of the measyigv, onY andX are nontrivial, which is possible due to
the proof given above. If],v, and[],V'n are orthogonal of],, Y», then they givev andv’
orthogonal orX.

2. Definitions and Notes. Let spacesX andY be as in § 1.6.4. Consider a non-
Archimedean field= such thatk s C F and with the normalization groupe = (0,0) C R
andF is complete relative to its uniformity (see [Dia84, Esc95]). Then a meastrgy gy
on X with values inK g is called ag-Gaussian measure, if its characteristic functignaith
values inF has the form

fi(z) :S[B(\G(Z)ﬁva(Z))}Xy(z)

on a dens&-linear subspac®q g x in X* of all continuouK-linear functionalsz: X — K
of the formz(X) = zj(¢j(x)) for eachx € X with v§(z) € Dgy, whereB is a nonnegative
definite bilinearR-valued symmetric functional on a denBedinear subspac®gy in Y*,
B:D3y — R, j € Ymay depend om,z; : X; — K is a continuou-linear functional such
thatzj = } ycq, e‘fzkJ is a countable convergent series such fatec K, e‘f is a continuous
K-linear functional onX; such thale‘f(a,j) = &K is the Kroneker delta symbog ; is the
standard orthonormal (in the non-Archimedean sense) basiédn, K), vg(z) =V4(zj) :=
{|s30re(@i)/2|s: k € aj}. Itis supposed thatis such thats(z) € I2(aj,R), whereq is a
positive constanty,(z): X — Tsis a continuous character such tatz) =x(z(y)), y € X,
X : K — T is a nontrivial character ok as an additive group (see Chapter 9 in [Roo78]
and § 2.5 above).

3. Proposition. A g-Gaussian quasi-measure on an algebra of cylindrical subsets
Uj njl(ﬂj), where X are finite-dimensional ovelK subspaces in X, is a measure on a
covering ring®. of subsets of Xsee§ 2.36). Moreover, a correlation operator B is of class
L, that is, THB) < o, if and only if each finite dimensional ov&r projection of u is a
g-Gaussian measur@ee82.1).

Proof. From Definition 2 it follows, that each one dimensional okeprojectionpyk
of a measurgu satisfies Conditions 2.1.4 i) the covering ringBco(K), where 0# x =
& € X. Thereforep is defined and finite additive on a cylindrical algebra
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U= Ukt @ (0 i,) "(Bco(spar {81 1)),
quasi-measure d. Sincel(0) =1, thenu(X) = 1. The characteristic functionplsatisfies
Conditions 2.5.(35). In view of the non-Archimedean analog of the Bochner-Kolmogorov
theorem (see § 2.21 above) and Theorem R.B@s an extension to a probability measure
on a covering ringr. of subsets oK containingu.

Suppose thaB is of classL;. ThenB(v(z),v4(z)) and hencei(z) is correctly defined
for eachz € Dggx. The setDq g x of functionalsz on X from § 2 separates points &f.
From Definition 2 it follows, thati(y) is continuous.

Consider a diagonal compact operaforin the standard orthonormal basge =
ax &, lime—wag = 0. SinceB is continuous, then the correspondingBaorrelation
operatorE is a boundedK-linear operator orY, ||[E|| < . For eacte > 0 there exisd > 0
andT such that max(3|E|[)d < € and|ax | < & for eachk+1 > N, whereN is a marked
natural number, therefor¢E |span (e:k+1>Ny || < € Hence for eacls > 0 there exists a
compact operatof such that fromZT z|< 1 it follows, |i(y) — fi(X)| < € for eachx—y = z,
wherex,y,z € Y*. Therefore, by Theorem 2.30 the characteristic functigndkfines a
probability Radon measure @to(X).

Vice versa suppose that each finite dimensional #verojection ofpLis a measure of
the same type. If for a given one dimensional oesubspacé&V in X it is the equality
B(V4(2),vq(z)) =0 for eachz € W, then the projectiopy of pis the atomic measure with
one atom. ShovB € L1(co(wo, K)) andy € co(wp, K). Let 0 # x € X and consider the pro-
jectionTy : X — XK. Sincepyk is the measure oBco(X), then its characteristic functional
satisfies Conditions of Theorem 2.30.

Thenifor xK gives the same characteristic functional of the type

P (2) =P (2)

for eachz € xK, whereby > 0 anddx € K are constants depending on the parametgr O
x € X. Sincex andz are arbitrary, then this implies, thBtc L1 andy € cp(wy, K).

4. Corollary. A g-Gaussian measure p from Propositi®mvith Tr(B) < o is quasi-
invariant and pseudo-differentiable for some I€5 relative to a dense subspaged My, =
xeX:vy(x) € E/2(Y)}. Moreover, if B is diagonal, then each one-dimensional projection
19 has the following characteristic functional:

(i) ﬂg(h) = S(Zj Bilgy ‘qﬂh\ng(y) (h)a

where g= (gj : j € wp) € Co(wo,K)*, Bj > Ofor each j.

Proof. Using the projective limit reduce consideration to the Banach sgackake a
prime numbes such thats # p and consider a fiell s such thaK is compatible withKg,
which is possible, sincK is a finite algebraic extension @f, and it is possible to take in
particularK s = Qs. Recall that a grouf® for whicho(G) C o(Tk ) is called compatible with
K, where o(G) denotes the set of all natural numbers for whigthas an open subgroup
U such that at least one of the elements of the quotient g8 has orden, T denotes
the group of all roots of 1 andix denotes its subgroup of all elements whose orders are
not divisible by the characteristig of the residue class fielkl of K. A character ofG is
a continuous homomorphisin: G — T. Under point-wise multiplication characters form
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a group denoted b A group G is called torsional, if each compact sub¥ebf G is
contained in a compact subgroup@®@f

Theorem 9.14 [Roo78] states: if the fidfdis locally compact, theK is torsional K
andK" are isomorphic as topological groups. Taking any non-constant chageaftr and
settinggs(t) := @(st) with s;t € K one gets an isomorphiss+ ¢s and a homeomorphism
of K ontoK".

In view of this theorenK" is isomorphic withK. A K-valued character of a group
is a continuous homomaorphisi: G — Tk. The family of allK-valued characters form
a group denoted bg;}@ SinceK is compatible withKs and lim,_.. p" = 0, thenK" is
isomorphic withK j .

If Gis a locally compact torsional group compatible withthen the Fourier-Stieltjes
transform of a tight measugec M(G) is the mappingt® 67K — K defined by the formula:
(9) := [oX(X)u(dx), wherex € Gi.. Moreover, the Fourier-Stieltjes transform induces a
Banach algebra isomorphisiiG, % ,w,K) with C.(G;,K), wherew is a nontrivial Haar
K-valued measure ofs. The just above formulated statement is proved in the Schikhof’s
theorem (see also § 9.21 in [Ro078]).

Therefore, in this situation there exists the Banach algebra isomorphism of
L(K, & ,w,Ks) with Coo (K¢, K5s).

Therefore, from the proof above and Theorem 3.5 it follows, that the meagure
is quasi-invariant relative to shifts on vectors from the dense subsgfaiceX such that
X' = {xe X :v§(x) € EYZ(Y)}, which isK-linear, sinceBis R-bilinear andB(y, z) =: (Ey, z)
for eachy,z€ Y andvg(ax) = \a\q/zva(x) andvg(X; +tj) < max(vy(xj),vg(tj)) for each
x,t € X and eacla € K, whereE is nondegenerate positive definite of trace cRdmear
operator orY, X =y ; X;€j, Xj € K, sincel; =1 andE can be extended frofgy onY.

Considers®* as in § 4.1. Mention, thdt|z|,)|s = 1 for eachz € K, where the field
is compatible withKs.

The pseudo-differential operator has the form:

PD(B, ()= [ [1(x) = F(y)]s~ 22 er Vhn(ay),
wherew is the HaarK s-valued measure oBco(K), b € Cs, particularly, also forf (x) :=
H(—xz+ A) for a givenz € X', A € Bco(X), wherex,y € K. Using the Fourier-Stieltjes
transform write it in the form:PD(b, f(x)) = R, 1(E(V)W(V)), where&(v) := [F/(f(x) —
f(y)](v), Y(v) := [Fy(s1Pxodbv)))(v), F, means the Fourier-Stielties operator by the
variabley. DenotingA—xz=: Swe can considef (x) =0 andf (y) =u((x—y)z+S) — (S,
sinceSe Bco(X). Thenf(y) = [s(H((x—y)+dg)—H(dg)) = [g[Pu(y—X,9) — 1]u(dg). The
constant functiorn(g) =1 is evidently pseudo-differentiable of orderfor eachb € Cs.
Hence the pseudo-differentiability of of orderb follows from the existence of pseudo-
differential of the quasi-invariance factpy(y, g+ x) of orderb for p-almost everyg € X.

In view of Theorem 3.5 and the Fourier-Stieltjes operator isomorphism of Banach al-
gebrad (K, 8 ,w,Ks) ande(K7KS, Ks) the pseudo-differentiability gfy, follows from the
existence of ~1(fw), wherefis the characteristic functional gf We have

(i) F(0)) = [ xO0w)fow(e
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= [ x@1@/y)ylel w(dz)

for eachy # 0, wherex,y, z € K, particularly, for f(x) = s~(1+0)x0d(X) we havef (z/y) =
f(2)f(—y)andF(f)(y) =r*s(1+ b)f(—y)|y|51, where

(III rKS / X b><0l’dp (dZ),

f(—y) = s1+Px0rd(y) sinceordy(z,/y) =ordy(x) — ordp(y).

For a nontrivial character of an orden € Z from the definition it follows, that
rK3(b) # 0 for eachb with Re(b)+# 0, since|s "|s = ¥ for eachn € Z. Therefore,
P(y) =sHPorde)y| 1 consequentlyi(y)]s = s~ (1TReb)*0dy) for eachy £ 0, since

|(]ylp)|s = 1. On the other handji(z)| = s B"4(@V4(2) andF ~1(fw) exists for eactp € Cs
with Re(b)> —1, sinceTr(B) < e, which is correct, sinc€s is algebraically isomorphic
with C andly, D (0,).

5. Corollary. Let X be a complete locallik-convex space of separable type over a
local fieldK, then for each constant it O there exists a nondegenerate symmetric positive
definite operator B= L; such that a g-Gaussian quasi-measure is a measure on Bco(X
and each its one dimensional ovir projection is absolutely continuous relative to the
nonnegative Haar measure &h

Proof. It is analogous to that of Corollary 1.6.8. For ed€Hinear finite dimensional
overK subspace a projectionu® of pon Sc X exists and its densityS(dx) /w(dx) rel-
ative to the nondegeneraig-valued Haar measung on Sis the inverse Fourier-Stieltjes
transformF —1({i/s-) of the restriction ofu’on S*. For B € L; each one dimensional pro-
jection of p corresponding tqu has a density that is a continuous function belonging to
L(K, Bco(K),w,Ks).

6. Proposition. Let gy and W es be two g-Gaussian measures with correlation
operators B and E of class;l then there exists a convolution of these measuges, i
Hg .5, Which is a g-Gaussian measurggl. g ., 5-

Proof. It is analogous to that of 1.6.9 with the substitutionBf(X) on Bco(X).

6.1. Remark and Definition. A measurable spad&, F) with a probabilityK s-valued
measure\ on a covering ring- of a setQ is called a probability space and it is denoted by
(Q,F,\). Pointsw € Q are called elementary events and valhgS) probabilities of events
Se F. Ameasurable map: (Q,F) — (X,B) is called a random variable with valuesin
whereB is a covering ring such th& C Bco(X), Bco(X) is the ring of all clopen subsets
of a locallyK-convex spaceX, £~1(B) C F, whereK is a non-Archimedean field complete
as an ultra-metric space.

The random variablé& induces a normalized measwrg/A) := A(§"1(A)) in X and a
new probability spaceX, B, vg).

LetT be a set with a covering ring and a measung: 8 — Ks. Consider the following
Banach spack(T, % ,n,H) as the completion of the set of &l-step functiond : T — H
relative to the following norm:

(1) [ llng:=SuRcr | f())[l#Nq()*/ for 1< q < e and

(2)  [Iflln.e := SUPL<q<wll T (t)[In.q, WhereH is a Banach space ovir For0< q<1
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this is the metric space with the metric
pq(f.0) = iJ'IPH F(t) —g)[[HNq (). (3)

If H is a complete locallk-convex space, theH is a projective limit of Banach spaces
H= Iim{Hu,ng,Y}, whereY is a directed serng : Hy — Hp is aK-linear continuous
mapping for eackr > 3, 1y : H — Hg is aK-linear continuous mapping such thﬂgoﬂa =
T for eacha > B (see also § 6.205 [NB85]). Each nomg on Hy induces a pre-normy”
onH. If f:T —H,thenmyof =: fq: T — Hq. In this casd.9(T, % ,n,H) is defined as a
completion of a family of all step functions: T — H relative to the family of pre-norms

(1) |fllngo = SURer Ba(F(1))Ny(1)Y/9, a €Y, for 1 < g < o and

(2) |Ifllnea:= suplgq@o“ f(t)|ln,q,a: @ €Y, or pseudo-metrics

(3) Pqa(f,9) = super Pa(f(t) —gt))Ny(1)/9, a €Y, for 0< g < 1. Therefore,
LT, % ,n,H) is isomorphic with the projective limit
lim{L%(T, % ,n, Ha),ng,Y}.

For g =1 we write simplyL(T,% ,n,H) and|/f|,. This definition is correct, since
liMmg—o al/d =1 for eacheo > a > 0. For exampleT may be a subset &. LetRRq be the
field R supplied with the discrete topology. Since the cardinadityd(R) = ¢ = 279, then
there are bijective mappings BfonY; := {0,...,b}N and also or¥, := NN, whereb is a
positive integer number. Supp{¥, ...,b} andN with the discrete topologies afvgd andY,
with the product topologies.

Then zero-dimensional spacésandY, supply with covering separating ringg and
R®2 contained irBco(Y;) andBco(Y,) respectively. Certainly such separating covering ring
in R induced fromY; or Y, is not related with the standard (Euclidean) metriRinThere-
fore, for the spacd&9(T,® ,n,H) we can considet € T as the real time parameter. |If
T C F with a non-Archimedean fiel#, then we can consider the non-Archimedean time
parameter.

If T is a zero-dimensiondl;-space, then denote I6f(T,H) the Banach space of all
continuous bounded functiorfs: T — H supplied with the norm:

(4) ||fllco = Super | F(1)[I < oo,

If T is compact, thel€Q(T,H) is isomorphic with the spadg®(T,H) of all continuous
functionsf : T — H.

For a setT and a complete locall)k-convex spaced over K consider the product
K-convex spacéd " := [;c1 Ht in the product topology, whete; := H for eacht € T.

Then take on eitheX := X(T,H) = LY(T, % ,n,H) or X := X(T,H) = CJ(T,H) or on
X = X(T,H) = HT a covering ringB such that3 c Bco(X). Consider a random variable
¢ w— &(t,w) with values in(X,B), wheret € T.

EventsS,,..., S, are called independent in totalRf[]¢_; S) = k-1 P(&). Sub-rings
Fkx C F are said to be independent if all collections of eve®ts Fy are independent in
total, wherek =1,...,n,n € N. To each collection of random variabl&gon (Q, F) with
y € Yis related the minimal rin§y C F with respect to which al§, are measurable, where
Yis a set. Collectiongéy :y < Y;} are called independent if such dfe , whereYj C Y
foreachj=1,....n,neN.

Consider T such thatcard(T) > n. For X = C)(T,H) or X = HT define
X(T,H; (ta,...,th); (z1,...,2y)) as a closed sub-manifold ¥ of all f: T —H, feX
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such thatf(ty) = z,..., f(tn) = z,, wherety,...,t, are pairwise distinct points T
and zi,...,z, are points inH. For X = LYT,%,n,H) and pairwise distinct points
t1,...,th in T with Ny(t1) > 0,...,Nqy(tn) > O defineX(T,H; (t1,...,tn); (z2,...,Z1)) as

a closed sub-manifold which is the completion relative to the ng@ffi, 4 of a fam-

ily of % -step functionsf : T — H such thatf(t;) = z,..., f(t,) = z,. In these cases
X(T,H; (ta,...,tn); (0,...,0)) is the propeK-linear subspace of(T,H) such thatX(T,H)

is isomorphic withX (T, H; (ty,...,tn); (0,...,0)) & H", since if f € X, thenf(t) — f(t) =:
g(t) € X(T,H;t1;0) (in the third case we use th@ite £ and hence there exists the embed-
dingH — X). Forn=1 andty € T andz, = 0 we denoteXp := Xo(T,H) := X(T,H;to;0).

6.2. Definitions.We define a (non-Archimedean) stochastic proegs3w) with values
in H as a random variable such that:

(i) the differencesv(ts, w) — w(ts, w) andw(ty, ) — w(ty, w) are independent for each
chosen(ty,t) and (t3,ta) with tg # to, t3 # t4, such that eithet; or t; is not in the two-
element sefts, t4}, wherew € Q;

(i) the random variable(t, w) — w(u,w) has a distributiop™«, whereptis a probabil-
ity Ks-valued measure ofX(T,H),B) from § 6.1,u9(A) := u(g~*(A)) for g: X — H such
thatg~1(®4) C B and eachA € %y, a continuous linear operatéy, : X — H is given by
the formulak ,(w) := w(t,w) — w(u,w) for eachw € L9(Q, F,A; X), where 1< q < oo, Ry
is a covering ring oH such thathul(RH) C Bforeacht #uinT;

(iii) we also putw(0,w) = 0, that is, we consider &-linear subspacd 9(Q,F,
A; Xo) of L9(Q, F,A; X), whereQ £ 0, X, is the closed subspace Xfas in § 6.1.

7. Definition. Let B andq be as in § 2 and denote hy g the corresponding-
GaussiarK s-valued measure ad. Let& be a stochastic process with a real timeT C R
(see Definition 6.2), then it is called a non-ArchimedeagWiener process with real time
(and controlled bK s-valued measure), if

(i)' the random variabl&(t, w) — &(u,w) has a distributiony, ¢, for eacht #uc T,

Let¢ be a stochastic process with a non-Archimedeantien® C F, whereF is a local
field, theng is called a non-ArchimedeanrWiener process witk-time (and controlled by
Ksvalued measure), if

(ii)” the random variableg (t, w) — &(u,w) has a distributiony . ¢—u)s, for each
t Zue T, wherexg: F — T is a continuous character Bfas the additive group (see §2.5).

8. Proposition. For each given g-Gaussian measure a non-Archimedean g-Wiener
process with real (Fespectively) time exists.

Proof. In view of Proposition 6 for each> u > b a random variablé&(t, w) — &(b,w)
has a distributiony, _n)s,, for real time parameter. I u, b are pairwise different points
in F, theng(t, ) — &(b,w) has a distributionly infy: t—b)s,y SiNCEIN[XF(t —u)] +In[xr(u—

b)] =In[xr(t —b)]. This induces the Markov quasi-measui@T on ([Mter (Ht, Ut)), where
H: = H andU; = Bco(H) for eacht € T. In view of Theorem 2.39 there exists an abstract
probability spac€Q,F,\), consequently, the corresponding spaf@, F A, Ks) exists.

9. Proposition. Let & be a g-Gaussian process with values in a Banach spaee H
co(a,K) atime parameter& T (controlled by &K s-valued measuregnd a positive definite
correlation operator B of trace class angd= 0, where carda) < Og, either TC R or
T C F. Then either

(i) lim Me[vg(e(&(t, )%+ 4]

Nea a

(eN(E(t,w)))? =tTr(B)or
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(i) lim Me[V3(€M(E(t, )2+ -+ V(N (E(t, )2 = [IN(Xe(t))]Tr(B) respectively.

Nea

Proof. DefineUs-valued moments
m(el, ... el ::/vaq(ejl(x)) V(€% (X)) g, 8.1(dX)

for linear continuous functionats, ..., el onH such thael (ej) = &}, where{e; : j € a}
is the standard orthonormal baseHn

Consider the operator

(i) p0Up(x) := F(fua(y)D(y)Iylp) (),
wheref,(x) 1= s~ (1TUx0dh() /FKS (14 u) andF (fy)(y) =FS(1+u)fu(=y)ly|,* (see §4),
whereF denotes the Fourier-Stieltjes operator defined with the help df thealued Haar
measurevonBco(K), F(p) =: {, Re(u)# —1,¥: K — Ks. Then

(V) p0f(x) = F LTS (W)fu_s(—y)TS (14 D) fo(—y)[ylp D) = frusb)(X)
for eachu with Re( );é 0, since
F_l(S (14+u+b)xordy(— |y| 1)( ) (rK,S(1+u_|_b))—ls—(1+u+b)xordp(—y)(X).
For u= 1 we write shortly pd* = pd and pd‘f means the operator of partial pseudo-
differential (with weight multiplier) given by Equatiofiii) by the variablex;. A function
Y for which palleIJ exists is called pseudo-differentiable (with weight multiplier) of order
by variablex;. Then

MY (eI, . 0)(M5(q/2) P [ 50 b2 58 bl 2 g ()

= P@Q/Z aQ/zl:lq,B,y(o) =( PDq/Z}Zkﬂ(X))\xzo-(ejl, o 7ejzk)7

J1 J2k
where( pD%/2f(x)).el := pd; f(x). Therefore,

(v) mi2(elt, ... ei2) (FKs(q/2) 2k

— (k)" pDVZXB(E(2) V@)K (€1y. . €1,)

= ()™ Soeza Botin.olia)* Boljac 1) 020
sincey = 0 and xy(z) =1, wherey is the symmetric group of all bijective map-
pings o of the set{1,... k} onto itself, B j := B(gj,q), sinceY* =Y for Y =
[>(a,R). Therefore, for eaclB € L1 andA € L., we have [ A(vy(X), Vq(X))Hg,B,0(dX) =
IlmNeo(zJ 1SR A km2 (ej, &) = Tr(AB), sinceCs C Us and algebraicall{s is isomor-
phic with C.

In particular forA = | andyg g o corresponding to the transition measuré, @f w) we
get Formula(i) for a real time parameter, usingny.t)s,0 we get Formuldii) for a time
parameter belonging #, sinceg(to, w) = 0 for eachw.

10. Corollary. LetH=K and§, B= 1, y be as in Propositior®, then

W M [ atondEte)) - ] [ et

for each a< b € T with real time, wherep(t,w) € L(Q,U,A,C(T,R)) & € L(Q,U,
A, Xo(T,K)), (Q,U,A) is a probability measure space.
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Proof. Since

/te[ab](P(t,w)VSq(dE(t,w))— lim Z(p(th ) ((tj-«—la ) E(tj,w))

max; (tj;1—tj)— 0J

for A-almost allw € Q, sinceCg C Us andCs is algebraically isomorphic witle, then from
the application of Formula 9.(ifo eachv3,(&(tj+1,) —&(tj,w)) and the existence of the
limit by finite partitionsa=t; <t < --- < tyy1 = b of the segmenia,b] it follows Formula
10.(i).
11. Definitions and Notes.Consider a pseudo-differential operatortén= co(a, K)
such that
() A= 3 (=DM Py Pl
0<kez;,...,jk€Q
whereb . €R, pdj, = p0j . If there existan := max{k: b . #0,j1,...,jk€a},
thenni |s called an order oA, Ord(A), where p0; is defined by Formula 9.(iii). IA =0,
then by definitionOrd(A) = 0. If there is not any such finite, thenOrd(A) = . We
suppose that the corresponding fofnon @, YK is continuous intaC, where

(i) Ay)=— 5 (=)0 YiYid/ns,

0<kez; )1,...,jk€a

yelx(a,R) =Y. If A(y) > 0 for eachy £ 0 in'Y, thenA is called strictly elliptic pseudo-
differential operator.

Let X be a complete locallyK-convex space, leZ be a complete locallyUs-
convex space. For & n € R a space of all functiond : X — Z such that f(x)
and ( pD¥f(x)).(y%,...,y™) are continuous functions o for eachy!,....y®¥ ¢
{et,e&?,€%,...}, I(k) := [K] + sign{K for eachk € N such thatk < [n] and also fork = n
is denoted bypc"(X,Z) and f € pc"(X,Z) is called n times continuously pseudo-
differentiable, wherén] < nis an integer part ofi, 1> {n} :=n—[n] > 0 is a fractional
part of n. Then pc®(X,Z) := Nnh=1 pC"(X,Z) denotes a space of all infinitely pseudo-
differentiable functions.

EmbedR into Cs and consider the functiow : U, — R C Cs, then fort = v3(0),

8 € K C Up, putdru(t,x) == limgk eckvse)-t POsU(V3(8),X) for t > 0, when it exists by
the filter of local subfield& C Cp, which is correct, since5(Up) = [0,%), Ukcc, K is
dense inCp, 'c, = (0,0) N Q.
12. Theorem. Let A be a strictly elliptic pseudo-differential operator on H
co(a,K), card(a) < Op, and let te T = [0,b] C R. Suppose also thatox —
L(H,Bco(H), k4, Us) for each marked ¥ H as a function by »x H, up(x) €
pc (A (H,Ug). Then the non-Archimedean analog of the Cauchy problem

y) €

(i) owu(t,x) =Au, u(0,x) = Uup(x)

has a solution given by

(i) ut = [ uolx—y)ua(dy)

where I is aK s-valued measure on H with a characteristic functiopgl(z) := §A%(@),
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Proof. In accordance with § § 2 and 11 we hate- I,(a,R). The functiongA3(2)
is continuous orH — H* for eacht € R such that the familyH of continuouskK-linear
functionals onH separates points iH. In view of Theorem 2.30 above it defines a tight
measure o for eacht > 0. The functionalA on each ball of radius @ R< » in Y is
a uniform limit of its restrictions&|@k[span((elwen)]k, whenn tends to the infinity, sincé
is continuous o, YX. Sinceup(x—y) € L(H,Bco(H), iz, Us) and a space of cylindrical
functions is dense in the latter Banach space tlgtthen in view of theorems about the
isomorphism ofK with K- for a locally compact field and the Schikhof’s theorem about
the isomorphisni(G) =~ Cw(Gj ) formulated above (see also Theorems 9.14 and 9.21 in
[Ro078]) and the Fubini theorem it follows that m, Fpxuo(PX))f}z(y+ PX) converges in
L(H,Bco(H), iz, Us) for eacht, sincepy, z * b,z = K, 11,4 for eachty, tz andty +t, € T,
whereP is a projection on a finite dimensional ow€rsubspaceélp :=P(H) inH, Hp — H,

P tends to the unit operatdrin the strong operator topologlpxUo(PX) denotes a Fourier
transform by the variablBx € Hp.

We consider now the functiov := F(u), then owv(t,x) = —A(VS(X))v(t,x)Ins,
consequently,v(t,x) = vo(x)sAX) From u(t,x) = F_(v(t,x)), where F(u(t,x))
up(X—Yy) € L(H,Bco(H), k5, Us) andz is the tight measure oBco(H).

14. Note. In the particular case dDrd(A) = 2 andA corresponding to the Laplace
operator, that isA(y) =3109.jnYj, Equation 12.(i)is (the non-Archimedean analog of)
the heat equation af.

For Ord(A) < o the formAg(y) corresponding to sum of terms with= Ord(A) in
Formula 11.(ii)is called the principal symbol of operatar If Ao(y) > 0 for eachy # 0O,
thenA is called an elliptic pseudo-differential operator. Evidently, Theorem 13 is true for
elliptic A of Ord(A) < co.

15. Remark and Definitions. Let linear spaceX overK andY overR be asin § 4
andB be a symmetric nonnegative definite (bilinear) operator on a defgear subspace
Dgy inY*. A quasi-measurg with a characteristic functional

Z.x) = B )

for a parametel € Cs with Re(Z)> 0 defined onDggx we call anUs-valued (non-
Archimedean analog of Feynman) quasi-measure and we denoteut;gy also, where
Dq.gx 1= {z€ X" : there existy € Y such thaz(X) = z(@j(X)) VX € X, Vg(z) € Dgy }.

16. Proposition. Let X = Dqpx and B be positive definite, then for each function
f(z):= [x Xz(X)v(dx) with anUs-valued tight measure of finite norm and each Re(& 0
there exists

() [ f@me(d2)=lim [ f(P2iZ(dz)
_ / SEBU@D W@y (7)v(dz),
X
where |°)(P~1(A)) := u(P~1(A)) for each Ac Bco(X%), P: X — Xp is a projection on

a K-linear subspace ¥ a convergence P- | is considered relative to a strong operator
topology.
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Proof. From the use of the projective limit decompositionXfand Theorem 2.37 it
follows, that there exists

(i) /Xf(z)uzB(dz):gm/xf(pz)@(dz).

Then for each finite dimensional ovi€rsubspac&p
P
(i) [ f(P2g(d2) = [ (SPADED ()} v (d2),

sincev is tight and hence each® is tight. Each measune; is tight, then due to Lemma
2.3 and § 2.5 above there exists the limit

im [ (SO (2)) v (d2)

P—l

_ /X FBE@%@)y, (2)v(dz).

17. Proposition. If conditions of Propositiori6 are satisfied and
(i) f(Px) € L(Xp,Bco(w®),Us)
for each finite dimensional ovét subspace Xin X and

(i) lim sup|f(x)| =0,

R—>oolx|§R

then Formulal6(i) is accomplished fof with Re(Z) =0, where W is a nondegenerate
Ks-valued Haar measure onpX

Proof In view of Theorem 2.37 for the consistent family of measures
{f(Px) Hois y(dPX) : P} (see § 2.36) there exists a measure(¥n% ), where projection
operatorsP are associated with a chosen basiXinThe finite dimensional ove distri-
bution quﬁBN/WXP(dx) = F Y(flgipy)|x) is in Cw(Xp,Us) due to Theorem 9.21 [Ro078],
sincef € L(Xp,Bco(%),w®,Us). In view of Condition 17.(iii) above and the Fubini the-
orem and using the Fourier-Stieltjes transform we get Formulas i§(ifrom the taking
the limit by P — | Formula 16.(i)follows. This means that, ;g , exists in the sense of
distributions.

18. Remark. Put

/f g i5.(dX) _Ilm/f ) Ha.ge (%)

if such limit exists. If conditions of Proposition 17 are satisfied, thgf() :=
Jx F(X)1g,z8y(dX) is the pseudo-differentiable of order 1 functiondwpn the sef{ € Cs:
Re({)> 0} and it is continuous on the subdgte Cs: Re({)> 0}, consequently,

/ F (XM py(dX) = / S{BOGXVE}y (v (dX).
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Above non-Archimedean analogs of Gaussian measures with specifierfiespvere
defined. Nevertheless, there do not exist usual Gauséiavalued measures on non-
Archimedean Banach spaces.

19. Theorem. Let X be a Banach space of separable type over a locally compact
non-Archimedean fielk. Then on Bco(X there does not exist a nontrividd s-valued
(probability) usual Gaussian measure.

Proof. Let pbe a nontrivial usual Gaussi&n-valued measure dBco(X). Then by the
definition its characteristic functionglfust be satisfying Conditions 2.5.), Us-valued
function and limy_i(y) = 0 for eachy € X*\ {0}, whereX* is the topological conju-
gate space tX of all continuousk-linear functionalsf : X — K. Moreover, there exist
a K-bilinear functionalg and a compact non-degenerdtdinear operatorT : X* — X*
with ker(T) = {0} and a marked vectofp € X such thatuy, (y) = f(g(Ty Ty)) for each
y € X*, wherey, (dx) := p(—xo + dx), x € X. SinceK is locally compact, theiX* is
nontrivial and separates points Xf(see [NB85, Roo78]). Each one-dimensional oier
projection of a Gaussian measure is a Gaussian measure and products of Gaussian mea-
sures are Gaussian measures, hence convolutions of Gaussian measures are also Gaussian
measures. Thereforgy,™ X* — Us is a nontrivial characten, (Y1 +Y2) = Pk, (Y1) Pk, (Y2)
for eachy; andy, in X*. If char(K) = 0 andK is a non-Archimedean field, then there
exists a prime numbep such thatQ, is the subfield ofk. Then [i(p"y) = (fy)?"
for eachn € Z andy € X*\ {0}, particularly, forn € N tending to the infinity we have
limp_e Py = 0 and limh e, (p"Y) = 1, limy e i, (y))?" = 0, sinces # p are primes,
limn_w P, (P~"y) =0 and|fi, (y)| < 1 fory # 0. This gives the contradiction, henkiecan
not be a non-Archimedean field of zero characteristic.

Suppose thaK is a non-Archimedean field of characteristicar(K) = p> 0, then
K is isomorphic with the field of formal power series in variablever a finite fieldF,.
Therefore pi, (py) =1, butfiy,(y)P # 1 fory # 0, since lim_.« i, (t~"y) = 0. This con-
tradicts the fact tha, need to be the nontrivial character, consequeitlgan not be a
non-Archimedean field of nonzero characteristic as well. It remains the classical case of
overR or C, but the latter case reducesXmverR with the help of the isomorphism &
as theR-linear space withRr?.

20. Theorem.Let |y g yand g 5 be two g-GaussiaK s-valued measures. Theg ply
is equivalent to yg 5 OF Py By L Hqg s according to §(y— &) € BY%(Dgy) or not. The
measure gy is orthogonal to yg 5, when g# g. Two measuresgy and a5 With
positive definite nondegenerate A and B are either equivalent or orthogonal.

21. Theorem. The measuresgg y and |y Ay are equivalent if and only if there exists
a positive definite bounded invertible operator T such that B/2TBY2 and T—1 ¢
La(Y™).

Proof. Using the projective limit reduce consideration to the Banach spacéet
z € X be a marked vector anB, be a projection operator orK such thatP? = P,,

z= 73 ;zjej, then the characteristic functional of the project@fhy of pg g,y has the form
sy = J(ZiiBive@Ng@)aglly o (€) for each vectox = &z, where eachyj and€ € K,
sincevy, (&) = (V§(§))?. Choose a sequendez: n} in X such that it is the orthonormal
basis inX and the operatoB : X — X such thatG ,z= panzwith ,a 0 foreachn e N

and there exist& ™! : G(X) — X such that it induces the operatoron a dense subspace
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D (Y) inY such thatCBC: Y — Y is invertible and|CBC|| and||(CBC)~Y|| € [|m, |r]~Y].
Thenpgay(dX)/Hg s (dX) = liMn_e[ns ,(dX) /A (dX")] [y (dX7) /AVe (dX)] L, where
Vhi=spark(jz:j=1,...,n), Xa € Vh. Considernx, = G‘l(yn), wherey, € G(Vy), then
[He's(G 1<1|>/‘)/7\V”( 10')/”)] and [l (G HdY)/AN (G MdyY)] "t are  in
L(AY"(G~1dy")) for eachn such that there existsn € N for which H[},l;@/?B’y(Gfldy‘)/
Ao (G=1dy")] || and| [ (G 1dy") /A (G~ 1dy")] 72| € [|md, [{ Y] for eachn > m, where
|| % || is taken inL(AY"(G~1dy")). ThenN e Loy (y") € [|rd, |~ for eachn > m. Then

the existence ofiga (dX) /g (dX) € L( pq By) IS provided by using operatd and the
consideration of characteristic functionals of measures, Theorem 3.5 and the fact that the
Fourier-Stieltjes transforrfr is the isomorphism of Banach algebda@<, Bco(K),v, Us)

with C (K, Us), wherev denotes the Haar normalized byB(K,0,1)) =1 Ks-valued
measure oK. If g # qthen the measung, g is orthogonal tqiy g 5, Since

lim sup |(|-1qu)Xn/(pré)Xn|( X) =

R>0,R+n—ey -y

for eachq > g due to Formula 4.(ii), wher¥, := spark (en: m=n,n+1,....2n), X5 ,:=

X\ B(%,0,R), (HgB,y)x, IS the projection of the measupg gy on X,. Each tern{Bj in
Theorem 3.5isirf0,1] C R, consequently, the product in this theorem is either converging
to a positive constant or diverges to zero, hence two meagyggand g 5 are either
equivalent or orthogonal.

2.7. Comments

1. In the article of W. Schikhof [Sch71] it was investigated the non-Archimedean analog

of the Radon-Nikodym theorem. LEX, % , 1) be a measure space witliKavalued measure
K and a covering ringg. of X, whereK is a non-Archimedean field complete relative to its
nontrivial uniformity. If 1€ L(X, %, K), thenN, is bounded orX. LetQ :={U C X:
fChy € L(X,% ,uK) for eachf € L(X, % ,i,K)}.

2. Definition. Let ¢ : Q — K be a function angi be an integral corresponding to a
measurgi and denoted by the same letter. SupposeX,ae K, r € R.

(1). If for eache > 0 there exists a neighborhodte % of x such that for alU C V,
U € Q the inequalityja— p(U)| < € is satisfied, then we writelMy_xp(U) = a.

(2). If for eache > 0 there exists a neighborho®dof x such that for alU c V,U € Q,
with |p(U )| > cNy(x) we havela— (U)| < g, then we writeLIM cy—xP(U) = a.

(3). LIMpu—xW(U) = ameand.IM cy_xP(U) = afor eachc € (0,1).

(4). LIMy_x|w(U)| = r means, that for each > 0 there exists a neighborhobde %
of x such thar —e < sup{|pU)|:U € Q,U CV} <r+e.

3. Theorem.Let p be an integral on (X, %, 1, K) and let fe L(X, %,y K) and xe X.
Then

(i). LIMy_x(H(fChy) — fF(x)u(U)) = 0.

If Nu(x) > 0, then LIM,y_xi(fChy)p(U) =1 = f(x).

4. Theorem.Let p andv be K-valued measures ofX, % ). Then the following condi-
tions are equivalent:
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(). There exists g L(p) such that fge L(p) for each fe L(v) andv(f) =p(fg).
(if). For each xe X for which N,(x) > 0 there exists

a(x) = LIMuy—xv(U)uu) .

Moreover, every p-null set isnull.

(iii). There exists a function hX — K such that for each & X: LIMy_a[v(U)
—h(X)u(U)] = 0. Further, gq,h are uniquely determined up to p-null functions and
g = q= h p-almost everywhere. FinallyyN= |g|N,.

5. Theorem.Let@: X — Y be a surjective homeomorphism¥f x) on (Y, ®y) such
that the mapping - f o@is a bijection of LY, ®y,v,K) on L(X, ®x, W, K). Suppose that
Conditions(1,2) below are satisfied.

(1). For x € X with Ny(x) > 0 there exists g(x= LIMyu_xH(U) " 2v(p(U)).

(2). For each xe X, Ny(x) = 0implies N.(¢(x)) =

Then g is p-integrable and for everyefL(v) we havey(f) = p((f o 9)g).

6. Remark. In § § 2.31, 3.9 and 3.12 the specific definitions of absolute continuity and
guasi-invariance oK s-valued measures were given in view of Radon-Nikodym Theorem
4. The latter Theorem 5 serves for substitution of variables in the integral.

The fieldsUg used above were investigated, for example, in [Dia84] (see also [Esc95,
Roo078] and references therein).

7. Definitions. Let (K : j € J) be a family of fields supplied with a non-Archimedean
normalization. Consider a sub-rifigj ;K j of the product ring];c; K j formed by elements
a=(aj:]j€J)€jesKjsuchthatsup,|aj| <. Letu be an ultrafilter on the sét We
define an ultra-metric semi-normalization piRc;K j such thatja| := limy, |aj|. The subset
formed of alla € ;K j with |a| = 0 forms the ideal denoted by.

We say that the quotient rin];,K;]/7 supplied with the quotient absolute value is
the ultra-product of field& ; and it is denoted mej/u aso. Denote also bg and|a|
elements iM];<;K j/ and their absolute values.

Remind that an ultrafiltetz on a set] is w-incomplete, if there exists a sequerieq :
n>0), X, € U, Xnt1 C X, for eachn > 0 such thaf),,~oXn = 0.

8. Theorem. Let (K : j € J) be a family of fields with discrete valuationssuch that
vj(Kj)=Z andlet(p; : j € J) be a family of real numbers such tha p; < 1 for each j.
Consider in eachk ; an absolute valuég;| := V'(a’)

( ). If limg, pj = 0, then the absolute value MjesK/ istrivial.

(2).1flimy, pj = 1, then the field := ;3K /4, has the dense normalization such that
Mk = (0,0). MoreoverK is w-incomplete and spherically complete.

(3). If 0 <limg pj = p < 1, then[;c;K /4 is the field with the discrete valuation.

(4). If eachK j is algebraically complete, theld is algebraically complete.

9. Proposmon LetL be a field with a discrete normalization grolip. Consider a
family (K : j € J) of all finite extensions df such thatK; : L] = [k :I] = nj, wherek; is
the residue class field &f; andl is that ofL.

(1). The fieldK := [;csK j/« is a complete field with a discrete valuation and with the
residue class fielét := ;<K -

(2).1flimg nj = o and ifl is perfect, then the field := [7;c,K j/ isthe transcendental
extension ot o := el /-







Chapter 3

Algebras of Real Measures on
Groups

3.1. Introduction

Besides Banach spaces quasi-invariant measures were constructed on non-locally compact
topological groups. For example, on a group of diffeomorphisms they were constructed
for real locally compact manifolds! in [Kos94, Sha89] and for non-locally compact real

or non-Archimedean manifoldd in [Lud96, Lud99t, Lud99r, Lud0348]. Such groups are
also Banach manifolds or strict inductive limits of their sequences. Then on a real and
non-Archimedean wrap (particularly loop) groups and semigroups of families of mappings
from one manifold into another they were elaborated in [Lud98s, Lud00d, Lud02b, Lud00a,
Lud08]. Then each Banach space over a locally compact field supplies an example of the
additive group and quasi-invariant real-valued measures on it were described in Chapter
1. On real and non-Archimedean Banach-Lie groups quasi-invariant measures were con-
structed in [DS69, Lud0348].

This chapter is devoted to the investigation of properties of quasi-invariant measures
that are important for analysis on topological groups and for construction irreducible repre-
sentations [Kos94, Ner88]. Algebras of quasi-invariant measures and functions are defined
and studied on topological groups. The following properties are investigated:

(1) convolutions of measures and functions,

(2) continuity of functions of measures,

(3) non-associative algebras generated with the help of quasi-invariant measures. The
theorems given below show that many differences appear to be between locally compact
and non-locally compact groups. The topological Hausdorff groups considered below are
supposed to have structure of Banach manifolds over the corresponding fields if something
another is not specified.

3.2. Algebras of Measures and Functions

1. Definitions. (a).Let G be a Hausdorff separable topological group. A real (or complex)
Radon measurg on Af(G,p) is called left-quasi-invariant (or right) relative to a dense
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subgroupH of G, if p(x) (or p®(x)) is equivalent tqu(x) for eachg € H, whereBf(G)
is the Borelo-field of G, Af(G,p) is its completion by, po(A) := p(@1A), PP(A) :=
W(Ag ') for eachA € Af(G,p), pu(¢.9) := Ke(dg)/Hdg) (or Pu(@,9) := pP(dg)/Kdg))
denote a left (or right) quasi-invariance factor. We assume that a unifor@ion G is
such thattg|H C 4, (G,1g) and(H, 1) are complete. We suppose also that there exists
an open base ia € H such that their closures i@ are compact (such pairs exist for loop
groups and groups of diffeomorphisms and Banach-Lie groups). We dendig(GyH )
(or M;(G,H)) a set of left-( or right) quasi-invariant measures®melative toH with a
finite norm||Y| := sUphear(c,y [MA)| < .

(b). Let L,ﬂ (G,u,C) for 1 < p < « denotes the Banach space of functidnsG — C
such thatf,(g) € LP(G,u, C) for eachh € H and

| f HLﬁ(G,p,C) = sup|| fn[|Lr(uc) <
heH
wheref,(g) := f(h~g) for eachg € G. Forpue M;(G,H) andv € M(H) let

(v p)( /ph v(dh)and (gFf)( /f (hg)q(h)v(dh)

be convolutions of measures and functions, whé(él ) is the space of Radon measures
onH with a finite normy € M(H) andq € L5(H,v,C), that is

1/s
([ lamEviEn) = laliseye <=fort < s<e

2. Lemma. The convolutions are continuo@slinear mappings
*:M(H) x M|(G,H) — M|(G,H) and

%:LYH,v,C) xL{(G,1,C) — L (G, C).

Proof. It follows immediately from the definitions, Fubini theorem and because
du(h,g) € LY(H x G,v x 1, C). In fact one has,

v pl < vIE< il lloF g ene) < lallwpe) < 1Tl e ue)-

3. Definition. For pe M(G) its involution is given by the following formulgr*(A) :=
H(A-1), whereb denotes complex conjugateds C, A € Af(G, ).

4. Lemma. Let pe M;(G,H) and G and H be non-locally compact with structures of
Banach manifolds. Theri jis not equivalent to .

Proof. LetT : G— T Gbe the tangent mapping. Thpinduces quasi-invariant measure
A from an open neighborhodd¥ of the unite € G on a neighborhood of the zero section
V in TeG and then it has an extension onto the enfu&. Let at firstTeG be a Hilbert
space. Putnv(g) =g ! thenT oInvo T~ =: K onV is such that there is not any operator
B of trace class 0ifG such thaiMy C Bl/ZTeG andK TG C M,, whereRe(1-6(z)) — 0
for (Bz,z) — 0 andz € TG, 0(z) is the characteristic functional &, M, is a set of all
X € TeG such that\ is equivalent to (see Theorem 19.1 [Sko74]). Then using theorems
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for induced measures from a Hilbert space on a Banach space [DE®Z5K we get the
statement of Lemma 4.

5. Lemma. For pe M;(G,H) and 1 < p < o« the translation magq, f) — f4(9) is
continuous from H« L (G, C) into LY (G, i, C).

Proof. For metrizables in view of the Lusin theorem (2.3.5 in [Fed69]) and definitions
of 1 andty for eache > 0 there are a neighborho®> ein H and compact&; andK
in G such that the closurelgV Ky =: K3 is compact inG with Kz C K, a restrictionf |k, is
continuous{|{l] + 1) (G \ Kz) < &, whereii{dg) := f(g)u(dg).

6. Proposition. For a probability measure & M(G) there exists an approxi-
mate unit, that is a sequence of non-negative continuous funcgpnss — R such
that /s Wi(g)u(dg) =1 and for each neighborhood B e in G there existspisuch that
supp(y) C U for each i> ip.

Proof. A finite union of compact subsets (& is compact. So in view of the Radon
property ofu for eachb > 0 and for each symmetrid = U ! neighborhoodJ of ein G
there exist a compact s€g in G such thae € C, andp(U \ Cy) < bp(U) andp(G\ Gp) <
b. The groupG has the structure of the Banach manifold also, hence its base of open
neighborhoods of the unit elememis countable.

Choose such basgJ; : j} with U; = Ufl andcl(Uj;1) C Uj for eachj € N, with
N;U;j = {e}. Then we get the sequenice= 2l andU = U; and the corresponding com-
pact subset€y,; in G. Take continuous non-negative functiagswith supp(g) C Uj so
that@;j(g) =k; for eachg € Cp., NUj 1, wherek; > 1 is a positive constant. This is pos-
sible due to the Uryson theorem (see 8§ 1.5.10 in [Eng86]). This theorem statesAhat if
andB are two disjoint closed subsets in a normal topological sfBtken there exists a
continuous functiorf : S— [0,1] such thatf (A) = {1} andf(B) ={0}.

Therefore, 0< u(@)) — Kju(Co,,, NUj11) < kj2~ I=1 so there exists a positive constant
multiplier h; so thaty); := h;q; satisfies the equahty(tpj) =1, certainlysupp(y}) C Ux
for eachj > k by the given construction.

7. Proposition. If (Y ;i € N) is an approximate unit in H relative to a probability
measurev € M(H), thenlim;_., §*f = f in the L}, (G, C) norm, where (€ M,(G,H),

f e LL(G,u,C).

Proof. Givenb > 0 we choose a neighborhobldof ein G such thaf| f (x) — f(e) [y <
b for eachx € U. The mapping+— f(xy)is continuous fronH x L}, into LY. If j is large
enough so thaupp(y) C V, whereV =V ~1is open and symmetric neighborhoodsdh
G andV2 c U, then

H/fyij y)v(dy)— f(e

=] frowon - ey

< [ w0 f@lyvan<b [ wmpan<b,

where the convolution witkp; is the operator fronb, into LY. In view of Lemmas 2, 5 we
get the statement of this proposition.

8. Lemma. Suppose & L{(G,u,C) and (g¥|n) € L9(H,v,C) for each xc G, f ¢
LP(H,v,C)withl< p<,1/p+1/g=1, where §(y) :=g(yx) for each x and ¥ G. Let
1 andv be probability measures, @ M;(G,H), v € M(H). Then fg € L},(G,u,C) and
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there exists a function hG — C such that hj; is continuous, k= f%g p-a.e. on G and h
vanishes ato on G.
Proof. In view of Fubini theorem and &lder inequality we have

1150l @c)=sup [ [ 11)]x lg(2)v(dy)ulys) "d2)<

sup( [ [ toeiriaymysrton)) e ( [ [ toPvaynysrian) <

[ FllLev.c) < 1908 (6 uc) X VH)U(G).

The equationa¢ (@) := [, f(y)@(y)v(dy) defines a continuous linear functional on
L9(H,v,C). In view of Lemma 5 the functions (g9 ") =: hi((sx) 1) =: w(s ) of two
variabless andx is continuous o x H for s,x € H, since the mappings,x) — (sx)~1is
continuous fromH x H into H. By Fubini theorem (see § 2.6.2 in [Fed69])

Lhwdy) = [ [ 1)aumwiovidyud

:/H [/gyx ](dy)

for eachy € LP(G,u,C), since

L 1E0)amwe0l viy) () < oo

where |v| denotes the variation of the real-valued measyra(y) := h(y1). Herey is
arbitrary inLP(G,, C), from this it follows, thatu({y : h(y) # (f¥g)(y),y € G}) =0, since

h and (f%g) arep-measurable functions due to Fubini theorem and the continuity of the
composition and the inversion in a topological group. In view of Lusin theorem (see §
2.3.5in [Fed69]) for each > 0 there are compact subs&€s H andD C G and functions

f/ € LP(H,v,C) andg € L}, (G, C) with closed supportsupp(f’) c C, supp(g) C D

such thatlgCD is compact inG,

1" = fllLerv.c) < €andllg —glla s uc) <&

since by the supposition of § 1 the grodphas the bas&y of its topologyty, such that
the closureglgV are compact il for eachV € By. From the inequality

[N () =h(®)] < ([ fl[Lerv.c) +E)E+ETNLY (6 uc)

it follows that for eachd > 0 there exists a compact sub&t. G with |h(x)| < & for each
x € G\ K, wherel' (x 1) := a¢(g”).

9. Proposition. Let AB € Af(G,u), 4 andv be probability measures, @ M, (G,H),
v € M(H). Then the functio(x) := W(ANxB) is continuous on H and(yB~*NH) ¢
LY(H,v,C). Moreover, if (A)WB) >0, pu({y € G:yB1nH € Af(H,v) andv(yB 1N
H) > 0}) > 0, then{(x) # 0on H.
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Proof. Letgx(y) := Cha(y)Che(x"ty), thengx(y) € L} (G,1,C) for 1< q< oo, where
Cha(y) is the characteristic function @&. In view of Propositions 6 and 7 there exists
limi_e Wi%gx = g in LY (G, 1, C). In view of § 7 and Lemma 8(x)|n is continuous. There
is the following inequality:

_ -1
1> /H WANXB)V(dY — /H /G cha(y)chs(x ty)p(dy)v(dX.
In view of Fubini theorem there exists

/F|Chg(x*1y)v(dy) =v((yBH)NH) € LY(G,u,C), hence

[ HanxB)v(as = [ vyBnH)ch(y)dy).
H G

10. Corollary. Let AB € Af(G,u), ve M(H) and pe M|(G,H) be probability mea-
sures. Then denoting gV the interior of a subsetV of H with respecttig, one has
(i) Inty (AB)NH # 0, when

H{ye G:v(yBNH) > 0}) > 0;
(ii) Inty (AA™Y) > e, when

u{yeG:v(yAlnH)>0})>0.

Proof. ABNH D {x€ H : y(AnxB1) > 0}.

10.1. Corollary. Let pe M;(G,H), pu(h,z) € L}(H,v,C) x L1(G,, C), thenpy(h,z)
is continuous x p-a.e. on Hx G.

Proof. Recall the Lusin’s theorem. pis a Borel regular non-negative measure on a
metric spaceX or a Radon measure on a locally compact Hausdorff sgaeefunction f
is @-measurable with values in a separable metric space C X andA is ¢-measurable
with @(A) < o, b > 0, thenA contains a closed or compact respectively suBgetuch that
@(A\ Cp) < b and the restrictiorf |, of f onC, is continuous (see also Theorem 2.3.5 in
[Fed69]).

In view of the co-cycle condition

Pu(PY,9) := Hey(dg) /H(dg)

= (Hay(d9)/1(dg)) (He(dg)/H(dQ))

= pu(W, 9 'g)pu(®,9)

onp, and Corollary 10 above and the Lusin’s theorem for eachO the quasi-invariance
factor p,(h,g) is continuous orH x A, whereA¢ is a compact subset i6, butH, :=
H N Gg is a neighborhood oé in H, whereG; := AeoAgl. SinceH is dense inG, then
H(G\ Un=1Uj1hjGy/n) = 0, where{h; : j € N} is a countable subset i@. Therefore,
pu(h,z)is continuous) x p-a.e. onH x G.

10.2. Corollary. Let G be a locally compact groupy(h,z) € L1(G x G,ux ,C), then
Pu(h,z)is px p-a.e. continuous on & G.
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11. Corollary. Let G=H. If pe M|(G,H) is a probability measure, then G is a locally
compact topological group.

Proof. Let us takev = pandA = CUC™%, whereC is a compact subset @& with
1(C) > 0, whencal(yA) > 0 for eachy € G and inevitablyintg(AA™1) > e.

12. Lemma.Let pe M, (G,H) be a probability measure and G be non-locally compact.
Then |(H) =0.

Proof. In the particular case of a real Hilbert spacé a non-negative quasi-invariant
measureu on it is such thafi(L) = 0 for each finite dimensional subspace, thei,) = 0,
whereM :={ae X [y pu(a,x)pu(dx) =p(X)} (see Theorem 19.2 [Sko74]). On the other
hand for each real Banach spatéheir exists a dense Hilbert subspaca quasi-invariant
measurqu on which indices a quasi-invariant measuren the initial Banach spacé (see
[GV61] and § 1.4 in [Kuo75]).

On the other hand, a quasi-invariant measur&aglative to left shiftd.g := hg with
h € G’ from the dense subgrou@’, whereg € G, induces a quasi-invariant measure on
its tangent spac&.G, sinceG has the structure of the smooth Banach manifold (see also
[KI82, Bou76]).

Therefore the statement of this lemma follows from and Theorem 3.25 of Chapter 1 and
the proof of Lemma 4, since the embeddifgi — T.G is a compact operator in the non-
Archimedean case and of trace class in the real case. See also the papers about construction
of quasi-invariant measures on the considered here groups [DS69, Sha89, Kos94, Lud96,
Lud99t, Lud98s, Lud99r, Lud00a, Lud00d, Lud02b].

Indeed, the measugeon G is induced by the corresponding measuren a Banach
spaceZ for which there exists a local diffeomorphisét W — V, whereW is a neighbor-
hood ofein G andV is a neighborhood of 0 i@. The measurg on G is quasi-invariant
relative toH. Therefore, the measuveonU is quasi-invariant relative to the action of ele-
mentsy € W C WNH due to the local diffeomorphisi, that is,v, is equivalent to) for
eachg:= APA~1, whereAW'A~U c V, W' is an open neighborhood efin H andU is an
open neighborhood of 0 i, vy(E) := v(¢~1E), @is an operator o such that it may be
non-linear. The quasi-invariance facqr(@,v) has expressions througtiet(¢')| and the
quasi-invariance factay, (z,x) relative to linear shiftz € Z' given by theorems from § 26
[Sko74] in the real case and Theorem 3.25 of Chapter 1 in the non-Archimedean case:

Vg(dX)/v(dx) = [det{@ (¢~ (x)) }Ha (x— ¢ *(x),x),

wherex € U, = AQA~L, € W'. Then(AQA v —v) c Z' for eachv € V andy € W/,
wherev onZ is quasi-invariant relative to shifts on vectars Z' and there exists a compact
operator in the non-Archimedean case and an operator of trace class in the real case of
embedding : Z' — Z such thaw(Z") = 0.

13. Theorem. Let (G,1s) and (H, 1) be a pair of topological non-locally compact
groups G,H (Banach-Lie, Frechet-Lie or groups of diffeomorphisms or loop groupt)
uniformitiestg, Ty such that H is dense ifG,1g) and there is a probability measurequ
M (G,H) with continuous @(z,g) on H x G. Also let X be a Hilbert space ov€rand U(X)
be the unitary group. Thefl) if T : G — U (X) is a weakly continuous representation, then
there exists T: G — U (X) equal p-a.e. to T and Ty ,,) is strongly continuous;

(2)if T : G— U(X) is a weakly measurable representation and X is separable, then
there exists T: G — U(X) equal to T p-a.e. and Ty ,,) is strongly continuous.
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Proof. LetR(G):= (1) ULY(G,u), wherel is the unit operator oh*. Then we can
define

Ape+ay, =AMl + / an(9)[Pu(h~,9)]Tgu(dg),
wherean(g) := a(h-1g). Then
(Ageran ~ A < [ lan(@)pu(h.0)~a(g)| (&) u(do)
henceA,, is strongly continuous with respectlos H, that is,
i |Aq & — Aok| =
DenoteA,, = T/Aq (See also § 29 [Nai68]), SHE = Ay &, wheref = As€o, ac L. Whence
(Thé. Th€) = (A0, Aa,80) =
[ 30(0) (ToZo. ToZo)pu( %, @)pu( .o Jan(e) H(dg)HCg)
= [ @l2)a(®) (Usko. UrEo (02 H02) = (&,8).

Therefore, T/ is uniquely extended to a unitary operator in the Hilbert spéce X. In
view of lemma 12p(H) = 0. HenceT’ may be considered equal Topra.e. Then a space
sparx[As, - h € H] is evidently dense iiX, since

(Ao Ae) = ([ an(@Tipu(n @0, [ xa(d ) Typula Ao ) =

~ ([ a0 Bude)E. T, /GX(g’)Tgfu(dd)) = (Ty et Ado)
For proving the second statement let

R:=[&: AsE = 0 for eacha € L}(G,p)].

(Ack.) = | al(@)(To&.nu(dg) = | a(g) Tg&.n)w(do)

for eacha(g) € L*(G,, C), then(Tg,n) = (Ty&,n) for p-almost allg € G.
Suppose thaf€,, : n € N} is a complete orthonormal systemn If & € X, then

/G a(g) (Te€, Em)H(dg) =0

for eachg € G\ Sy, wherey(Sy) = 0. Therefore,(T4€,&m) = 0 for eachm € N, if

g€ G\ S whereS:= J;_1Sn. HenceTy€ = 0 for eachg € G\ S, consequently§ = 0.

Then(Tgén,&m) = (TéEmEm) for eachg € G\ yn,m, wherep(ynm) = 0. Hence(Tgén, &m) =

(Tg&n,&m) for eachn,me N and eaclg € G\ y, wherey := Uy yYn,m andp(y) = 0. There-
fore, R=0.
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14. Definition and note.Let{G; : i € Ny} be a sequence of topological groups such that
G =Gy, Gi;1 C Gy andGj, 1 is dense inG; for eachi € Ny and their topologies are denoted
Ti, Tilg., C Tit1 for eachi, whereN, := {0,1,2,...}. Suppose that these groups are sup-
plied with real probability quasi-invariant measugé®n G; relative toG;, 1. For example,
such sequences exist for groups of diffeomorphisms or wrap (particularly loop) groups con-
sidered in previous papers [DS69, Sha89, Kos94, Lud96, Lud99t, Lud98s, Lud99r, Lud00a,
Lud00d, Lud02b, Lud08].

LetLZ  (Gi,M,C)denotes a subspaceldf(G;, |, C) as in § 1(b). Such spaces are Ba-
nach and not Hilbert in general. LE}(G;,1,i+1, L2(G;, i, C)) := H; denotes the subspace
of L2(G;, !, C) of elementsf such that

2
17 2= [ 1 2.0y + I F11T1/2 < o0, where

607 = [ 175 (0 (ay).

EvidentlyH; are Hilbert spaces due to the parallelogram identity. Let
riogi= [ )y ay)
Gi+1

denotes the convolution df € H;.
15. Lemma. The convolutiorx : Hi; 1 x H;i — H; is the continuous bilinear mapping.
Proof. In view of Fubini theorem and Cauchy inequality:

L [ @ P aou(d2)
i+1 i

{/G/G /G )y z Hu(dy)

L <q1z1x>ui“(dq)mdx)ui“(dz)}

< [ (y) Pu (dy) v | (q) P (da)
L (s ) (L,

| 1/2 | e
(L JF iz omdtan) ([ f@ 2 bopuria) oo

1/2

[/G/G el u+1<dy>u+1<dz>] "

1
<22 o) /G
|

. . . 1z
L e o i) e
Git1/Git1
g ey [ [ 100 S0 @2

_||f'+1HL2 (G L.C) </./G|+1/G \f' (yty)? |+1(dy)u'+1(dz)q4i(z17y)ui(dy)>

i+1
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I s [, [ 170 A2 (X,

since _ _ _ _
L[ du @iz = [ idz) [ ey =
Gi /Gjt1 Git1 Gi
Then )
e S R A LV C R
i i+1
o S A ALl CEnE)
Therefore,

I £ < 7 ey giro

16. Definition. LetI>({H; :i € No}) =: H be the Hilbert space consisting of elements
f=(f":f'€Hj,ieNy), for which

HfIIZZZ_ZijiHiZ<°°-
i=

For elementsf andg € H their convolution is defined by the formulaf*g = h with
h':= f+1 g for eachi € No. Let : H — H be an involution such thét* := (fJ ] €No),
where f1°(y;) := fi(y;!) for eachy; € Gj, f := (I : j € No), Zdenotes the complex
conjugatedz € C.

17. Lemma. H is a non-associative nhon-commutative Hilbert algebra with involution
x, that isx* is conjugate-linear and *f = f for each fec H.

Proof. In view of Lemma 15 the convolutioh = f xg in the Hilbert spacéd has
the norm||h|| < ||f|| ||g]|, hence is a continuous mapping fratinx H into H. From its
definition it follows that the convolution is bilinear. It is non-associative as follows from
the computation of i-th terms dff xg)+qand f « (g*q), which are(f+2 «g"*1) x ' and
14 (g+1 « g') respectively, wherd, g andq € H. It is non-commutative, since there are
f andg € H for which f*1x g’ are not equal tg'** « f'. Sincefi""(y;) = fi(y;) andz=z,
one hasf* = (f*)* = f.

18. Note.In general f xg*)* # g« f* for f andg € H, since there exist! andg’ such
thatg! *1x (1) # (f171x(g))*)*. If f € H is such thatfJ|g,,, = fI*2, then

(72 5 fh)(e) = [ T3y ) Iy dy) =g s o

JGji1
wherej € No.

19. Definition. Letl,(C) the standard Hilbert space over the fi€lde considered as a
Hilbert algebra with the convolution « 3 = y such thay' := a'*1p', wherea := (a' : ' €
C,i€Np), a,Bandye l,(C).

20. Note. The algebrd,(C) has two-sided ideald := {a € I,(C) : al = 0 for each
j > i}, wherei € No. Thatis,JxI2(C) c Jandly(C)xJ = J andJ is theC-linear subspace
of 12(C), butJ*12(C) # J. There are also right ideals, which are not left idedds:=
{a €13(C) :al =0 for eachj = 0,....i}, where j € No. That is,|(C) «K; = K;, but
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Ki xI2(C) = Kj_1 for eachi € No, whereK_; :=1,(C). The algebrd,(C) is the particular
case oH, whenG; = {e}for eachj € N,. We consider furthed for non-trivial topological
groups outlined above.

21. Theorem.If F is a maximal proper left or right ideal in H, then HF is isomorphic
as the non-associative noncommutative algebra @eiith I(C).

Proof. SinceF is the ideal, it is theC-linear subspace dfi. Suppose, that there exists
j € Ng such thatf) = 0 for eachf € F, then f' = 0 for eachi € N, since the space of
bounded complex-valued continuous functi@$Ge.,C) on G., := N_¢G; is dense in
eachH; := {f}: f € H} andC(G.,C) NFj = {0} andC)(Gj,C)|s,,, D C2(Gj+1,C).
ThereforeF; # {0} for eachj € N, consequentlyC — F; for eachj € No. SinceC is
embeddable into eady, then there exists the embeddinglgfC) into F, whereH; :=
{fl: f eH}, m : H — Hj are the natural projections.

The subalgebrk is closed irH, sinceH is the topological algebra arfdis the maximal
proper subalgebra. The spade := ;o\, Hj is dense in eachlj and the groupG., :=
Njen, Gj is dense in eac;.

Suppose thaf = H; for somei € No, thenF; = H; for eachj € No, sincecg(Goo,C) is
dense in eacHi; andcg(Gj,C)k;.j+1 2 CY(Gj+1,C). The idealF is proper, consequently,
Fj # H; as theC-linear subspace for eaghe No, whereF; = 11;(F).

There are linear continuous operators frésC) into I>(C) given by the follow-
ing formulas: x — (0,...,0,x°,x},x?,...) with 0 asn coordinates at the beginning,
X — (X", XML 2 ) for ne N; x— (X0 - ke No,i € (0,1,...,] — 1)), where
N>I| >2 oxe§ are elements of the symmetric gro& of the set(0,1,...,I —1).
Then f x (gxh) +12(C) and (f xg)xh+1,(C) are considered as the same class, also
fxg+12(C) =g* f+12(C) in H/I2(C), since(f +12(C))x(g+12(C)) = f xg+12(C)
for eachf,g andh € H. For eachf,g,he F: fx(gxh)+12(C) and(fxg)xh+12(C)
are considered as the same class, dls@+12(C) = g« f +12(C) in F/I>(C), since
(f+12(C))x(g+12(C)) = f xg+12(C) C F for eachf andg € F. Therefore, the quo-
tient algebrasd /I2(C) andF /I>(C) are the associative commutative Banach algebras.

Let us adjoint a unit tdH /I>(C) andF /I>(C). As a consequence of the Gelfand and
Mazur theorem we have, thétl /I2(C))/(F/I2(C)) is isomorphic withC (see also The-
orem V.6.12 [FD88] and Theorem 111.11.1 [Nai68]). On the other hand, as it was proved
aboveF; # Hj for eachj € No, hence there exists the following embeddis@) — (H/F)
and(H/F)/I2(C) isisomorphic with(H /12(C))/(F /12(C)). ThereforeH /F is isomorphic
with I2(C).

3.3. Comments

Another methods of construction of unitary representations of topological totally discon-
nected groups which may be non-locally compact with the help of quasi-invariant real-
valued measures were given in [Lud98b, Lud02b, Lud00a, Lud99t, LudOls, Lud0348,
LudO1f, Lud08, LD03] and references therein.



Chapter 4

Algebras of Non-Archimedean
Measures on Groups

4.1. Introduction

In Chapter Il quasi-invariant measures on Banach spaces with values in fields supplied
with non-Archimedean multiplicative norms were studied. Besides Banach spaces they
were constructed and investigated on non-locally compact topological groups. Quasi-
invariant measures with values in non-Archimedean fields on a group of diffeomorphisms
were constructed for non-Archimedean manifoMsin [Lud96, Lud99t, Lud08]. On
non-Archimedean wrap (particularly loop) groups and semigroups they were provided in
[Lud98s, Lud00a, Lud02b, Lud08]. A Banach space over a locally compact field also serves
as the additive group and quasi-invariant measures on it were studied in Chapter 2.

This chapter is devoted to the investigation of properties of quasi-invariant measures
with values in non-Archimedean fields that are important for analysis on topological groups
and for construction of irreducible representations. The following properties are investi-
gated:

(1) convolutions of measures and functions,

(2) continuity of functions of measures,

(3) non-associative algebras generated with the help of quasi-invariant measures. The
theorems given below show that many differences appear to be between locally compact and
non-locally compact groups. Algebras of measures and functions on groups are considered
below. The groups considered below are supposed to have structure of Banach manifolds
over the corresponding fields if something other is not specified.

4.2. Algebras of Measures and Functions

1. Definitions. (a). Let G be a Hausdorff separable topological group. A tight measure
pon Af(G,p) with values in a non-Archimedean fieklis called left-quasi-invariant (or
right) relative to a dense subgrotip of G, if pg(*) (or u®(x)) is equivalent tou(x) for
eachg € H, whereBco(G)is the algebra of all clopen subsets®f Af(G,1) denotes its
completion byy, P(A) := p(@ tA), u(A) == p(Ag@ 1) for eachA € Af(G,p), pu(9,9) ==
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He(dg)/u(dg) € L(G,Af(G, 1), 1, F) (or pu(@.9) := H?(dg)/K(dg)) denotes a left (or right)
guasi-invariance factoF: is a non-Archimedean field complete relative to its uniformity
and such thaK s C F. We assume that a uniformity; on G is such thatg|H C 14, (G, 1)
and(H,tH) are complete. We suppose also that there exists an open asédisuch that
their closures ins are compact. Such pairs exist for wrap (particularly loop) groups and
groups of diffeomorphisms and Banach-Lie groups. We denoté|b§.H) (or M;(G,H))
a set of left-( or right) quasi-invariant tight measures®nrelative toH with a finite norm
W] < eo.

(b). Let Ly (G, F) denotes the Banach space of functidnss — F such thatfy(g) €
L(G,u F) for eachh € H and

Tl ur) = supll fallueur) <
heH

whereF is a non-Archimedean field for whidkis C F, fu(g) := f(h~1g) for eachg € G.
Forpe M|(G,H) andv € M(H) let

(v ) (A /ph v(dh)and (gF )( / f(hg)q(h)v(dh)

be convolutions of measures and functions, whé(él) is the space of tight measures on
H with a finite normy € M(H) andg € L(H,v,F).
2. Lemma. The convolutions are continuo@slinear mappings

x:M(H) x M| (G,H) — M|(G,H) and

¥:L(H,v,F) x Ly(G,i,F) — Ly (G, F).

Proof. If X andY are sets with separating covering ringsand s and measureg
andv on them, then the Banach spdcdgi x v) is linearly topologically isomorphic with
the (Banach completed) tensor produ¢p)®L(v) of Banach spaces(p) andL(v) (see
Theorem 7.16 and Chapter 4 in [Roo78]). By the definition this means thaaifdF are
two Banach spaces over the same field BadF is their (Banach completed) tensor product
then the mappin@ x F > (x,y) — (Xx®Y) € E&F is characterized by two conditions:

(Bi) [x@y| < [IX||ly] for all x € X andy € Y;

(Bii) for each continuous bilinear mappitgpf E x F into any Banach spadé over
the same field there exists a unique continuous linear bounded op8gaitgth the norm
1Sz || < [|S]| and such tha&g 0 8(x,y) = S(x,y) € H for all x € E andy € F, whereb :
E x F — E&F is the natural embedding.

In view of the aforementioned theorem and estimates

[Vl < VI [l 1o Fl Ly e wr) < Alleve) X T llu eur),

sincepy(h,g) € L(H x G,v x W, F), we get the statement of this lemma.

3. Lemma. For p e M;(G,H) the translation magq, f) — fq(g) is continuous from
H x Ly (G,u, F) into Ly (G, F).

Proof. In view of Lemma 7.10 and Theorem 7.12 [Roo78] recalled in § 2.32 above for
eache > 0 the sef{x: | f(x)|Nu(x) > €} is Af(G,u)-compact and is Af(G,)-continuous.
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The embedding oH into G is compact (see 8§ 1), hence for eaggkk H there existsV
clopen inH and such that; 1V is a subgroup oH with clggq 1V compact inG, where
clg(A) denotes the closure of a subgen G.

The product of compact subsets@is compact inG, hencefy(g) € L (G, F) and
(g,f) — fq(g) is the continuous mapping, since the restriction of Bw(G) and the
Af(G,u)-topologies ontoXe coincide,|| fgl|L,, = I fllL, @ for eachg € H (see § 1.(b)).

4. Proposition. For a probability measure g M(G) there exists an approximate unit
which is a sequence of nonzero continuous functign& — F such that/; y; (g)u(dg) =
and for each neighborhood U e in G there existgisuch that supp(ly C U for each i> io.

Proof. A group G has a countable base of neighborhoode efG. A measural is
quasi-invariant, hencg ||, > 0 for each neighborhodd > e, pis the tight measure, hence
there exists a system of neighborhoddk : U; > evi}, N;U; = {e},U; D U, for eachi,
supp(y) C U;. Choosay; such that/; yi(g)u(dg) =1 for eachi.

5. Proposition. If (i : i € N) is an approximate unit in H relative to a probability
measurey € M(H), thenlimi_. i« f = f in the Ly (G, F) norm, where € M;(G,H),

f e Lu(G,u,F).
Proof. In view of Theorem 7.12 [Roo78] recalled in 8 2.32 above for each
0 and each there exists a finite number df; € H, j =1,...,n, n € N, such that

UT:1 hjUi D Xt xV, where {x: |f(X)|Nu(X) > €} =: X ¢, V is a clopen neighborhood
of & € H which can be chosen such th&t!V is a subgroup oH, clg(§71V) is com-
pact inG, (Yi f)(9) = fney, Wi(h)f(hg)v(dh)and suge|fe(g) — (Wi * f)(9)[Nu(9) <
SURyeG[SURhex 5, [Wi(h)lIfe(hg) — T (9)INu() +&[|Willv [ G|, hence lim... (i + f) = f in
Ly (G, W, F)-norm.

6. Lemma. Suppose & Ly (G, F) and (g*|n) € L(H,v,F) for each xe G, f ¢
L(H,v,F), where §(y) := g(yx) for each x and ¥ G. Let p ands be probability measures,
pe M (G,H),veM(H). Then fg e Ly (G, F) and there exists a function:tG — F
such that h} is continuous, k= f%g p-a.e. on G and h vanishesaton G.

Proof. In view of the Fubini theorem we have

/f v(dy

<19(2) s pwr) [ FllLHF

Nu(2)

||f*9HLH (GuF) = Sup
heH,zeG

The equation
(@) = /H f(y)e(y)v(dy)

defines a continuous linear functional on the Banach space
L*(H,v,F):={@:H — F: @is (Af(H,v),Bco(F)rmeasurable
10]]e0 := €5% — SUp|@(X)| < eo}.
xeH
In view of Lemma 3 the function

ar (g% ) = v(gx) =: w(g.x)
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of two variablesg and x is continuous oH x H for g,x € H, since the mappinéqg,x) —
(gx)~tis continuous fronH x H into H. By Theorem 7.16 [Roo78] recalled in § 2

Jvmwwnay) = [ [ 1)a0mueov(dyud

-/ f(y)[ A g<yx>w<x>u<dx>]v<dy>

for eachy € L*(G,, F). From this it follows, thap({y: h(y) # (f*g)(y),y € G}) =

sinceh and(f*g) arep-measurable functions due to Fubini theorem and the continuity of
the composition and the inversion in a topological group. In view of Theorem 7.12 [Ro078]
recalled in § 2.32 for each> 0 there are compact subs€ts- H andD C G and functions

f" € L(H,v,F) andd € Ly (G,, F) with closed supportsupp(f’) C C, supp(g) C D such
thatclgCD is compact inG,

11" = fllLmvr <eand||g — gl cur <&

since by the supposition of § 1 the grodphas the bas8y of its topologyty, such that
the closureglgV are compact i for eachV € By. From the inequality

N (x) = hX)| < (IfllLnv.F) +E)E+ElGIL e

it follows that for eachd > 0 there exists a compact sub&et- G with |h(x)| < 6 for each
x € G\ K, wherel' (x1) := a(g”%).

7. Proposition. Let AB € Af(G,u), 4 andv be probability measures, @ M, (G,H),
v € M(H). Then the functio(x) := u(ANxB) is continuous on H ang(yB™*NH) ¢
L(H,v,F). Moreover, if||Al||Bllu >0, u({y € G:yB1nH € Af(H,v) and|yB1n
HJ, > 0}) > 0, then{(x) # 0 on H.

Proof. Let g«(y) := Cha(y)Chg(xy), thengk(y) € Lu (G, F), whereCha(y) is the
characteristic function oA. In view of Propositions 4 and 5 there exists;lim Y * gx = Ox
in Ly (G, F). In view of Lemma & (X) | is continuous. There is the following inequality:

1> ‘/HH(AQXB)V(d)Q‘ = ‘A/G‘ChA(y)Cm(xly)u(dy)v(d)Q ‘
In view of Theorem 7.16 [Ro078] recalled in § 2 there exists

/HChB(xfly)v(dy) =v((yB)NH) € L(G,uF), hence

[ HANXB)v(x = [ v(yB N H)Chu(y)H(dy).
H G

8. Corollary. Let AB € Af(G,u), ve M(H) and pe M;(G,H) be probability mea-
sures. Then denoting gV the interior of a subsetV of H with respecttig, one has
(i) Inty (AB)NH # 0, when

[{y e G:[lyBnH|ly > 0}[y > 0;
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(ii) Inty(AA™1) > e, when
I{y € G: [lyA"*nH|ly > 0}y > 0.

Proof. We infer the inclusiolPABNH > {x€ H : |[(ANxB~1)||, > 0} demonstrating
this corollary.

9. Corollary. Let G=H. If pe M|(G,H) is a probability measure, then G is a locally
compact topological group.

Proof. Let us takev =p and A=CUC™1, whereC is a compact subset & with
1(C)lu>0, whence|(yA)||, > 0 for eachy € G and inevitablyints(AA™1) > e.

10. Corollary. Let pe M;(G,H), pu(h,z) € L(H,v,F) x L(G,,F), thenpy,(h,z) is
continuousy x p-a.e. on Hx G.

Proof. In view of the co-cycle condition

Pu(®W,9) = Hou(d9)/M(dg) = (Hew(d9) /14(dg)) (He(dg) /K(dQ))

= pu(W, 9 '9)pu(9.9)

on p, and Corollary 8 above, Theorem 7.12 [Roo78] recalled in § 2.32 for eael®
the quasi-invariance factqy(h,g) is continuous orH x Gg, but G, is neighborhood of
ein G, whereGg := {g € G: Ny(g) > €}. SinceH is dense inG andG is separable,
then{Ji_, h;Gs = G, where{h; : j € N} is a countable subset 8. Thereforep,(h,z)is
continuousy x pra.e. onH x G.

11. Corollary. Let G be a locally compact groupy(h,z) € L(G x G,pux W,F), then
pu(h,z)is px p-a.e. continuous on & G.

Proof. It follows from Corollaries 9 and 10.

12. Remark. The latter two corollaries show, that the condition of continuitpgih, z)
imposed in Chapter 2 is not restrictive.

13. Lemma.Let pe M, (G,H) be a probability measure and G be non-locally compact.
Then|H||,=0.

Proof. This follows from Theorem 2.3.13 above and the proof of Lemma 2, since
the embeddinglcH — T.G is a compact operator in the non-Archimedean case and a
tight measurel on G induces a tight measure on a neighborh®odf 0 in T.G such that
V is topologically homeomorphic to a clopen subgrddipn G (see also Chapter 3 and
the papers about construction of quasi-invariant measures on the considered here groups
[Lud96, Lud99t, Lud98s, Lud00a, Lud02b]).

14. Let(G,16) and(H, 1) be a pair of topological non-locally compact groupsH
(Banach-Lie, Frechet-Lie or groups of diffeomorphisms or loop groups) with uniformities
16, Tn such thaH is dense i G,1g) and there is a probability measyre M, (G,H) with
continuousy(z,9) onH x G. Also letX be a Banach space ovérandIS(X) be the group
of isometricF-linear automorphisms of in the topology inherited from the Banach space
L(X) of all bounded- linear operators fronX into X.

Theorem. (1). If T : G — IS(X) is a weakly continuous representation, then there exists
T':G—IS(X) equal p-a.e. to T and Ty ,,) is strongly continuous.

(2).1f T : G— 1S(X) is a weakly measurable representation and X is of separable type
co(F) overF, then there exists'T. G — IS(X) equal to T p-a.e. and Ty ,,) is strongly
continuous.
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Proof. Takex (G) := (1) UL(G, W F), wherel is the unit operator oh (G, F). Then
we can define

Ageran =Nl + [ an(@)pu(h.0) T(dg).

wherean(g) := a(h~1g). Then

‘(A()\e-s-a)n —Aretds,N)| < sgg‘ah(g)pu(mg) —a(9)] [Te&INu(9)],

henceA,, is strongly continuous with respecttos H, that is,
lim |Aa,& — Aa| = 0.
DenoteA,, = T{Aq, SOT, & = A, &0, Where§ = Ag€p, a€ L(G,l, F). Whence

T = Aado = [ an(@)TEopu(h.9)Hdg)

- T /G a(2) Tou(dz) =T,

hence|T’w§| = || for eachh € H. Therefore, T/ is uniquely extended to an isometric
operator on the Banach spaXec X. In view of Lemma 10||H||, = 0. HenceT’ may be
considered equal td pra.e. Then a spaaark|[A,, : h € H] is evidently dense iiX, since

As & = /;ah(g)Tgpu(h,g)u(dg)E

=T [ a(@)TH(dgE.

For proving the second statement let
R:=[&: A€ =0 for eacha c L(G,u,F)]. If n € X* and

N(Aa€) =n < /G a(g>TgEu(dg)> =n < /G a(g)T’gEu(dg)>

for eacha(g) € L(G,|, F), thenn(Tg€) = n(Tg€) for p-almost allg € G, whereX* denotes
the topological dual space of &tlinear functionalsf : X — K. Suppose thaf;;: n€ N}

is an orthonormal system K* separating points of. It exists, since by the supposition of
this theorenX = cy(F). If & € X, then

£ ([ a@Tendo) ~0

for eachg € G\ Sy, where||Sy||, = 0. Thereforeg,(Ty¢) =0 foreachme N, if ge G\ S
whereS:= Jp;_1Sn. HenceTy€ = 0 for eachg € G\ S, consequently§ = 0. Consider the
embeddingX — X* with the help of the standard orthonormal baés: j} in X overF.
Therefore, le{&m: me N} C X — X*. Then&;(Tg&n) = &5 (Tgén) for eachg € G\ ynm,
where||ynml|u = 0, &, is the image of, under this standard embeddiXg— X*. Hence
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Em(Tg€n) = &n(Tg&n) for eachn,me N and eacty € G\ y, wherey := U, mYnmand|lyl|, =
0, since inL(G,p, F) the family of all step functions is dense. Therefore, weRjyet 0.

15. Definition and note. Let {G; : i € No} be a sequence of topological groups such
thatG = Gp, Gi,1 C Gj andG;, 1 is dense ir5; for eachi € Ny and their topologies are de-
notedt;, Ti|g.,, C Ti4+1 for eachi, whereN, := {0,1,2,...}. Suppose that these groups are
supplied withF-valued probability quasi-invariant measugéon G; relative toG;, 1. For
example, such sequences exist for groups of diffeomorphisms or wrap (particularly loop)
groups considered in previous papers [Lud96, Lud99t, Lud98s, Lud00a, Lud02b, Lud08]).
Let Lg,,(Gi,|!,F) denotes the Banach subspace LdfG;,/,F) as in § 1(b). Let
L(Gii1, W, L(Gi, i, F)) =: H; denotes the completion of the subspacé (@;, i,F) of
all elementsf such that

1 1]i == max[|[f?[|"2_ g, ;s ;| F1I'] < o0, where
IFI5:=1 sup  [f(y )Ny (x) max(L, Ny (y))]"/2.
xeGi,yeGit1

EvidentlyH; are Banach spaces overLet
fi+1>k fi(X) ::/ fi“(y)fi(y_lx)ui“(dy)
Gin
denotes the convolution df € H;.

16. Lemma. The convolutior : Hi,1 x Hj — Hj is the continuou&-bilinear mapping.
Proof. From the definitions we have:

i 2 2
I )22 = sup|(f«f f)®INY ()
< sup (L) INGEOIE (0 ING 2N Z ()]
X€G;i,yeGit1
1/2 i
= [|(f)2 HJGM gl 11 and
I = sup  [(FF 1) (y ) PNy (0 Nygea ()2
xcGi,yeGit1
< sup £ (2) PNy (2) £ (Y1271 1PN ()N (Y) Nyea (2) /2
x€Gi,yeGi11,2€Git1
1/2 i
< (2G5

since fromA >y andB > z for A,B € Af(Gi;1, u*1) it follows that AB > yz and AB €
Af(Gi,1,*1), which follows from

{2 AB) = [ @B (da) = [ [ W adb)i (da),
Asa BabJ/Asa

so that||A[|+1 < [[Gita |+ = 1, henceN,+1(z) < 1 for eachz € Gi;1 for the probability

measurgl*!. Therefore,|f*1x fi||; < Hf'“H,+1Hf'H, and inevitably the convolution :

Hi.1 x H; — H; is the continuou$-bilinear mapping.
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17. Definition. Letco({Hi:i € No}) =: H be the Banach space consisting of elements
f=(f": f' € Hj,i € Np), for which lim_ | f'||i = 0, where

£ := sup] £'[l; < 0.
i=0

For elementsf andg € H their convolution is defined by the formula: x g := h with
hi := i1 for eachi € No. Let* : H — H be an involution such theft := (f1" : j € Ny),
wherefi”(y}) := fi(y;?) for eachy; € Gj, f 1= (f1 1 j € Np).

18. Lemma. H is a hon-associative non-commutative Banach algebra with involution
x, that isx is F-bilinear and f** = f for each fe H.

Proof. In view of Lemma 16 the convolutioh = f xg in the Banach spacH has
the norm||h|| < ||f|| ||g]|, hence is a continuous mapping fratinx H into H. From its
definition it follows that the convolution iB-bilinear. It is non-associative as follows from
the computation of i-th terms dff xg)+q and f x (g*q), which are(f*2 xg*1) x g and
14 (g+1 x g') respectively, wherd, g andq € H. It is non-commutative, since there are
f andg € H for which f*1 g are not equal tg'1x f'. From 1" (y;) = fi(y;) it follows
that f** = (f*)* = f.

19. Note.In general f xg*)* # g« f* for f andg € H, since there exist! andg! such
thatg!t2x (f1)* # (f1+1(g))*)*. If f € H is such thatf}|g,,, = fI*2, then

(1745 1)) = [ (1172(y) 2 cly), hence

e e i 1/2 j
(= 1)@ < IR gy < 1T,

wherej € No.

20. Definition. Consider the standard Banach spegi&) over the fieldF as a Banach
algebra with the convolution+ 3 = ysuch that/ := a'*1p', wherea := (a' : a' € F,i € Ny),
a, B andy € co(F).

21. Note. The algebra(F) has two-sided ideald := {a € ¢y(F) : al = 0 for each
j > i}, wherei € No. Thatis,Jxcg(F) C Jandcy(F)xJ = J andJ is theF-linear subspace
of cp(F), butIxco(F) # J. There are also right ideals, which are not left ideds:=
{a € co(F) : al = 0 foreachj = 0,...,i}, wherej € No. That is,co(F) xK; = K, but
Kixco(F) = Kj_1 for eachi € No, whereK_; := co(F). The algebray(F) is the particular
case oH, whenG; = {e}for eachj € N,. We consider furthed for non-trivial topological
groups outlined above witG. := ﬂ‘f:OGj dense in eacks;.

22. Theorem.If ¥ is a maximal proper left or rightideal in H, then H is isomorphic
as the non-associative noncommutative algebra &weith cy(F).

Proof. The ideal¥ is also tha=-linear subspace 1. In view of Theorem 7.12 [Roo78]
recalled above in § 2.32 a functidint G; — F is w-integrable if and only if it satisfies two
properties:f is Af(G,)-continuous and for each> 0 the set{x: |f(X)[Nyi (x) > €} is
Af(G,W)-compact and hence contained{x: N,;(x) > &} for somed > 0. Suppose, that
there exist§ € Ng such thatf! = 0 for eachf € 7, thenf' = 0 for eachi € N, since the
space of boundeB-valued continuous functior@ (G, F) on G, is denseH; := {1 : f €
H} andC)(G., F) NFj = {0} andC)(G;,F)|g;,, D CX(Gj+1,F).
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ThereforeFj # {0} for eachj € No, wherer; := {f : f € 7}, consequently — F;
for eachj € No. SinceF is embeddable into eadf), then there exists the embedding of
co(F) into 7, whereH; := {f}: f € H}, 15, : H — H; are the natural projections.

The subalgebra is closed irH, sinceH is the topological algebra and is the maxi-
mal proper subalgebra. The spatg:= <y, Hj is dense in eachHl;.

If #i = H; for somei € No, theng#; = H; for eachj € No, sinceCS(Gm,F) is dense in
eachH; andC(Gj,F)|g.,, D Co(Gj+1,F). The ideals is proper, consequently;; # H;
as theF-linear subspace for eaghe No, whereg; = (7 ).

There existF-linear continuous operators fromy(F) into co(F) such thatx —
(0,...,0,X0,x,x%,...) with 0 as n coordinates at the beginningx — (x",x"*+1,
X2 ) forne N; x— (X190 1 ke No,i € (0,1,...,1 —1)), whereN > 1> 2,0, € §
are elements of the symmetric gro8pof the set(0,1,...,1 —1). Thenf x(g*h) +co(F)
and(fxg)xh+co(F) are considered as the same class, &lsg+ co(F) = g f +co(F)
in H/co(F), since(f + co(F))+(g+ co(F)) = f xg+ co(F) for each f,g andh € H.
Then f x(gxh) +co(F) and(f xg)xh+ co(F) are considered as the same class for each
f,g,he 7, alsof xg+co(F) =g f+co(F) in ¥ /co(F), since(f +co(F))*(g+co(F)) =
fxg+12(F) C 7 for eachf andg € #. Therefore, the quotient algebrbis/co(F) and
¥ /co(F) are the associative commutative Banach algebras.

Fromp € M, (Gi, Gi;1) it follows that for each open subsét > e, W C G; there exists
a clopen subgroup) ¢ W such thatu (U) # 0, since otherwisgl (z2V) = 0 for eachz ¢
Gi,1 and each opeW c W, hencell (Gj) = 0 contradicting supposition, that eaghis the
probability measure.

Let us adjoin a unit toH/co(F) and to ¥ /cp(F). There is satisfied the equal-
ity Chg,,, *Chg, = Chg,. LetU;; be a clopen subgroup i, that is possible, since
eachG; is ultrametrizable. Choosg; j such thatJ; j,1 C Ui jNGjy1 andUjj D Ui j
for eachi and j, N;jUi; = e € Gj for eachj. Since W(Gj) =1 and 1Gjlly =
1, then by induction (i,j) € {(1,1),(1,2),...,(1,n),...;(2,1),(2,2),...,(2,n),...;
...,(m1),(m,2),...,(m,n),...}, wherem,n € N, there exists a family; ; € F and{U; ; :

i, j} such that j+1Chy, ., * 0 jChy,; = @i jChy,; and 0< |oti ][4 (Ui j)| < 1 for each, j.
Pute := {aijChy : j € No}, thene x & = g for eachi. From the properties df; ; it fol-
lows, thatspank{e(z1g):i € N,z€ G} is dense irH, whereg := (gj : gj € G;V] € No),
1y — (7Lay. -

Z7g=(Z"gj:])

Consider the algebrad /co(F) =: A and 7 /co(F) =: B. The algebrag\ andB are
commutative and associative. From the preceding proof it followssthatk {g (z 1g) +
co(F) i €N, ze G} is dense im, eache (2 1g) +co(F) is the idempotent element ik

Remind Van der Put’s theorem abdtHalgebras. The following conditions on a com-
mutative Banach algebraover a fieldK are equivalent:

(a) Ais aC-algebra;

(B) A" is aC-algebra;

(y) the linear span ofec A: e= €, |le|| <1} is dense im;

(3) everyK[a] with a € A is aC-algebra;

(e) A is the smallest closed subalgebra Afthat contains{a ¢ A: KJa]isa
C-algebra}, where ifA does not contain a unit elemeAt denotes the Banach algebra
obtained fromA by adding the unit element a6® A (see also Theorem 6.12 [Roo78]).
Remind that a commutative Banach algeBris called aC-algebra if there exists a locally
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compact zero-dimensional Hausdorff spacesuch thatA is isomorphic withCe(Xx ). A
normed algebra is an algebhavith a norm such thafxy|| < ||X|||y|| for all x,y € A. A Ba-
nach algebra is a complete normed algebra. As usKaMydenotes the ring of polynomials
over a fieldK, clxB = B denotes the closure of a subBdah a topological spack.

Therefore, by the aforementioned theorénis the C-algebra. By the definition this
means, that there exists a locally compact zero-dimensional Hausdorff)$gamd thatA
is isomorphic withC., (X, F), whereC. (X, F) is the subspace of afl € Cy(X,F) for which
for eache > 0 there exists a compact subXgt; of X with | f(X)| < € for eachx € X\ X t.

Recall that ifA is commutative Banach algebra o¥erthen the spectrum &% denoted
by Sp(A)is the set of all non-zero algebra homomorphisms fildimto a fieldK topolo-
gized as a subset &. In accordance with Theorem 6.3 [Roo78Kifis a locally compact
zero-dimensional Hausdorff space, then

(Si)everya e X induces ara € Sp G,(X) so thata{f) := f(a), wheref € C,(X);

(Sii) for every closed ring ideal in C.,(X) there exists a closed subZt X such that
1 ={f €Cx(X): f =00nZ}. In particular, each closed ring ideal is an algebra ideal;

(Siii) to every maximal ring (or algebra) ideldll in C.,(X) there corresponds a unique
ac X suchthaM = {f € C,: f(a) =0}, each maximal ring (or algebra) ideal@f (X)
is the kernel of a unique homomorphism fr@y(X) into K;

(Siv)the mapping — & is a homeomorphism of ontoSp G, (X);

(Sv)suppose thaf € C,(X), if X is compact, theisp(f) = f(X); otherwiseSp(f) =
f(X)U{0}. Ineither caseSp(f) = f(X) and || f|| = || f[|sp, where|[X||sp:= SURyspp) [P(X)|
for an elemenk € A in a commutative Banach algebha

In view of this theorem we get that each maximal idealof C.(X,F) has the
form 3 = {f € Cu(X,F) : f(20) = 0}, wherez is a marked point inX. On the other
hand, as it was proved abovg # H; for eachj € No, hence there exists the follow-
ing embeddingco(F) — (H/# ) and this implies thatH /¥ )/co(F) is isomorphic with
(H/co(F))/(F /co(F)). ThereforeH /# is isomorphic withcy(F).

4.3. Comments

Another methods of construction of isometrical representations of topological totally dis-
connected groups which may be non-locally compact with the help of quasi-inv&riant
valued measures were given in [Lud98b, Lud02b, Lud00a, Lud99t, LudOls, Lud0348,
LudO1f, LDO3, Lud08] and references therein.

One may mention that the non-local compactness of groups causes a twisted al-
gebraic structure of measure spaces. This situation can be compared with representa-
tion theory of groups in non-Archimedean linear spaces. Over infinite fields with non-
trivial non-Archimedean multiplicative norms the aforementioned theorem of Gelfand and
Mazur is not accomplished due to existence of transcendental extensions of such fields
(see Chapter 6 in [Roo78] and references therein). It was one of the basic reasons why
there was demonstrated that even infinite compact groups and even commutative may
have infinite-dimensional topologically irreducible representations in Banach spaces over
non-Archimedean fields, for example, the additive graigpof p-adic integer numbers
[Dia79, Dia84, Dia95, R84, Roo78, RS71, RS73].
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The idea is the following (it was also communicated by B. Diarra). Take an @ggb
bounded operators on a Banach sp&ocever a locally compact infinite fiel&, consider
its closed subalgebras C A; C L(X,X) such that®, is a maximal closed ideal iA;, but
the quotient algebra; /A, is isomorphic with a field which is a transcendental extension
F of K. Leta be a transcendental elementrobverK. PutT; := B, wheref € 8~1(a) is
an invertible operator an@l: A; — A1 /A; is the quotient mapping. This induces a strongly
continuous representation of the additive gr@ugo thafT, = T;" for eachn € Z. As usually
GL(X) denotes the group of all invertible operatorsXbounded together with its inverse,
GL(X) C L(X,X). For suitableF andK andA; and Ay, for example, when the residue
class field ofF contains the finite fieldr, consisting ofp elements, we can choo$e Z —

GL(X) so that lim_.. T;x = x for p-adic integers of the forrmp", for eachx in an infinite
dimensional closed subspa¥eof X on whichA; acts irreducibly. The has a strongly
continuous extension of,. For this also the exponential and logarithmic functions for

F can be used relating multiplicative and additive representations. Such representation
may happen to be isometrical so tiate 1S(X), wherelS(X) denotes the group of linear
isometries oiX.

The considered representation has a topologically irreducible infinite dimensional com-
ponentT : Z, — GL(X). Thatisclx spark{Tgx: g€ Zp} =Y for each non-zero elemext
from some closed linear subspacé X, whereY is infinite dimensional over the field.

Mention also in relation with this that each ultra-metric space can isometrically be em-
bedded into an infinite field with a non-trivial non-Archimedean multiplicative norm in
accordance with Theorem 1.10 [Sch84].

The main feature of representatiohs G — GL(H) of a groupG in vector spacesi
over a fieldK as it is well-known consists in using group algebrg$5) and the linear
structure ofH so that one has already not only a group homomorphism, but also the sec-
ond operation related with addition of vectdigax+ by) =aTgx+ bTgy for all a,b € K
andx,y € H andg € G, whereGL(H) C L(H,H) (see [Nai68, FD88]). For infinite locally
compact Hausdorff topological groups the cornerstone for decomposition of unitary repre-
sentations into direct integrals of topologically irreducible representations consists in using
Haar measures and Banach algebras on groups associated with such measures.

In the class of non-locally compact commutative groups there exist gi@ugsving
no any finite-dimensional topologically irreducible unitary representafios — U (H),
but having infinite dimensional strongly continuous representations — GL(H ), where
GL(H) is the general linear group on a Banach spcandU (H) is the unitary group
on the complex Hilbert spadd. That is invariant closed subspacesHrare all infinite-
dimensional in the considered case. This means that the closure &lthear span
cl spane{Tgx: g€ G} is infinite-dimensional over the field for each non-zero vector
x # 0 in the linear spacH over a fieldF [B83, B87, B91].

Such groups can be constructed even as quotient groups of additive groups of topolog-
ical vector spaces. In accordance with Theorem 5 [B8H i an infinite dimensional
vector space oveR with the topological weight oE equal to the topological weight of its
topological dual spacg*, then there exists a discrete subgraiip E such thaG:=E/Z
has no any non-trivial continuous character. This imply that such group has not any weakly
continuous finite dimensional unitary representation, since it is Abelian and any weakly
continuous finite dimensional unitary representations decomposes into the direct sum of
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characters corresponding to one-dimensional irreducible components.

A topological groupG is called bounded, if for each open neighborhdbdf its unit
elemente there exists a natural numberc N so thatvV" = G. Particularly, ifG=E/Z,
whereZ is an additive subgroup of a normed spétehenG is bounded if there exists a
positive number G< r < « so thatE = Z + rB, whereB denotes the unit ball with center
at zero inE. By Proposition 3 [B87] ifG is a bounded commutative topological group
satisfying the first axiom of countability afdis a weakly continuous representationih
a complex Hilbert space, thénis equivalent to a unitary weakly continuous representation.
Lemma 4 in [B83] states that every bounded representation of an amenable group in a
Hilbert space is equivalent to a unitary representation, where a @dupalled amenable if
it possess an invariant left mean on the spa}i&s, C) of all continuous bounded functions
on G supplied with the norni f ||cg = SURcc | T(X)|.

At the same time each topological groGmdmits a strongly continuous representation
in a suitable Banach spa&; for example,T : G — BUC(G,C) so thatTg # | for each
g # e, by left shifts on the Banach spaBeIC(G,C) of bounded uniformly continuous
complex-valued functions o@ [B91]. If a Banach spacH can be embedded into a Hilbert
spaceX and this representation can weakly continuously be extendedirtod if G is
bounded, then this representation would be equivalent to unitary. Also when the@isup
a dense subgroup iB; andpu is a quasi-invariant non-negative non-trivial measureésgn
relative to left shifts fronts, thenG has a strongly continuous infinite dimensional unitary
representation as it was outlined in [Lud06, Lud08].

This theory is rather complicated and is not considered in this book, but it is worth
to note, that the non-commutative non-associative structure of measure and function al-
gebras explain in part the known differences in the linear representation theory in non-
Archimedean spaces and of non-locally compact groups in complex Hilbert spaces. More-
over, one gets more differences for representations of groups in linear spaces over infinite
fields with non-Archimedean multiplicative norms. Indeed, in these cases any technique re-
lated with associative Banach algebras of functions on groups already does not work, since
the algebras of functions on non-locally compact groups associated with quasi-invariant
measures are already non-associative (see Lemmas 17 in Chapter Il and 18 in Chapter IV)
and the Gelfand-Mazur theorem is not valid for them. The initial algebras and quotient al-
gebras as well in Theorems 111.21 and V.22 are non-associative and non-commutative and
infinite-dimensional over the corresponding fields.

This is logical also due to the following. In accordance with the A. Weil's theorem if a
Hausdorff group has a quasi-invariant non-trivial measure relative to itself, then it is locally
compact (see [Bou63-69, FD88, VTC85] and Corollary 11 in Chapter Ill). Its analog for
measures with values in non-Archimedean fields is valid as well (see Corollary 9 in Chapter
V).

Recall that a commutative Hausdorff topological group is called exotic if does not admit
any non-trivial strongly continuous unitary representation; and strongly exotic, if it does not
admit any non-trivial weakly continuous representation (not necessarily unitary) in Hilbert
spaces. Using technique of exotic groups it is possible to construct further examples of
Banach-Lie commutative groups having infinite dimensional strongly continuous topologi-
cally irreducible unitary representations. For wrap (particularly loop) groups and groups of
diffeomorphisms they were considered in [Lud06] besides cited above works.
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At first we mention the following well-known fact.

C.1. Lemma. For an infinite dimensional complex Hilbert space X the entire unitary
group U(X) is not topological group relative to the weak topology

Proof. Itis sufficient to prove this lemma for the separable complex Hilbert spéce,
sincel,(C) has the embedding in% and inevitablyJ (I2(C)) has an embedding intd(X).

The weak operator topology, is generated by base of neighborhoods of zero
Wh(X1, -+, X0 Y1, -5 ¥n) == {Se L(X,X) : [(SX,yj)| <bVj=1,....,n} with 0 < b < o,

n € N, whereL(X,X) denotes the space of all continuous linear operators omto
X; while (x,*) denotes the scalar productX) xi,...,yn € X. If (U(X),Tw) would be a
topological group, then due to continuity of the multiplicatioh S) — T Sand inversion
T — T~! and the condition§*T = TT* = | for eachT € U(X) it would be closed in
(B,tw), whereB := B(L(X, X),0,1) denotes the unit ball ih(X) := L(X, X) relative to the
operator norm topologyp.

Due to the Alaoglu-Bourbaki theore(B,1,) is compact [NB85]. Suppose thdh, is
a Cauchy net i (X). In view of compactness d8 there exists the limit limU, =: A
relative to the weak topology so thate B. If (U(X),1y) is the topological group, then
there exists limU; U, = limpU; limaU, = A*A =1, sinceU;U, = | for eachn and the
multiplication is continuous. Analogously Iy U, = lim,Uplim,U,; = AA* =I. Thus
this would imply thatU (X), ty) is complete and hence closedBn Therefore(U (X),Ty)
would be also compact. As the compact topological group it would have a non-trivial non-
negative Haar measukeon B f(U (X), 1) [Bou63-69, FD88, Nai68]. Sinc¥ is separable,
thenBf(U (X),tw) =Bf(U(X),Tn).

ButU (X) is the Banacl€”-manifold as well [KI82], hence its tangent spakgl) (X) is
the separable Banach space, sifi¢€X), 1) is separable, whemg, is inherited fromL(X).
Each element itJ (X) lies on some one-parameter subgroup [Bou76, KI82, FD88, RS72].
To each local one-parameter subgroup some vectériaTU (X) corresponds.

Consider the exponential mapping from an open neighborkoofzero in the algebra
Y onto an open neighborhoddl of the identity elemeng in U (X). Then the linear term of
exp(tv) induces the shifiv— w+tvinY, wherevitve V,weY,t € R. Consider embed-
dingsU (C") intoU (X) for eachn € N and the multiplication of basic generatorsTig (C")
for eachn. The multiplications irJ (X) and inY are related by the Campbell-Hausdorff
formula locally on sufficiently small neighborhoodsandV [Bou76]. Consider the opera-
tor Lhg :=hgin U(X), h,g € U(X). It induces the operatdr, in Y. The multiplication in
Y is [v,w] =ad v(w). But generally operators neitiet, — | nor (ad v)— | are compact
inY, veV, wherel denotes the unit operator h Nevertheless their compactness is the
necessary condition for a quasi-invariance of a non trivial measure relatiyeoioad vin
Y (see Chapter I).

Over R the spaceY is isomorphic withlz(R). Thus a measure od (X) induces a
measurey on a neighborhood = —V of zero in its tangent spadéso that 0< v(V) < oo,
SinceY is separable then a measure\orinduces the measulgA) == 371 V(AN (V +
xj))/2! for each Borel subsék in Y, where{x; : j} is a set of vectors il so thatg =0
andU{_1(xj +V) =Y. From the left invariance ok relative to the entir&J (X) it would
follow that (1 is quasi-invariant orY relative toY, but it can be quasi-invariant relative to
neitherLy, norad v, whereéh € U, v € V. But this is impossible due to Theorem 1.3.18 and
Corollary 1.3.19. This contradiction finishes the proof.
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This can also be demonstrated directly using operators. For non-Arctam&dsach
spaces an analogous result is valid.

C.2. Lemma. For an infinite dimensional Banach space X over infinite locally compact
field F with a non-Archimedean non-trivial multiplicative norm the entire isometry group
IS(X) is not topological group relative to the weak topology

Proof. It is sufficient to prove this lemma fof of separable type ovét, since ifX —

Xi is the embedding of Banach spaces, then there exists the embé8@g— 1S(X;) of
groups.

For the Banach spacéthe topologically dual space* separates points X, sinceF is
locally compact and so spherically complete [NB85, Roo78]. A base of neighborhoods of
the weak topologyy in L(X, X) is: W(b;X1, ..., Xn; Y1, ..., ¥n) = {A€ L(X,X) : |y;(Sx)] <
b}, where O< b < o, X3,...,X € X, Y1,...,Yn € X*, n € N. Each isometric operat@is
characterized by the conditiofSx|x = ||x||x for eachx € X.

Therefore, if(IS(X), Tw) would be a topological group, then we shall show that it would
be closed inB,1y), whereB := B(L(X, X),0,1) is the unit ball inL(X,X) relative to the
operator norm. By the Alaogly-Bourbaki theorem [NB&B] 1) is compact for the locally
compact field~.

Consider a Cauchy né&t, in (IS(X),tw). Since(B,Ty) is compact, then there exists
lim,U, = A € Brelative to the weak topology. In view of the Hahn-Banach theorem (8.4.7)
[NB85] for eachx € X there existy € X* in the topological dual spac€” so thatly(x)| =
|x|. Thus for eachx € X and eachJ, there existsy € X* so that|y(Unx)| = |x|, since
|Unx| = |X| for eachx € X andU,, € IS(X). Letx € X be non-zero, take & € < |x|. For any
y € X* and each such andx there existsyy such thaty(Unx) —y(Ax)| < € for all n > no.

On the other hand, syp. y—1|y(UnX)| = [Unx| = |x|, sincely(z)| < |y||z[for eachz € X
andy € X*. Take particularly such thaty(Ax)| = |Ax]|, then|y(Unx) —y(AX)| < € for each
n>ng=nNo(X,Y), hencey(Unx)| = |Ax|, consequentlyAx = |x|, sinceAc BC L(X,X) and
yoA € X* andAx € X and also lim[limmy(U; 1Umz)] =limny (U, 1Az) =limpy(AU; 1z) =
y(z)for ally € X* andz € X. Thus(IS(X),Tw) would be complete and hence closedin

Therefore, as the compact groypS(X),tw) would have a HaarmR-valued on
Bf(1S(X),tw) = Bf(IS(X),1,) and alsoKs-valued measures oBco(ISX)),Tw), where
s# p, while the residue class field Bfcontains the finite field .

Then consider the exponential mapping from an open neighbottoaidzero in the
algebraY onto an open neighborhoadl of the identity elemene in IS(X). We get that
the linear term of expy) induces the shiftiv— w+tvinY, whereyitve V,weY,t € F.
There exist embeddindS(F") into IS(X) for eachn € N and the multiplication of basic
generators il S(F") for eachn. The multiplications ifS(X) and inY are related by the
Campbell-Hausdorff formula locally on sufficiently small neighborhdddmdV [Bou76].
Consider the left multiplication operatapg := hgin 1S(X), h,g € U(X). It induces the
operatorLy in Y. The multiplication inY is [vyw] = ad v(w). But generally operators
neitherDL, — | nor (ad v)—| are compact irY, v € V, wherel denotes the unit operator
in Y. Nevertheless their compactness is the necessary condition for a quasi-invariance of a
non trivial measure relative 4o, or ad vin 'Y (see Chapters | and II).

The isometry groupS(X) is the Banach manifold as well and its tangent spat®(X)
is isomorphic with the Banach space of separable type BvEBou76, Roo78]. Using
Theorem 11.3.13 and Corollary 11.3.14 for th€s-valued measure or Theorem 1.3.18 and
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Corollary 1.3.19 for theR-valued measure analogously to 8§ C.1 we infer the statement of
this lemma.

Nevertheless, for a complex Hilbert spaXeveak and strong continuity of a unitary
representatio : G — U (X) of a topological grous are equivalent, but this is another
thing, because it is already supposed tRas the topological group [Nai68, FD88].

Recall that a locally convex representatidnof a topological groupG in a locally
convex spac& over a fieldF is called topologically irreducible, if : G — GL(X), Tg # |
for someg € G, and there is not any closé&dlinear subspace other thg0} andX stable
(invariant) undefT, that isTgX C X for eachg € G.

C.3. Theorem. For each infinite dimensional real Hilbert space there exists a dis-
crete additive subgroup Hn E; such that i/H; has no any continuous character, but has
infinite dimensional topologically irreducible strongly continuous unitary representations.
The family of such pairwise non-equivalent representations is at teastard(R).

Proof. It is sufficient to demonstrate this theorem for the separable Hilbert $palfe
X is a nhon-separable infinite dimensional Hilbert space, ¥enl, ®Y, whereY = XS,
and there is the natural projection operaor X — |, P(x+Yy) = x for eachx € I, and
yeY. If X andl, are considered as additive groups this gives the homomorphism.

In accordance with [B91] there exists a discrete subgtdup X so thatX /H is exotic
andH = H; ® H,, whereH; = HnNl, andH, = YN H up to an isomorphism of Hilbert
spaces. TheR(H) = H; andP induces the quotient mapping froXyH ontol,/Hs, so that
I>/Hj is also exotic.

Remind that a symmetric Hilbert-Schmidt non-degenerate opefaitothe separable
real Hilbert spacé&, has an orthonormal system of vectéffs : j € N} and numbers; € R
such thatAf = 3;sj(f, fj) f; for eachf € Ep, wherey;s? < co. For the nuclear (trace)
operatory ; |sj| < . If Ais positive definite, theg; > 0 for each;. If A; are eigenvalues of
such positive symmetric nuclear operagoe= A" > 0, then 0< 3 ;Aj < 3 ;s5. The product
of two Hilbert-Schmidt operators is the nuclear operator [Pie65].

Let nowE be separable and be its discrete subgroup so tHatH is the exotic group
(see Theorems 5.3 and 6.1 [B91]). The procedure of a choidé¢ déscribed there is
inductive related with a consideration of volumes of some convex bodies in linear subspaces
in E, so that each generatey of H on j-th step is chosen from some suitable open subset
in the Euclidean subspa&®() embedded inté.

Construct the rigged Hilbert spaée — E; — E with linear embedding$; : E; —

E and®; : E; — E; such thatA; ! : E — E; and At : E; — Ep, whereA; and A, are
symmetric non-degenerate positive definite operators of Hilbert-Schmidt class,Aence
A1A; is the trace class (nuclear) operator, choose these operators satisfyind\ |,
with [|Az||L (e, < 1 and|[|Aqf| g, g) < 1 [DF91]. The scalar products in these spaces
are such thatx,y)e, = (A;'x,A;'y)e for eachx,y € E; and (x,Y)g, = (A, %, A ly)g, =
(A~1x, A~1y)e for all x,y € Ep, where(,*)g,, (*,%)g, and(x,+)g denote scalar products
in these Hilbert spacds,,E;,E (see § 8§ 11.2.1 and 2.2 in [DF91]). Therefot@(x)||e <
182(X)||g, < [|X||e, for eachx € Ep, whereB(x) = 61(02(x)) for all x € E;. ChooseH
contained inEy, that is possible sincHl is discrete relative td * ||g, henceH is discrete
in E; andE; relative to their norms. Therefor8; induce embedding8; : E;/H; — E/H
and6, : Ey/H, — E;/H; and their compositio® : E;/H, — E/H, whereH; := 6,(Hy),

H =01(H1) = 8(Hz).



168 Sergey V. Ludkovsky

The cylinder Gaussian distribution d&y with the unit correlation operator and zero
mean value (centered) induces the Gaussiaulditive probability measure on E quasi-
invariant relative toE;. The correlation operator of such Gaussian measufq.isThis
induces the measuygeon E/H quasi-invariant relative t&;/H; for suitable correlation
operatorA;. If Q is avy-null subset inE with a markedy € E;, thenv,(Q+H) = 0 for
eachz € Ej, sincev is countably additive and quasi-invariant relative to shifts on vectors
from E;. For each Borel subs@ in E/H its counter-image—1(Q) is a Borel subset i
so thatv(q~1(Q)) = (Q), whereq : E — E/H is the quotient mapping. Thugs < 1, for
all a,b € E;/H; and henceu, ~ p for eacha € E;/H1, sinceE;/H; is the additive dense
subgroup embedded inE/H.

Consider an arbitrary open subétin E such thatv NH c {0}, which is possible,
sinceH is discrete irE. Then inE/H its image isV + H. Therefore,

V(V+H)= Z{v(V+h)and (1)

he

Ha()/ (0 = [pa(09),/V(dly)] /M) ()]
= | 5 voun(ay) /vy /| 5 iy viay)

heH heH

- [gomsonly|g o) *

wherea=b+H, b€ Ey, x=y+H, b andy are vectors irE, of minimal absolute values
|| * ||, satisfying these conditions. In accordance with Theorem 1.4.2 [DF91]

pu(h+by) =exp{(A(h+b)y)— (A *(h+b), A A(h+D))/2},

where (x, %) = (x,*)g is the scalar product i, hence series if2) are converging and
continuous onG x (E/H), whereG := E;/H, (see Remark 1.4.1 [DF91]). Indeed, the
function

= Y exp{(A(h+b).y)— (A, /*(h+b),A Y 2(h+b))/2}
heH

is positive and continuous di, x E due to the Weierstrass theorem and estimates of the
remainder due to the generalization of Cauchy integral theorem for series of positive ad-
dends and using-additive Gaussian measuresBnup to positive multipliers. Moreover,
the latter functiorw(b,y) on product of bounded balls i, x E is bounded from below,
since inficq\o D[] > O.

Consider independent generatéxg : j € N} of Hy so that eacth € H, is the linear
combination ofvj with integer expansion coefficients; € Z, wherev; # 0 for eachj.

Suppose that foh; eigenvectorsy; are given with eigenvalues?, Asw; = o?w;. Cer-
tainly clg,sparc{w; : j} = E>. Then

pu(h-+b,y) = lim exp{ i [(yk(hk +by)/02) — (hk+bk)2/(20§)]}, (3)
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whereyy denotes coordinates gfin the basisxk/||vk||e, h € Ha, b € E».

Consider strongly continuous unitary regular representatio® of E;/H; in the
Hilbert spacelL?(E/H,u,C) =: X associated with the quasi-invariant measyurésee
[Lud02b, Lud06, Lud08]). Remind its construction. The scalar produktim

(1,9) = fe/n T(Y)ay)H(dy),
wherez denotes the complex conjugated numbef : E/H — C. Take a marked number
beR,i=(-1)Y2 and put

Taf(y):=pi ™/ %(h.y)f (hy)

for eachh € Gandf € X, wherep,(h,y) = pn(dy)/H(dy), tn(A) := pu(h~1A) for each Borel
subsetAin E/H and evernyh € G.

Suppose that : G — U(X) has a finite dimensional reducible component. Each finite
dimensional unitary representation decomposes into direct sum of characters up to an inter-
twining operator orX. We demonstrate that each continuous charagte® — S', where
St is the unit circle inC, gives the continuous character= o8~ on E/H. Indeed,
to each non-trivial continuous charactgrand alsoy there correspond continuous linear
functionalsf, and f on E; andE respectively so that|g, = f2 is continuous, since the
topology ofE; is stronger than that & (see [Eng86] and Proposition 4.5 in [B91]).

For each linear continuous function& on a Hilbert spacee, there exists a de-
compositionE,; = L1 & M», whereL; is a one-dimensiondR-linear subspace ik, and
M, = ker(fy) = f2‘1(0) (see 8§ 111.1.6 [KF89]). Sinc&; is the subspace ig, thenL; C E.

Take the orthogonal complemeitof 8(L;) in E so thatE = Ly & M. Putf(x) := fa(x1),
wherex = X1 + m is the unique decomposition of eaghe E with x; € L; andm & M,
sinceE is presented as the direct sum of these subspgacasdM. Therefore,f is the de-
clared continuous extension &f from E, ontoE and inevitably there exists the continuous
characterg extending the charactérfrom G ontoE /H.

The spacd; is everywhere dense i, consequentlyi, is not contained itM. There-
fore, if f is non-trivial, thenf is non-trivial. ButE/H is exotic, hencef is trivial and
inevitably f, is trivial, that produces the contradiction. ThHa$as no any continuous char-
acter and no any weakly continuous finite dimensional unitary representation. It remains
that it has the infinite dimensional strongly continuous topologically irreducible unitary
representation.

By our constructiork; is the separable Hilbert space, hence isomorphic with the stan-
dard separable Hilbert space, white is its discrete subgroup. Ej is not a separable
Hilbert space, then there exists the quotient mappinds/Hs — Ez/H; induced by the
projectionP from E3 onto E; with P(H3) = Hz, whereE; is separable and closed and em-
bedded intdes, while Hs is a discrete additive subgrouphia, H, = H3NEy, Es = E; @ Ey,
whereEs = E3 & Ep, H3 = Ho+ Ha, Hy = H3NE4, E> L E4. Thus any infinite dimensional
topologically irreducible unitary representati®nof G induces the claimed representation
ToPfor E3/H3.

Two unitary representations associated with quasi-invariant measures are equivalent if
and only if the corresponding measures are equivalent (see [Lud06, Lud08]). The family
of pairwise inequivalent quasi-invariant Gaussian measurds and hence ot /H is at
leastc due to Theorems about equivalence and orthogonality of Gaussian measures [DF91,
Sko74]. ThusG is the desired additive group.
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Mention that the topologye + of E/H induces the topology' in G strictly weaker,
than the initial topologytig of G and the quasi-invariance factpyi(a,x) does not exist for
alla€ E/H, consequently, the regular representafioa TH of (G,1g) has not any weakly
continuous extension o /H, Tg ) (See also Lemmas 111.12 and 1V.13).

C.4. Corollary. For each infinite dimensional real Hilbert space there exists a family of
topologically irreducible infinite dimensional strongly continuous unitary representations.
This family has at least pairwise inequivalent representations.

Proof. TakeE;, and the quotient mappirg. E; — Ez/H2 = G from 8C.3. Each strongly
continuous infinite dimensional unitary representafiore, /H, — U (X) induces the uni-
tary representatioi oq=: S: E; — U(X). As the composition of continuous mappings
it is continuous. Moreove§(H;) = I, hence ifT is topologically irreducible, s& also is
such.

Suppose thak is an infinite topological group with a topologysuch that a topolog-
ical density ofG is d(G,1) > o and its topological character }§G,t) > Op (see also
[Eng86]). Let alsqu be a quasi-invariant non-trivial regular Radon measur& avith val-
ues in eitheF = R or in the non-Archimedean fiel = K. Consider an everywhere dense
subset] in G of the cardinalitycard(J) = d(G,1). For each poink € J its baseuy of open
neighborhoods can be chosen of cardinglity,1) = x(G,1), sinceG is the topological
group.

Then the density of eitheX; = L"(G,,C) with 1 <r < o or X; = L(G,,Ks) corre-
spondingly isd(Xq, || % ||x,) = d(G,T)X(G,1)d(F, | * |¢), since finite linear combinations of
characteristic functions of open subsetsfrom the family { uy : x € J} are dense in this
Banach spaces due to Radon property ahd its regularity and that each infinite covering
of a compact subset i@ by U; has a finite sub-covering. ParticularlyGfis metrizable and
F is locally compact, thed(Xs, || % ||x,) = d(G,1)0% = d(G,1).

Thus if the topological groufs is supplied with two topologies and & and mea-
suresp andv as above are so thaty < d(G,1)X(G,1) < d(G,&)X(G,§) andd(F, | *|g) <
d(G,1)X(G,1), thend(Xs, || * [Ix,) < d(Xe, || * [Ix)- This implies thatXs and X are not
isomorphic Banach spaces in the aforementioned cases.

Therefore, a problem of finding topologically irreducible components of strongly con-
tinuous representations ¢&,1) in X; can generally not be reduced to that(&f,¢). For
example, wheriG, 1) is a metrizable separable Frechet-Lie non-discrete topological group
overK, thencard(G) > card(K) > c:=card(R) > g := card(N), butd(G,1) =x(G,T) =
Oo. Whend(F, | « |g) is greater, thaflg it is possible to take a locally compact subfi&ld
in F and consider &-linear Banach spacé so that the enlargement of the field frdtn
to F gives fromXy the Banach spacé overF that to judge whether two spack¥sandXg
are linearly topologically isomorphic or not.

If now & is the discrete topology i6, thend(G,&) = card(G) > d(G,T)x(G,1) =03 =
Og. Moreover, topologies andg in G may generally be incomparable and a representa-
tion strongly continuous relative to one topology may be discontinuous relative to another
topology.

Mention that an algebraic reduction of a representation implies that a group is consid-
ered relative to the discrete topology. Remind that a topological pasealled locally
compact, if for eacly € Q there exists a neighborhotdi of g such thatl(U) is the com-
pact subspace . For compact and locally compact groupisalgebras are used, where
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by the definitionC*-algebras are complete. @i-algebras multiplicative continuous linear
functionals are taken and related closed ideals are considered [FD88]. For either compact
or a locally compact grou@ and a weakly continuous unitary representafiarG — U (X)

some tricks are used. They are caused by the facts: (i) that a continuous image of a compact
set is compact, (ii) each continuous bijective mapping of the compact space on a Haus-
dorff space is a homeomorphism, (iii) each uniformity on the compact topological space is
complete (see Theorems 3.1.10, 3.1.13, 8.3.15 in [Eng86] and [FD88, HR79]).

This also is based on completenes€btfalgebras and their ideals. Indeed, a topological
group isTp if and only if it is completely regular (see Theorems 4.8 and 8.4 in [HR79]), but
a topological space i§; if and only if each its point is closed in it (see § 1.5 in [Eng86]).

A subsetQ of a complete uniform spacé is complete if and only ifQ is closed inY in
accordance with Theorem 8.3.6 [Eng86]. Thereforef, ifA — B is a quotient mapping
of algebras, wher® is supplied with the quotient topology, théhis Ty or Hausdorff if
and only if f1(0) is closed inA. So that a quotient ok by a non-closed ideal produces a
non-Hausdorff even without any separability axiom algebra.

But this technique generally is useless for non locally compact groups. Indeed, the
unitary groupU (X) of an infinite dimensional complex Hilbert space is not closed in the
algebraL (X, X) relative to the weak topologyy in L(X,X) so that the weak closure of
U (X) is not a group [Nai68]. For a non locally compact topological group its inTa@e)
in (L(X,X),Tw) need not be complete and its completion need not be a group, moreover,
(T(G),Tw) generally may be not a topological group even wilies bijective.

Using results of this book it is possible to make further investigations of non-locally
compact totally disconnected topological groups, their structures and representations, mea-
surable operators in Banach spaces over non-Archimedean fields, apply this for the de-
velopment of non-Archimedean quantum mechanics and quantum field theory, quantum
gravity, superstring theory and gauge theory, etc. Certainly this measure theory is helpful
for studying random functions and stochastic processes in Banach spaces and topological
groups.






Appendix A

Operators in Banach Spaces

Suppose&X = cp(wp, K) is a Banach space over a locally compact non-Archimedean infinite
field K with a non-trivial normalization antlis a unit operator oiX. If A is an operator

on X, then in some basis of we have an infinite matrixA ;)i jen, SO We can consider its
transposed matriR'. If in some basis the following equality is satisfiébl= A, thenA is
called symmetric.

A.1l. Lemma. Let A: X — X be a linear invertible operator with a compact operator
(A—1). Then there exist an orthonormal base : j € N) in X, invertible linear operators
C,E,D : X — X with compact operator€C — 1), (E—1), (D —1) such that A= SCDE, D
is diagonal, C is lower triangular and E is upper triangular, S is an operator transposing
a finite number of vectors from an orthonormal basis in X. Moreover, there exists n
and invertible linear operators ’AA” : X — X with compact operator§A’ — 1), (A" —1)
and (A} — & j=0) forior j>n, A”is an isometry and there exist their determinants
det(A')det(A”) = det(A), |det(A”)|x = 1, detD) = det(A). If in addition A is symmetric,
thenC =E and S= 1.

Proof. In view of Lemma 2.2[Sch89] for eaah> O there exists the following decom-
positionX =Y & Z into K-linear spaces such thatA—1)|z|| < ¢, wheredimkY =m< .

In the orthonormal basige; : j) for which spark (eq,...,em) =Y for c < 1/p we get
A= AA"with (A—1)[z =0, |A" | — & j| < cfor eachi, j such that(/A ; — &;j) = O for

i or j >n, wheren > mis chosen such tha# j — & j| < c2fori>nandj=1,...,m,

A = €(Ag), & are vectors considered as linear continuous functiongiss X*. In-
deed,(Aij: i€ N)=Ag € X and lim_ A j = 0 for eachj. From the form ofA” it fol-

lows that||A"ej —ej|| < 1/p for eachj, consequentlyjj A"x|| = ||x|| for eachx € X. Since

A’ = (N)7IA, (A—1) and(A — 1) being compact, hendé\” — | ) is compact together with
(A2 —1), (A)~1—1) and((A")~1 —1). Moreover, there exists lign...det(A), = det(A)

= limydet((A')k(A”)k) = limdet(A')det(A”) = det(A')det(A”), where (A) = (Aij :

i, ] <Kk). This follows from the decompositions = Yy ® Z for ¢ = c(k) — 0 whilst

k — . This means that for eaotk) = p~* there exists(k) such that|A ; — & j| <

c(k), |A; —&ij| <c(k) and|A" j —&j| < c(k) for eachi or j > n(k), consequently,
!A(ll_'.'.:((ll(‘))}i:'j‘;) —A(ijjﬂgg)&l?jl -8y jol < C(K), whereA(}ijjjijfr) is a minor corresponding to
rowsis,...,ir and columngs,..., j forr,q € N. From the ultra-metric inequality it follows
that|det(A”) —1| <1/p, hencedet(A”)|x =1,det(A”)y # O for eactk, det(A')x = det(A'),
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for eachk > n. Using the decomposition afet(A), by the last row (analogously by the col-

umn) we geiAg #+ 0 and a mino& (1 Jlfl‘jl n) # 0. Permuting the columngandn (or

rows) we get as a result a matrﬂk’) with A’(1 n- ]1) =# 0. Therefore, by the enumeration
of the basic vectors we gAt( ) #0foreachk=1,...,n, smce\det(A’) | = |det(A)p).
Therefore, there exists the orthonormal bdsis: ]) such thaiA( ) = 0 for eachj

and lim (1_,_1.) = det(A) # 0. Applying to (A); the Gaussian decomposition and using
compactness oA — | due to formula (44) in §_II.4[Gan88], which is valid in the case of
K also, we geb = diag(DJ jeN),Dj=A({" )/A(ijjj}:i);cg’k: At U i ig)/A( NE
Exg = AT 1) /AG) for g=k+1,k+2,..., keN. Therefore,(C 1), (D—1),
(E—1) are the compact operato,j, Dj, E j € K for eachi, j. Particularly, forA' = A

(A" denotes the transposed matrix frwe getEy g = Cgy.

A.2. Notes. 1.An isometry operato6 does not influence on the results given above
by the measures, sindgZ andS 1A on X have decompositions of the for@DE, where
X o Zis afinite-dimensional subspaceXfoverK, henceX & Z is locally compact for the
locally compact fieldK. Therefore, onX & Z there exists the Haar measure with values in
R or Qs with s# p, K D Qp.

A.2.2. For compactA — | we can construct the following decompositidn= BDB'C,
whereBB' = I, CC' = I, D is diagonal,B, D and E are operators om(wy, Cp) With
limj, —e(Bij — & j) = limj(Dj — 1) limj,j .« (Cij — &) = 0. But, in general, matrix ele-
ments oB,C, D are inCp, and may be ifC,, \ K, since from the secular equatio@t(A—Al )
even for symmetric matriA overK in general may appear/" for n € N, butR is not con-
tained inK andC,, is not locally compact. This decomposition is not used in the present
chapter for the construction of quasi-invariant measures on a BanachX$paeekK, since
on C, there is not any non-trivial invariant measure (or even quasi-invariant relative to all
shifts fromCp) and may beB; j, Dj, G j € C, \ K. Instead of it (and apart from [Sko74])
we use the decomposition given in the Lemma A.1.

A.3. Remarks. Let K be a non-Archimedean infinite field with a non-trivial normal-
ization. LetX andY be normed spaces ov&, and F : U — Y be a function, where
U c X is an open subset. The functidn is called differentiable, if for each € K,

x € U andh € X such thatx+th € U there existDF (x,h) := {dF(x+th)/dt|t =0} =
limi_ot0{F (x+th)—F(x)}/t andDF (x, h) linear byh, thatis DF (x,h) =:F’(x)h, where
F’(x) is a bounded linear operator (derivative). I®tF (x;h;t) := {F(x+th)—F(x)}/t
for eacht # 0, x € U, x+th € U, h € X. If this function ®'F(x;h;t) has a continu-
ous extensior'F onU x V x S whereU andV are open neighborhoods &fand 0
in X, S=B(K,0,1) and||®F (x;h;t)| := sup{||®F(x;h;t)|/[|h]| : xeU,0£heV,t €
S} < ® and ®F(x;h;0) = F'(x)h, thenF is called continuously differentiable dd,
the space of all suck is denoted byC'(U,Y), whereB(X,y,r) := {z€ X : ||z—y|x <
r}. By induction we defingd"1F (x;h(1),...,h(n+1);t(1),....t(n+ 1)} := {P"F(x+
t(n+1)h(n+1);h(1),..,h(n);t(1),...,t(n)) — P"F(x;h(1),...,h(n);t(1),...,t(n))}/t(n+
1) and the spac€"(U,Y) [Lud99t, Lud98b].

The family of all bijective surjective mappings 0f onto itself of clas<" is called the
diffeomorphism group and it is denoted byf f"(U) :=C"(U,U) "nHom(U).

A.4. Theorem. LetK be a spherically complete non-Archimedean infinite field with
non-trivial normalization, Fe C"(U,Y) withne N:={1,2,..}, F: X =Y, X and Y be Ba-
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nach spaces, U be an open neighborhood @f¥, F(X) =Y and[F’(y)]~* be continuous,
where ne Z, 0 < n < p when chafK) =: p> 0, n> 0 when cha(K) = 0. Then there ex-
ists r> 0 and a locally inverse operator & F~1: vV := B(Y,F(y),||F'(y)|r) — B(X,y,r),
moreover, G C"(V,X) and G(F(y)) = [F'(y)]*.

Proof. Let us consider an open sub&étC X, [y,X] '=[z: z=y+t(Xx—Yy), |t| <1,

t € K] cU andg:Y — K be a continuou&-linear functional, f (t) := g(F(y+t(x—Y)).
Such family of non-trivialg separating points oX exists due to the Hahn-Banch theorem
[NB85, Roo78], sinc is spherically complete. Then there exi$tét) = g(F'(y+t(x—
y))(x—y)), f € C"(B(K,O0,1),K), consequently, foF’(z) # 0, z € [x,y] there existd > 0
such that forg(F'(z)) # 0 we haveg(F (x+t(x—Y))) — g(F(x))| = [g(F () (x—y))| x It|
for each|t| < b. From|g(u(z))—g(u(X)| = |g(z)— g(x)| and the Hahn-Banach it follows,
thatu is the local isometry, whera(z):= [F'(y)|"*(F(z)), z, x € B(X,y,r), r is chosen
such that|(®tu(x h,t)) —h|| < ||h|| /2 for eachx € B(X,y,r), h€ B(X,0,r),t € B(K,0,1).
Therefore,F (B(X,y,r)) C B(Y,F(y),|[F'(y)|lr) =: S. Applying to the functionH(z) :=
z— [F'(y)]"Y(F(z)—q) for g € Sthe fixed point theorem we get such that~’(Z) = q,
since||H(x) —H(z)|| < b x ||x—z||. From the uniform continuous big, h) differentiability
fon(t) := g(F(y+th) byt it follows continuous differentiability 0G.

A.5. Theorem.Let f € C"(U,Y), where ne N, Y is a Banach space,@Z, 0<n<p
when p:= char(K) > 0, n> 0 when cha(K) = 0. Then for each x and g U is ac-
complished the following formula: (%) = f(y) +37—1 f(y)(x—y)I/j! + Ra(x,y) (X —
y)"L, where f)(y)(x—y)l = (®if) (y;x—y,...,x—y;0,...,0) x jl, f0)(y)hi := fl)(y)
(h,...,h), fU(y):U — Lj(X®Y), Ry(xy) : U% — Ln_1(X®=DY) with Ry(x,y) =
o(|x—y||), where L;(X®1,Y) is the Banach space of continuous polylinear operators from
X% toY, U is openin X. B

Proof. Forn = 1 this formula follows from the definition ap'f. Forn= 2 let us take

Ro(x,y) = ®?f(x;y,y). Evidently,C"~1(U,Y) D C"(U,Y). Let the statement be true for-
1, wheren > 3. Then from®" 1 (y+t(X—y);X—Y,...,X—Yit, ..., th_1) = "1 (y;x—
Voo X—=Yitt, e tnon)+ (YO (X =y, X — Wit tas1)) (YiX — Yita)) Xt @nd
continuity of ®" it follows that Ry(x,y)(x —y)" 1t = ®"f(y;x—vy,...,x—y;0,...,0,1)—
fM(y)(x—y)"/nl = a(x—y)(x—y)"L, where lim_y, xza(x—Yy)/||x—y| =0, that is,
a(x—y) =o([x-yl).

A.6. Suppose thaX andY are Banach spaces over a (complete relative to its uniformity)
locally compact fieldK. Let X andY be isomorphic with the Banach spaagga, K)
and co(B,K) and there are given the standard orthonormal bgegsj € a} in X and
{g; : j € B} in Y respectively, then each € L(X,Y) has its matrix realizatiofk; y :=
oxEe€j, wherea and are ordinalsgy € Y* is a continuous-linear functionalgy : Y — K
corresponding tgk under the natural embeddiiyg— Y* associated with the chosen basis,
Y* is a topologically conjugated or dual space<slinear functionals orY.

A.7. Let A be a commutative Banach algebra axiddenotes the Gelfand space/f
that is,A" = Sp(A), wheré&Sp(A)in another words spectrum éfwas defined in Chapter 6
[Ro078]. LetC, (AT, K) be the same space as in [Roo78, LDO02].

A.8. Definition. A commutative Banach algebrais called aC-algebra if it is isomor-
phic withC, (X, K) for a locally compact Hausdorff totally disconnected topological space
X, wheref + g and fg are defined point-wise for eadhg € C. (X, K).

A.9. Remark. Fix a Banach spacE over a non-Archimedean complete fidig as
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abovel (H) denotes the Banach algebra of all boun&idéhear operators oHl. If be L(H)
we write shortlySp(b)instead ofSp (4 (b) := cl(Sp(spap{b":n=1,2,3,...})) (see also
[Ro078]).

It was proved in Theorem 2 in [Put68] in the casdafiith the discrete normalization
group, that each continuolslinear operatoA : E — H with ||A|| <1 from one Banach
spacek into anotheH has the form

(o]

A=U S 1m'Pya,
nZO nA

whereP, := Py a, {Ph:n> 0} is a family of projections and,Py, = 0 for eachn # m,
|IP.]| < 1 andP? = P, for eachn, U is a partially isometric operator, that Ici(s,P(E)) IS
isometric,U [ecci(s,p.(E)) = 0, ker(U) D ker(A), Im(U) = cl(Im(A)), me F, [1] < 1 andn
is the generator of the normalization grouprof

We restrict our attention to the case of the locally compact fielcbnsequentlyi- has
the discrete valuation group. |A|| > 1 we get

00

(i) A=AU S 1Pha,
) A nZo n,A

whereAa € F and|Aa| = ||A]]. In view of [LDO02] this is the particular case of the spectral

integration on the discrete topological spaceEvidently, for each X r < o there exists
J € L(H) for which
1/r
(i) { Z §1dirn:Pn7J(H)} < o
n>0

for 1 <r < o, whereJ has the spectral decomposition given by Form(la s, :=
IA5]|Td"||Pa||. Using this result it is possible to give the following definition.

A.10. Definition. Let E andH be two normed--linear spaces, whel is an infinite
spherically complete field with a nontrivial non-Archimedean normalization. Frlieear
operatorA € L(E,H) is called of class.4(E, H) if there existsa, € E* andy, € H for each

n € N such that
a>(zm1 ) <=

(i) Ax='Y an(X)yn
n=1

for eachx € E, where 0< g < «. For each such we put

andA has the form

o)

(iii)  vg(A) = inf{ S

n=1

1/q
m@mm},

where the infimum is taken by all such representati@nsof A,
(V) Va(A):=[[A]

andL.(E,H) :=L(E,H).
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A.11. Proposition. Lq(E,H) is the normedF-linear space with the normg, when
1 < q; itis the metric space, wheh< g < 1.

Proof. LetA e Lq(E,H) and 1< g < o, since the casg= o follows from its definition.
ThenA has the representation A.10.(ii). Then due to the ultra-metric inequality

E*

) 1/q
Il < e sup(anle- 3ol < ||x||E< 5 ||an||‘é*||yn|m> ,
ne n=1

hence sup.o [AX|H/|[X]|le =: |Al| < Vq(A).
Let nowA,Se Lq(E,H), then there exists & & < « and two representationsx =
S ne18n(X)Yn andSx= 3 1 _1 bm(X)zn for which

<n§1\lan

1/q
ynm) < Vg(A) +Band

q
E*

q
E*

1/q
zn||qH> <vg(S) +9, hence

(niubn

(A+S)x= 3 n_1(an(X)yn + bn(x)zn) and

00

0 l/q 1/q
At < (3 ool ynl®) (3 117) < valA) +v0(S)+ 25
n=1 n=1

due to the Hlder inequality. The cased q < 1 is analogous to the classical one given in
[Pie65].

A.12. Proposition.If J € Lq(H), Se L, (H) are commuting operators, the fidfds with
the discrete valuation group ard/q+1/r = 1/v, then JS Ly(H), wherel < q,r,v < co.

Proof. SinceF is with the discrete valuation, thehand S have the decompositions
A.9.(i). Certainly each projectd?, ; andPy, sbelongs td_1(H) and have the decomposition
A.10.(ii). TheF-linear span ofJ, yrange(R jPm.s) is dense irH. In particular, for each
x € range(R jPm.s) we havel*Sx = AN\t ™M PR, 5P, . Applying § A.9 to commuting
operatorsk andS for eachk,| € N and using the base éf we get projector®, y andPny s
which commute for each andm, consequently)S= UjUsAjAsY >0 m>om" " "Pn.3Pm.s
hencelU;s=UjUs, Ajs= AjAs, B is= S nim=1Pn.sPm s In view of the Hlder inequality
Vu(I9) = inf( 55 o8k ;dimePy ss(H))1Y < vg(3)vi (S).

A.13. Proposition. If E is the normed space and H is the Banach space over the
field F (complete relative to its uniformity), then(EE,H) is the Banach space such that if
J,Se L(E,H), then

9 +Slr < 3]l +1IS

s ||bJ]ly = |b] ||J]|r for each be K;

3]y = 0if and only if J= 0, wherel <r < oo, || * ||q := Vg(*).

Proof. In view of Proposition A.11 it remains to prove tHatE, H) is complete, when
H is complete. Le{Ty} be a Cauchy net ih,(E,H), then there exist$ € L(E,H) such
that limy Tux = Tx for eachx € E, sincel,(E,H) Cc L(E,H) andL(E,H) is complete.
We demonstrate thak € L,(E,H) and Ty converges tdrl' relative tov, for 1 <r < co.
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Let ax be a monotone subsequence {io} such thatvf(Tq — Tg) < 27%2 for each
a,B > ak, wherek € N. SinceTg, ,, — T, € Lr (E,H), then(Tq,,, — To, )X = 3 n—18n k(X)¥n k
with 32 [[an il [ynkl" < 27%2. Therefore(Ta,,, — Ta )X = S5k ' S&_1ann(X)ynn for
eachp € N, consequently, using convergence whildends toco we get(T — Tq, )X =
ShokZn-18nh(X)¥nh ThenVi(T —Ta,) < S5y S 1 ll@nal[ynnl" < 277, henceT —
Ta, € Ly (E,H) and inevitablyT € L, (E,H). Moreovery, (T — Ty) < Ve (T — To, ) +Vr (To —
Ty) < 2-&D/"2 for eacha > ay.

A.14. Proposition. Let E;H,G be normed spaces over spherically completelf
TelL(E,H)and Se L;(H,G), then STe L, (E,G) andv,(ST) <v(9)||T||. f T e L, (E,H)
and Se L(H,G), then STe L, (E,G) andv,(ST) < ||S||v((T).

Proof. For eachd > 0 there aréd, € H* andz, € G such thatSy= y_; bn(y)z, for
eachy € H and S _1 ||bn||"||zn]|" < Vi (S) + 8. Therefore,STx= S,_, T*bn(X)z, for each
x € E, hencev, (ST) < 55y [T bnl["[[za]|" < [ T|[[V(S) +0], since||T*bn(x)|| = [ba(TX)| <
1Bn |l 1T < [|bn|l[| TI][X]|, whereT* € L(H*,E*) is the adjoint operator such tha{T x) =:
(T*b)(x) for eachb € H* andx € E. The operatoiT* exists due to the Hahn-Banach
theorem for normed spaces over the spherically completeRighB85, Roo78].

A.15. Proposition. If T € L, (E,H), then T € L, (H*,E*) andv,(T*) < v,(T), where
E and H are over the spherically complete fi€ld

Proof. For eachd > 0 there area, € E* andy, € H such thafT x= S 7_;an(X)yn for
eachx € Eandy iy [|an|"[[yn[|" < vi(T)+3. Since(T*b)(x) = b(TX) = Fr_1an(X)b(¥n)
for eachb € H* andx € E, thenT*b = S _,Y;(b)an, wherey,(b) := b(yn), that is correct
due to the Hahn-Banach theorem EbandH over the spherically complete fielI[NB85,
Roo78]. Thereforey; (T*) < Sh_1llynll"|an]]" < Vi(T)+9, since|ly*||u- = |||l for each
yeH.

A.16. Comments.Bounded operators on non-Archimedean Banach spaces were inves-
tigated, for example, in [Gru66, Put68, Roo78, LD02, Lud0341] and references therein. In
this book only some specific results in operator theory are used, so there are not referred all
works on this subject.



Appendix B

Non-Archimedean Polyhedral
Expansions

B.1. Ultra-uniform Spaces

B.1.1. Let us recall that by an ultra-metric spa¢¥,p) is implied a setX with
a metric p such that it satisfies the ultra-metric inequalityp(x,y) < max(p(xz);
p(z,y)) for eachx, y andz € X. A uniform spaceX with ultra-uniformity U is called
an ultra-uniform spacéeX,U) such that) satisfies the following conditiorjx — z| < V', if
ly—z|< V" and|x—y| <V, whereV Cc V' e U, x, y andz € X [Eng86, Roo78]. If inX
a family of pseudo-ultra-metrid3 is given and it satisfies conditiorig P1,UP2), then it
induces an ultra-uniformity due to proposition 8.1.18 [Eng86].

Let L be a non-Archimedean field. We say thats a L-Tychonoff space, ifX is a
Ti-space and for eadh = F C X with x ¢ F there exists a continuous functidn: X —
B(L,0,1) such thatf(x) =0, f(F) = {1}, whereB(X,y,r) := {ze€ X : p(y,z) < r} for
ye€ X andr > 0. FromInd(L) = O it follows Ind(X) = 0 (see §6.2 and Chapter 7 in
[Eng86]). Since the norms | : L — "L is continuous, theiX is the Tychonoff space,
wherel | := {|x|_ :xe L} C [0,). Vice versa ifX is a Tychonoff space witmd(X) = 0,
then it is alsd_-Tychonoff, since there exists a clopen (closed and open at the same time)
neighborhoodV > x with WNF = 0 and as the locally constant functidnmay be taken
with f(x) =0 andf(W) = {1}.

Let us consider spac€X,L) := {f : X — L| f is continuous} andC*(X,L) :={f €
C(X,L) : [f(X)|L is bounded iR}, then for each finite family{fi,..., fm} C C(X,L)
(or C*(X,L)) the following pseudo-ultra-metric is define@y, ., (X y) := max(|fj(x) —
fi(y)lL : j =1,...,m}. FamiliesP or P* of suchpy, .. 1, induce ultra-uniformitie€ or C*
respectively and the initial topology oX. If a sequencqV;: j=0,1,...} C U is such
thatVp = X2, pVir1 CVjfor j=1,2,...,wherepis a prime number, then there exists a
pseudo-ultra-metrip(x,y) := 0 for (x,y) € N0V}, p(X,y) = p~) for (x,y) € Vj\ V1, SO
Vi C {(x,y): p(x%,y) < p~'} CVi_1. Indeed, from(x,y) € Vi \ Vis1 and(y,z) € Vj \ V1 for
j >iitfollows (x,z) €V, andp(x,z) < p~' = p(x,y). Therefore, ultra-uniform spaces may
be equivalently characterized blyor P (see § 8.1.11 and § 8.1.14 in [Eng86] ).

Henceforth, locally compact non-discrete non-Archimedean infinite fieldse con-
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sidered. If the characteristahar(L) = 0, then due to [Wei73] for each suththere exists
a prime numbep such that is a finite algebraic extension of the figly}, of p-adic num-
bers. Ifchar(L) = p > 0, thenL is isomorphic with the fieldr,n(8) of the formal power
series by the indeterminaf wheren € N, p is the prime number, eache L has the
form z= ijk(z) ajej with aj € Fyn for eachj, |6]. = p~! up to the equivalence of the
non-Archimedean normalizatiok(z) € Z, Fyn is the finite field consisting of" elements,
Fpn — L is the natural embedding.

For an ordinalA with its cardinalitym= card(A) by co(L, A) it is denoted the following
Banach space with vectoxs= (Xa : a € A X5 € L) of a finite norm||x|| := Sup,ca [XalL and
such that for each > 0 a set{a € A: [x|L > b} is finite. It has the orthonormal in the
non-Archimedean sense bagig := (8;a:ac A): j € A}, whered; , =1 for j = aand
dj.a = 0 for eachj # a[Roo78]. Ifcard(A;) = card(Az) thency(L, A1) is isomorphic with
Co(L, A2). In particularcy(L, n) =L" for n € N. Thencard(A) is called the dimension of
Co(L, A), card(A) =dim_co(L, A).

B.1.2. Lemma.Let (X, p) be an ultra-metric space, then there exists an ultra-metric
equivalent top such thatp’(X,X) c .

Proof. Letp’(X,Y) == SUR,cf, p<pxy) 0, Wherexandy € X, eitherl © Qp orL = Fpn (6).
Thenp' is the ultra-metric such that(x,y) < p(x,y) < p x p/(x,y) for eachx andy € X.

B.1.3. Lemma. Let (X,P) be an ultra-uniform space, then there exists a farfily
such thaip'(X,X) c ' for eachp’ € P; (X,P) and (X, P’) are uniformly isomorphic, the
completeness of one of them is equivalent to completeness of another.

Proof. In view of Lemma 2 for eaclp € P there exists an equivalent pseudo-ultra-
metricp’. They form a familyP’. Evidently, the identity mappingl : (X,P) — (X,P’) is
the uniform isomorphism. The last statement follows from 8.3.20 [Eng86].

B.1.4. Theorem. For each ultra-uniform spacéX,p) there exist an embedding
f: X — B(o(L, Ax),0,1) and an uniformly continuous embedding intglc Ax), where
card(Ax) = w(X), w(X) is the topological weight of X.

Proof. In view of theorem 7.3.15 [Eng86] there exists an embeddin¥ a@fto the
Baire spac&(m), wheran=w(X) > Oy. In the casev(X) < Oy this statement is evident,
sinceX is finite. In view of lemma 2.2 we choose B(m) an ultra-metricp equivalent to
the initial one with values i such thatp({x },{yi}) = pK, if xc # yk andx; = y; for
i <k p({x},{yi}) =0, if i =y for all i, where{x;} € B(m),i € N, x, € D(m), D(m)
denotes the discrete space of cardinatityLetA = N x C, card(C) = m, {g a|(i,a) € A}
be the orthonormal basis iy(L, A). For each{x} € B(m)we havex; € D(m) and we
can takex; = g 5 for suitablea = a(i), sinceD(m) is isomorphic with{e 5 : a € C). Let
f({X}) := Tiena=a() P'@.a, consequently f({Xi}) — F({yi})llco.a) = P({Xi}, {¥i})-

The last statement of the theorem follows from the isometrical embeddii pj into
the corresponding free Banach space, which is isomorphicagfth A) (see theorem 5 in
[Lud95] and Theorems 5.13 and 5.16 in [Ro078] ).

For each ultra-metrip € P of an ultra-uniform spacéX, P) there exists the equiva-
lence relatiorR, such thatxRyy if and only if p(x,y) = 0. Then there exists the quotient
mappinggp : X — X 1= (X/Ry) , whereX, is the ultra-metric space with the ultra-metric
also denoted bp, X denotes the completion &f. ThenX has the uniform embedding into
the limit of the inverse spectiav — limy X, = X. Hence we have got the following.

B.1.5. Corollary. Each ultra-uniform spacéX,P) has a topological embedding into
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MeerB(Co(L; Ap),0,1) and an uniform embedding intppcp Co(L, Ap) with card(Ay) =
wW(X.
B.1.6. Corollary. For each je N and f(X) C cp(L, Ax) from Theoremd there are
coverings { of the space {X) by disjoint clopen balls Bwith diameters not greater than
p~) and withinf, 4 dist(B;, B) > 0.

Proof follows from the consideration of the covering af(L,A) by balls
B(co(L, A),x,r) with 0 <r < p~ andx € co, since such balls are either disjoint or one
of them is contained in another afig is discrete in(0,%), wherel'| := [\ {0}. Then
Uqea B(Co,Xg,1q) is the clopen ball ireg with r < p~l, if all balls in the familyJ have non-
void pairwise intersections. Takirg|(c,x,r) N f(X) we get the statement fdr(X) using
the transfinite sequence of the covering.

B.1.7. Note. A simplexsin R" may be taken with the help of linear functionals,
for example,{e; : j =0,...,n}, whereej = (0,...,0,1,0,...,0) with 1 in the j-th place
forj>0ande =€ +---+&, s:={xeR":¢gj(x) €[0,1]for j=0,1,...,n}. Inthe
case ofL", if to takeB(L, 0,1) instead of0,1], then conditions; := e;j(x) € B(L, 0,1) for
j=1,....,nimply ep(X) = X1+ - - -+ X, € B(L, 0,1) due to the ultra-metric inequality ( since
B(L,01,) is the additive group ), that 5= B(L,0,1). Moreover, its topological border is
emptyFr(s) =0 andInd(Fr(s)) =—1. Let us denote byy an element fronk. such that
B(L,0,17) :={xeL x| <1}=mB(L,0,1)and|T | = SURyr, p1b=bL.

B.1.8. Definitions. (1). A subsetP in co(L,A) is called a polyhedron if it is a
disjoint union of simplexes;, P = ;¢ Sj, WhereF is a set,sj = B(c(L, A),x,r) =
X+ TE¢B(co(L, A'),0,1) are the clopen balls io(L, A'), A C A,r = bf, k€ Z. For each_
we fix . and such affine transformations. The polyhedpada called uniform if it satisfies
conditions(i, ii):

(i) supeg diam(s) < oo,

(i) infi; dist(s,sj) > 0, wheredist(s,q) := infyesyeqP(X,y). By vertices of the sim-
plexs=B(c(L, A),0,1) we call pointsx = (X;) € co(L, A) such thatx; = 0 orx; = 1 for
eachj € A, dim_(s) := card(A). For eaclE C A, E # A and a vertexe by verge of the
simplexswe call a subset+ B(c(L, E),0,1) C s. For an arbitrary simplex its verges and
vertices are defined with the help of affine transformation as images of verges and vertices
of the unit simplexB(cy(L, A'),0,1).

Then in analogy with the classical case there are naturally defined notions of a simplicial
complexK and his spacé|, also a sub-complex and a simplicial mapping. The latter has
restrictions on each simplex of polyhedra that are affine mappings over thd fiaidl
images of vertices are vertices.

Instead of the barycentric subdivision in the classical case we introdpiesubdivision
of simplexes and polyhedra for € N andL D Qp, that is a partition of each sim-
plex B(g(L, A'),x,r) into the disjoint union of simplexes with diameters equatpo!.
Each simplexs with dim_s = card(A’) may be considered also (L, A), whereA' C
A, since there exists the isometrical embeddi(-, A') — co(L,A) and the projec-
tor 1: co(L, A) — co(L,A’). By a dimension of a polyhedroR we call dim_P :=
SURs-psis a simplex dim.s.  The polyhedrorP is called locally finite-dimensional if
all simplexess C P are finite dimensional ovel, that is, dim_s € N. For a simplex
s= B((L, A'),x,r) by L-border ds we call the union of all its vergeg with the codi-
mension ovellL equal to 1 incy(L, A') =: X, that is,q = e+ B/, whereB' are balls in
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co(L, A”) =:Y, (A'\ A") is a singletonA” C A, X&Y =L, Y — X. For the polyhedron
P = Ujcr Sj by theL-border we calloP = Jjcg 0sj, WhereF is the set.

(2). A continuous mappind of a setM, M C cp(L, A) into a polyhedrorP we call
essential, if there is not any continuous mappingM — P for which are satisfied the
following conditions:

(i) g(M) does not contaif?;

(i) there existdMg C M, Mg # M with f(M) N 0P = f(Mg) = g(Mp) C dP and their
restrictions coincidd |m, = g|m,;

(iii) if fislinear on[x,y] := {tx+ (1 —t)yt € B(L,0,1)} C M, theng s also linear on
[X,y] such thag(x) # g(y) for eachf(x) # f(y).

(3). The functionf from 8§ 2.8.(2) is inessential, if there exists swrh

(4). Let f : M — N be a continuous mappingg(L, A) D N D P, P be a polyhedron.
ThenP s called essentially (or unessentially) covered\oynder the mappind, if f|;-1(p)
is essential (or inessential respectively).

(5). Let f : M — P andg: M — P are continuous mappings, whevkis a set,P is
a polyhedron. Themy is called a permissible modification df, if three conditions are
satisfied:

(i) fromae M andf(a) € sit follows g(a) € s, wheresis a simplex fromP;

(ii) if xandy € M, [x,y] C M andf : [x,y] — Pis linear, therg: [x,y] — Pis also linear
(overL) andg(x) # g(y) for eachf (x) # f(y);

(iii) f(oM) =g(aM).

(6). The mappingf : M — P is called reducible (or irreducible), when it may (or not
respectively) have the permissible modificatgsuch thatf (M) is not the subset aj(M).

(7). A mappingf : P — Q for polyhedraP andQ is called normal, if

(i) po(f(x), f(y)) < pp(x,y)for eachxandy € P, that isf is a non-stretching mapping;

(ii) there exists g!-subdivisionQ of polyhedraQ such thatf : P — Q' is a simplicial
mapping, that isf|s is affine on each simplexc P andf(s)is a simplex fromQ'.

(8). Let X =inv—Ilim;{X;, fiJ ,E} be an expansion of into the limit of inverse spectra
of polyhedraX; overL. This expansion is calleda) irreducible, if for each opelN C X
there exists a co-final subggf C E such thafXj, f!, By} is also the irreducible polyhedral
representation of the spabg that is fiJ : Xj — X are irreducible and surjective for each
i > j € Ey. The polyhedral system (representati¢X), f,,E} is called(b) n-dimensional,
if dim_X; < nfor eachj € E, SUHEEdim_Xj =n.
additional in comparison with the classical case. They are imposed in § 8, since there exists
a continuous non-linear retractions; — 0s; for the non-Archimedean field, which may
be constructed with the help ptsubdivision. Iff is simplicial on each polyhedrav and
2.8.(2(iii)) is accomplished, thedim_g(M) = dim_f(M).

Here we mean by ANRU an ultra-uniform spaXesuch that under embedding into
an ultra-uniform spac¥ it is the uniformly continuous retragt: V — X of its uniform
neighborhood/, X CV C Y. We denote by (X,Y) for two ultra-uniform spaceX and
Y an ultra-uniform space of uniformly continuous mappirigsx — Y with the uniformity
generated by a base of the fowih= {(f,g)|(f(x),g(x)) € V for eachx € X}, whereV €V,

V is a uniformity onY corresponding t®y.
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Here we call an ultra-uniform spageinjective, if for each ultra-uniform spacé with
H C X and an uniformly continuous mappirig H — Y there exists an uniformly continu-
ous extensiorf : X — Y.

B.1.10. Theorem.B(cy(L, A),0,1) is an injective space for caféh) < Oo.

Proof may be done analogously to theorem 9 on p. 40 in [Isb64].

B.1.11. Theorem.Each uniform polyhedron P ovéris ANRU.

Proof. Sincea = infi.jcr dist(s,sj) > 0, b = sup.g diam(s) < o, then there exists
a uniform coverindJ such that for eacls there existsa/p-clopen neighborhood; € U.
Eachs is an uniform retract, ri : Vi — s, consequently, there exists uniformly continuous
retractionr : S= Uy, Vi — P such that | = r; for eachi, since sup g diam(s) < «. The
neighborhoodsis uniform, sinceSt(M,U) = S.

B.1.12. Note. Further for uniform spaces are considered uniformly continuous map-
pings and uniform polyhedra and for topological spaces continuous mappings and polyhe-
draif it is not specially outlined.

B.1.13. Lemma.Let (X, P) be an ultra-uniform strongly zero-dimensional space, P be
apolyhedra oveL, A,,. .. Ay are non-intersecting closed subsets in X6 N, card(P) > q.
Then there exists an uniformly continuous mapping{f— P such that {A) N f(A;) =0
for each i |.

Proof. There exists a disjoint clopen coverivg for X satisfyingA; C V; for each
j=1,...,9 (see Theorem 6.2.4 [Eng86]). Then we can take locally constant mapping
with f(Vj) Csj CP.

B.1.14. Lemma.Each non-stretching mapping: £ — P has non-stretching continu-
ation on(X,p), where P is a uniform polyhedron overE c X.

Proof. There exists an embeddify— cy(L, A) for card(A) =w(P) due to Lemma 4
[Lud95]. We choosé : E — co(L, A) with f = (f' ;i € A), f': E — Lej, where(g :i € A)
is the orthonormal basis ity(L, A) and inf(i;éj?S andsjcp)dist(s,-,sj) > 0, 5 are simplexes
from P.

B.1.15. Definition. An ultra-uniform spacéX, P) is calledLE-space, if each uniformly
continuousf : Y — L has an uniformly continuous extension onXajlwhereY c X.

B.1.16. Theorem. An ultra-metric space X is an LE-space if and onlyXif=
inv—limm{Xm, f", E}, where X, are fine spaces and bonding mappings: Xm — X, are
uniformly continuous foreach (mn € E.

Proof. Let us consideiXa = B(c(L, A),0,1) for card(A) > O or Xa = L" which
are not fine spaces, since ¥p there are continuous : Xa — L which are not uniformly
continuous. Then for the embedding of the non-fine spgce— co(L, A) there is not
compactH with Xa C H C ¢o(L, A). Therefore, irKa there exists a countable closed subset
of isolated pointsy = {x; : i € N) and a continuous functiofi : Y — L with |f(xj) —
f(x)|/|X; —%| > ¢ > 0 for eachj > i and lim_.. ¢ = « such thatf has a continuous
extensiong on Xa. Indeed, there exists a clopen neighborh@gdthat is ab-enlargement
(with b > 0) relative to the ultra-metripa on Xa, so there is a continuous retractionV —

Y, g(x) =conste L on (Xa\W), g(x) = f(r(x)) onW, gly = f. Thereforeg is continuous
and uniformly continuous oKa (see also Theorem 1.7 [CI60]).
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B.2. Polyhedral Expansions

B.2.1. Theorem.Each complete ultrauniform spac¢¥, P) is a limit of an inverse spectra
of ANRU Y, where Y are embedded into complete locallyconvex spaces.

Proof. In view of Corollary 1.5 there exists a uniform embedding —
MeerpCo(L, Ap) =: H. In eachcy(L,A;) may be taken the orthonormal badie;, :

j € Ag}, card(A;) = w(Yp) and define canonical neighborhoots f,b;(j1,p1),...,
(insPn)) =={q e H : |mp(q) —mp(f)] <b for i =1,...,n}, wherem;, : H —

Lej, are projectors,f € H, b > 0, ne N. Each clopen subsef, := H \
U(f,b;(j1,P1),---,(in,Pn)) is uniformly continuous (non-stretching) retract &y,

that is Z, is ANRU. Analogously each finite intersectior , Z(fi,bi, (j}.0}), .-,
(ih,Ph)) = N1 21 1, are also ANRU, sinc@yp, O 12 5 and a retractioy : Zgp,/p —

Zyn, produces non-stretching relative to the corresponding pseudo-ultra-metric retraction
Ok Nf1Zip/p — NiaZip. Hencegqo--ogi =09: N1Zip/p — NLiZy is the
(non-stretching) retraction. L& be the ordered family of suof)_,;Zn, C H\Y, then
Nzes(H \ Z) =Y. Further as in the proof of Theorem 7.1 [Isb61].

B.2.2. Lemma.Let (X, px) and (Y, py) be ultra-metric spaces, :fX — Y be a contin-
uous mapping such thatf is a b-mapping, where H is dense in X>{0. Then X and Y
may be embedded into a Banach space W avsuch that X with equivalent ultra-metric
inW and|| f(x) —x|| < b for each xe X, that is, f is a b-shift or a b-mapping.

Proof. From Theorem 1.4 and Lemma 1.3 and Corollary 1.6 it follows that there ex-
ists such embedding of into the correspondin®/ = co(L, A) with card(A) = w(X) with
the disjoint clopen covering = {B(c(L, A),xj,bj) =:Bj:Xj € H,e0o > b; > 0,j € F}.
LetY; := f(Bj) C Y, consequentlydiam(Y;) < b, sincef is theb-mapping, that is re-
alizes the covering oK consisting from subsets of diameters not greater tharThen
px (X, X") < max(p(%,x;),p(X;,X")), wherex’ € f=1(y), y €Y}, X € B(aw(L, A),X;,bj),
f(X) =y, diam(f~1(y)) < b. Letx; # x;, this is equivalent t@& N B; = 0 and is equivalent
to px (X, Xj) > b, consequentlyi NY; =0 andY = J;¢ Yj. In view of continuity off there
exists the embedding &f into Bj, sincef is theb-mappingw(Y) <w(X), 0< bj <band
due to theorem 2.4.

B.2.3. Lemma. Let there exists a non-stretchirigniformly continuousmapping f:

R — P and a non-stretchinguniformly continuougspermissible modification gM — P,
where R is a complete ultra-metric spadeE-space respectively), P is a polyhedron, M

is a subspace in R; if R is a polyhedron let M be a sub-polyhedron. Then g has a non-
stretching(uniformly continuous respectivelgxtension on the entire R and this extension

is a permissible modification of f.

Proof. For a complete ultra-metric spaBgthe mappingg has the non-stretching (uni-
formly continuous) extension on the completionMfwhich coincides with the closure
M of M in R, sinceR andP are complete. The spadtis complete, since it is ANRU
by Theorem 1.11 (see also Theorem 1.7 [Isb59], Theorems 8.3.6 and 8.3.10 [Eng86]).
For the embeddingR — co(L, A) with card(A) = w(R) by Theorem 1.4 it may be taken
due to Corollary 1.6 the disjoint clopen coverilgsuch that eachV € V has the form
W = RNB(c(L, A),x,rw), wherery > 0, X € R, sugyoy f'w < p~ (for eachj € N there
exists suchv).

In view of uniform continuity off and uniformity of the polyhedroP there existd/
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such that for eachV fromV there exists a simpleX C P with f(W) C T. The space
Co(L, A) has the orthonormal basfg; : j € A}. If f is linear on no anya,b] C R, then for
the construction off may be used lemma 2.14 or Theorem 1.16. This may be done with
the help of transfinite induction by the cardinality of sets of vertices of simplicesf¢on
using the Teichriller-Tukey lemma) and with the modification of the proof of Lemmas 1
in [Fre37, Ish61]. In general Igt(M) contains each zero-dimensional simplekc P. If it
is not so, then there exists a pobt f~1(T°) in whichg is not defined. Iff is non-linear
on eachla,b] ¢ Rwith a€ M, theng(b) = f(b). If f is linear on sucHa,b], then from
p(a,b) < « it follows that[a,b] is homeomorphic with the compact b&(L, a,p(b,a)) in
L and f([a,b]) is homeomorphic wittB(L, f(a),||f(b)— f(a)||). Then inMnN[a,b] =Y
there existy such thap(y,a) =sup.y p(a,x) =t. The subspac¥ is covered by the finite
number oW € V. Fory # a, thatist > 0, f([a,b]) is compact and is contained in the finite
number of simplexes fror®, consequently, there exists the permissible modificatiogn of
on[a,b] also.

Let E and F be two subsets inrR. We denote bysp(EF,f) the subspace
cI((U(aeEbeF’”[a‘m is L linear)[@b])UEUF) in R, wherecl(S) denotes the closure of

SinRfor SCR. IfB={q: f(T% =q,T° c P,g is not defined i}, then by the
Teichnilller-Tukey lemma there exists the extensiongobn spM,B,f) =: Mg. Let
M; :=spUi<;Mi,B, ), whereB = U1 is not the subset afm)) T’ T' are simplexes
from P with the cardinality of sets of vertices equal fowherej < w(P). From Lemma
2.2 it follows that conditions 1.8.(5(iii)) may be satisfied oM; NR. Considering ver-
tices ofsfrom RN f~1(T1)\ Ui<j Mi we construcg onM;j C R. SinceR — co(L, A), then
sup M; = R, whereM; are ordered by inclusioi¥; > M; for eachi < j.

Henceforth, we assume that for uniformly continuous mapginy — P are satisfied
Conditions 1.14 and 1.16, wheYeC (X, p).

B.2.4. Lemma. Let f: M — P is irreducible, M and P are polyhedrons, N is a sub-
polyhedron in M, Q is a sub-polyhedron in P(N) C Q, then a mapping fN — Q is
irreducible.

Proof. Let f : N — Q be reducible, that is there exists an permissible modification
g: N — Qwith g(N) not contained inf (N), g € f(N)\ g(N). In view of Lemma 2.3 there
exists the extensiog: M — P. Letr > 0 is sufficiently small and) :=N, = {ye M :
there existx € N with p(x,y) < r} be ther-enlargement of the subspalesuch thaig ¢
g(N). SinceM andP are (uniform) polyhedra andl is (uniformly) continuous ant is
clopen inM, then there existp!-subdivisionM’ and clopen polyhedroH with Ne/p CNC
U C M’ such thath|y = g|n, M"\ H is the sub-polyhedron iv’, hjyny = flm\q. Then
g ¢ h(H) and from the irreducubility of it follows thatq ¢ f(M\ H), consequentlyh is
the permissible modification of andh(M) is not the subset of (M). This contradiction
lead to the statement of this lemma.

B.2.5. Lemma.Let f: M — P, M and P be polyhedrons ovkr Then the condition of
irreducibility of f is equivalent to that each sub-polyhedron it@® is essentially covered.

Proof. If f isirreducible, then due to Lemma 2.4 each sub-polyhe@anessentially
covered. Letvice versa ea€his essentially covered arfdhas the permissible modification
g with P = f(m) not contained irg(M). From f (M) = g(dM) and thatf is essential the
contradiction with{ P is not contained ig(M)} follows, consequentlyf is irreducible.

B.2.6. Lemma.Let P and M be polyhedrons. If:M — P has only admissible modifi-
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cations, then f is irreducible.

Proof. From f(dM) = g(0M) and thafg is the permissible modification dfit follows
that each sub-polyhedra@ from P is essentially covered due to lemma 3.3. In view of
Lemma 2.5f is irreducible.

B.2.7. Lemma. Let there is an inverse spectra=S{Rn, f",E} of polyhedra R, over
L, f™™are simplicial mappings,'g R — P, d"=d' o f for a fixed |, f, =inv—Ilimpy f}",
g=dof, R=inv—IimS, f,: R— R, E is linearly ordered. If g R — P is reducible for
a polyhedron P, then for almost all (that is, there exists k E such that for each & k)

g": R, — P are reducible.

B.2.8. Lemma.lf f :M — N, g:N— T, f(M) =N, where M and N are polyhedra,
then from g is inessentigteducible)it follows fo g is inessentia({reducible).

B.2.9. Lemma.Suppose that there is given an irreducible inverse mapping system S
{Pm, f",E} of polyhedra R overL, M is closed in P= inv—1im S such that M:= fy(M)
are sub-polyhedra inPand for each m> | permissible modifications{gfor f™ are given
(on the entire R) and for each n> m mappings go f;, are permissible modifications of
f™. Then the inverse mapping system:S {Mn,g" o f, Ei} is irreducible, where E=
{neE:n>1}.

Proof is analogous to the proofs of Lemmas I1V.30.V-VII in [Fre37] using the preceding
lemmas (see also [Isb61]). Indeed, in Lemma 2.4, i§ L-linear on[a,b] C M andg is
L-linear on[f(a), f(b)], thenf ogis L-linear on[a,b]. In Lemma 2.9 from surjectivity and
irreducibility of f™ it follows surjectivity and irreducibility oy o f, due to Lemmas 2.4,
2.5 and 2.8. Sincg; is cof-inal withE, then for eaciW open inM there existy/ open in
P such thawW = MNV.

B.2.10. Lemma.lf T is a simplex from a psubdivision P of polyhedron P then for
each clopen neighborhood U T such that U is a sub-polyhedron in Ehere exists a
mapping k P — P such that k; is simplicialand KU) =T.

Proof. In view of Theorem 1.11 there exists the retractiar® — U (it is uniform if P
is the uniform polyhedron), then analogously to the proof of Lemma VIII [Fre37].

B.2.11. Lemma. Let P be a polyhedron, fM — P and g: M — P are two b-close
mappings(that is,p(f(a), f (b)) < b for each ac M), then there exists k from lemr8al0
such that kg and f are b-close and kg is a permissible modification of f.

B.2.12. Lemma.Let f: P — Q be a non-stretching mapping of a uniform polyhedron
P onto a uniform polyhedron Q ovér Then there exists alpsubdivision Pof P and a
normal mapping gP — Q such that g is a permissible modification of f.

Proof. For eachb > 0 in view of uniform continuity off there existgp!-subdivision
P’ of P and p'-subdivision ofQ and a simplicial mapping : P — Q, which isb-close to
f. Indeed, simplexe3' c P’ are disjoint and clopen for them due to Lemmas 3 and 4
[Lud95] h can be chosen such thdt) |h(e)— f(e)| < b for linearly independent vertices
CHES T', that is,{(&,j—&0):j €A} arelinearly independens, o is a marked vertex from
T', card(A)) = dim_T' and(ii) h(T') are simplexes i® with diam(h(T)) < diam(T'") for
suitableb > 0 andp'-subdivisionQ of Q, whereh|;: are affine mappings for ea¢h This
is possible due to uniformity of polyhedRaandQ. Takingg = ko h, wherek is the suitable
mapping from Lemma 2.11 we get the desiged

B.2.13. Lemma. Let g be a permissible modification of R— P and h: P — Q is
a normal mapping, where P and Q are uniform polyhedra. Them fs the permissible
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modification of b f.

B.2.14. Lemma. Let {P,, f},E} = S be an irreducible inverse system of uniform
polyhedrons ovek, M be closed in P=inv—IlimS, M, = f,(M) be sub-polyhedra in
P, {Qxks gI K F1 be an inverse spectra of polyhedra,@hich appear by p¥-subdivisions

of Py, gI be normal and permissible maodifications q?f where F is co-final with E,

Nk = ok(M), g \Nk and g|m are irreducible. Then Nare polyhedra.

Proof follows from Lemmas 3.7-3.12 (see also [Fre37, Isb61]).

B.2.15. Lemma. Suppose that for a complete ultra-metric space R there is a non-
stretching mapping f R— P, f(R) =P, P is a uniform polyhedron ovdr. Then for
each b> 0 there exists a b-mapping:qR — Q and Q is a uniform polyhedron oversuch
that for sufficiently fine psubdivision @of a polyhedron Q there exists a normal mapping
h: Q— P and ho g is a non-stretching permissible modification of f.

Proof. ForRthere exists the embeddify— co(L, A) with card(A) =w(R)by theorem
2.4 and a clopen neighborho&lwith R C SC R(r) that is a uniform polyhedron due to
Corollary 1.6, whereR(r) denotes the = b/p-enlargement oR. By Lemma 2.2 there
exists the sub-polyhedra with R C Q € Sand theb’-mappingg: R— Q. If [a,z]C S
and f|(5 4 is L-linear, then we can chooggsuch that it is linear offia,z] andg(a) # g(2)
when f(a) # f(z). From the completeness Bfand lemma 2.14 it follows thatt has the
non-stretching extensioh: S— P. Then there arg, Q and non-stretching : Q — P for
sufficiently smallr > 0 andb’ > 0. Forh due to Lemma 2.12 there exists the permissible
modification and normat : Q' — P such thahog(R) =P, f(dR) =hog(dR)for dR # 0,
that is, wherR contains simplexe$ with dim_T > 0. Suchk, h andg may be constructed
on each simpleX from Q and then on the entire space.

B.2.16. Lemma.Suppose that R is a complete ultra-metric spage Rf— P, are non-
stretching R-mappings, Pare uniform polyhedra ovel, n € E, E is an ordered set such
that for each b> 0 there exists £ E with0 < b, < b for n> |. Then there exists a normal
irreducible inverse mapping system=S Qm,dn,, F }, F is co-final with E, inv-limS=R,
Qm are sub-polyhedra of Jg"-subdivisions of Ry and gy are permissible modifications
of fom), where g = inv—Ilimn g, : R— Qm.

Proof. In view of Lemmas 2.5, 2.6, 2.13 and 2.14 it is sufficient at first to construct
S with non-stretching normal normal and surjective mappig8s This can be done due
Lemma 2.15 withg" o f,) being non-stretching permissible modifications fgf, and
inv—limpg"o f,m) are non-stretching permissible modificationsfgf.

B.2.17. Lemma. If the ultra-metric space(X,p) is isomorphic with inv—
lim{(Xm, pm); fT; F } and the following conditions are satisfied:

(1) for each m there are embeddings gXm — (E, p) into a complete spacéE, p);

(2) fm: X — Xi, are projections;

(3) (Xm, pm) are ultra-metric spaces;

(4) there is given a familfbm > 0:me F}, by € p(X,X) and for each b> 0 the set
{m: by > b} is finite, tn := infyx )b, P(Am(X), Am(Y)), liMmmtm = O, for each m> n and x
and the inequalityp(gm(X),an o f(X)) < t, is accomplished. Then the mappingsodfm
converge uniformly to the embeddingX E.

Proof. In view of Lemma 1.2 we may suppose thg, X) andpm(Xm, Xm) C T (Qp).

If xandy € X andp(x,y) > by, thenp(gn o fn(X),dno fa(y)) > th. From conditiong2,4,5)
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it follows the existence ok such thatp(gmo fm(X),gmo fm(y)) > t, for eachm > k and
ultra-metricp, consequentlyg = inv— limmgn is the embedding, singgq(x),q(y)) > tn.

B.2.18. Theorem. Let (X,P) be a complete ultra-metric space ahdbe a locally
compact fieldL > Qp. Then there exists an irreducible normal expansiorofP) into
the limit of the inverse mapping system=§PR,, fi,,E} of uniform polyhedra poverL,
moreover, inv-lim S is isomorphic witl{X, P), in particular for ultra-metric spacéX, p)
the system S is the inverse sequence.

Proof. From Corollary 1.5 and Theorem 2.1 it follows the existence of the expansion of
(X, P) into the uniformly isomorphic limit of the inverse mapping system {Y;, fiJ ,F} of
ANRU Y; with non-stretching!, whereY; are the complete ultra-metric spaces. E¥cis
closed in the finite products of the spacgfl_, Ac). From Lemmas 2.2-2.17 it follows the
existence of the irreducible normal uniform polyhedral expansion for ¥gcimoreover,
using the permissible modifications gff of f! and the same lemmas we can construct the
system of the entire spa¢¥, P) with the same properties.

We consider further uniform coveringé corresponding to the uniform polyhedra
P = Uwev W, which due to theorem 2.11 are ANRU. Letbe the ultra-metric irX and
p(X,X) c F(L). We can associate with a p*-nerve withk € Z, that is, an abstract sim-
plicial complexN vertices of which are elements frovh Its simplexes are the spans of
(pulled on) verticedV; satisfyingp(W;, W) < p*b, whereb = supy., diamW) < o, each
rib [Wj, W] from s has the lenghts no less thae= infy,.ayev p(Wj, W) > 0. Then from
Nk — co(L, Ax) with card(Ax) = w(Ny) it follows that eacts is uniformly isomorphic with
some ballB(c(L, A),0,1), wherecard(A) = m < w(N¢). With eachV is associated the
equivalence relationxRyif and only if there exist® € V such thatx andy € W. Since
V is disjoint and clopen, then the quotient mappihgX — X/R s defined. With each
is associated the partition of the uniffi : W € V}, fw : X — B(L,0,1), fw(x) =1 for
x €W andfw(x) =0 forx¢ W, { fw : W € V} is subordinated t¥'. There are the canonical
non-stretching mappind% : X — Nk. If X is compact, theiX /Ris the finite discrete space
anddim_ Ny =n € N. Into eachvV may be refined a disjoint clopen uniform coveridgvith
SURyck diamW) < bp~!, wherej € N. That is,V has the uniform strict shrinking.

We can consider the sequence of such shrinkings:t c V™ with by, = bp™™, where
me N. With eachv™ is associate@™-nerveNym,. Letk(m)> —m,k(m+ 1) < k(m) for
eachme N and limy_..k(m) = —co. If X is an isolated point itX, then there exista € N
with max(ky, PXWby) < infyex, i P(X,Y). Then the simples C Ny(m) with x € sandm > n
is zero-dimensional ovdr, that is,s= {x}.

By the construction ofNk for each simplexsm 1 C Ngmy1) there existssy C Ny,
with (s 1) C Sn, Where fiJ are the bonding mappings of the inverse sequence
S= {Ngm), M, n). Eachf™*1is non-stretching, since decreases the distance at least into
p times andbm/bm.1 > p. If x #y, then there exista with max (b, b,p™) < p(x,y),
consequently, for eacim > n there are disjoint simplexesands’ C Nym) With x € s and
y € S. Therefore, there exists the uniformly continuous mapging — inv—lim S where
g(x) = inv—Ilimm{sm, "} andsy > x for eachm e N. Therefore, the uniformly continuous
projectorsfm : X — Nym) are defined, since for eadh> 0 there exists € N such that
XM+ KM < b and fr(W) = 476 fr, (W) anddiam(f(W)) < b, wherew e V™',
fm1+(W) belongs to clopen star of the corresponding vestex Ngm,r). Further as in
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Lemma V.33 in [Isb64] we can verify thaf(X) = inv—lim Sandg is the uniform isomor-
phism.

Evidently, dim_ Ny, may be from O fork(m) = —m up to card(A) with card(A) =
w(X). Fork(m) > —min the inverse sequen&@the mappingd M +! may map simplexes
from Nym.1) into simplexesy from Ny, of lower dimension ovet, for example, when
Wint1 C Win, Wiy € V™, Wi = B(co(L, Aj), %, 1), Wint1 = B(co(L, An),X,r/p), card(An) >
card(X/Rm) > dim_ Nym) > card(A;), sincedim_ Ng(m1) > card(A,) for k(m+1) > —m-—

1.

For the complete ultra-uniform spad¢,P) we can consider the base of uniform

coverings{Vy' : n € N,p € P), where each/{' is given relative to the considereg

S= {Ny km); fg’i((r:f)),P x N}. To eachV;" there correspondd, ym); p’ < p if and only
if p'(x,y) < p(x,y)foreachxandy € X; (p/,m') < (p,m)if and only if p’ < pandm’ < m.
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