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Preface

This book is devoted to new results of investigations of non-Archimedean functional
analysis, which is becoming more important nowadays due to the development of non-
Archimedean mathematical physics, particularly, quantum mechanics, quantum field the-
ory, theory of super-strings and supergravity [VV89, VVZ94, ADV88, Cas02, DD00,
Ish84, Khr90, Lud99t, Lud03b, Mil84, Jan98]. Recently non-Archimedean analysis was
found to be useful in dynamical systems, mathematical biology, mathematical psychol-
ogy, cryptology and information theory. On the other hand, quantum mechanics is based
on measure theory and probability theory. The results of this book published mainly in
papers [Lud02a, Lud03s2, Lud04a, Lud96c, Lud99a, Lud00a, Lud99t, Lud01f, Lud00f,
Lud99s, Lud04b] have served for investigations of non-Archimedean stochastic processes
[Lud0321, Lud0341, Lud0348, Lud01f, LK02]. Stochastic approach in quantum field the-
ory is actively used and investigated especially in recent years (see, for example, and refer-
ences therein [AHKMT93, AHKT84]). As it is well-known in the theory of functions great
role is played by continuous functions and differentiable functions.

In the classical measure theory the analog of continuity is quasi-invariance relative to
shifts and actions of linear or non-linear operators in the Banach space. Moreover, dif-
ferentiability of measures is the stronger condition and there is very large theory about it
in the classical case. Apart from it the non-Archimedean case was less studied. Since
there are not differentiable functions from thep-adic fieldQp into R or into anotherp′-adic
non-Archimedean fieldQp′ with p 6= p′, then instead of differentiability of measures their
pseudo-differentiability is considered.

Traditional or classical mathematical analysis and functional analysis work mainly over
the real and complex fields. But there are well-known many other infinite fields with
non-trivial multiplicative norms since the end of the 19-th century. If a multiplicative
norm in a fieldK or a norm in a vector spaceX over K satisfies instead of the triangle
inequality stronger condition:|x+ y| ≤ max(|x|, |y|) for eachx,y ∈ K or in X respec-
tively, then it is called the non-Archimedean norm. Such fields and vector spaces with
non-Archimedean norms are frequently called for short non-Archimedean fields and non-
Archimedean normed spaces correspondingly. Therefore, mathematical analysis and func-
tional analysis over non-Archimedean fields develop already during rather long period of
time, but they remain substantially less elaborated in comparison with that of the classical
one.

The first chapter of this book is devoted to real-valued measures and in the second chap-
ter measures with values in non-Archimedean fields are described. Though the results of
these two chapters have served in investigations of quasi-invariant and pseudo-differentiable
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measures on topological totally disconnected groups which can be non-locally compact
such as Lie groups, diffeomorphism groups and geometric wrap or loop groups of Ba-
nach manifolds over non-Archimedean fields. They also were used for investigations of
representations of such groups in the series of papers [Lud99a, Lud00a, Lud99t, Lud98b,
Lud01s, Lud02b, Lud0348, Lud08] (for comparison, in the case of non-locally compact
groups overR or C see, for example, also [VGG75, PS68, AHKMT93, AHKT84, Kos94,
Shim94, Lud99r, Lud01f]). But restricting by the scope of this book only few results illus-
trating applications of such measures are given in Chapters 3 and 4, which provide main
differences between the case of locally compact groups and non-locally compact groups.

Quasi-invariance and pseudo-differentiability of measures can also be used for studying
properties of transition conditional measures of stochastic processes, for solution of pseudo-
differential or anti-derivational stochastic equations.

In the case of locally compact groups there is possible to construct a nontrivial Haar
measure on a group and this serves to defineC∗-algebra corresponding to this group. This
is the crucial point in investigations of their representations in linear spaces and finding
invariant closed linear subspaces [Nai68, FD88]. In particular, decomposition of unitary
representations in complex Hilbert spaces into a direct integral of topologically irreducible
representations can be accomplished with the help of this technique.

In the case of non-locally compact groups there does not exist any nontrivial Haar mea-
sure, but only a measure quasi-invariant relative to left (or right) shifts by elements of a
proper subgroup. Then it is possible to associate with the latter measure an algebra over
such group, but it is not theC∗-algebra, its structure is much more complicated, though for
it there is proved the analog of the Gelfand-Naimark theorem in Chapter 3 for real-valued
measures and its non-Archimedean counterpart for non-Archimedean valued measures in
Chapter 4.

Effective ways to use quasi-invariant and pseudo-differentiable measures are given in
the cited above articles of the author. Professor I.V. Volovich had been discussing with
me the matter and interested in results of my investigations of non-Archimedean analogs
of Gaussian measures such as to satisfy as many Gaussian properties as possible as he has
planned to use such measures in non-Archimedean quantum field theory. The question
was not so simple. He has supposed that properties with mean values, moments, projec-
tions, distributions and convolutions of such measures can be considered analogously. This
matter we had been debating with Professor B. Diarra, who had doubted that all Gaussian
circumstances can be fulfilled. But thorough analysis has shown, that not all properties can
be satisfied, because in such case the linear space would have a structure of theR-linear
space (see §I.6 and §II.6). Nevertheless, many of the properties there is possible to sat-
isfy in the non-Archimedean case also. Gaussian measures are convenient to work in the
classical case, but in the non-Archimedean case they do not play so great role.

Strictly speaking no any nontrivial Gaussian measure exists in the non-Archimedean
case, but measures having few properties analogous to that of Gaussian can be outlined.
Supplying them with definite properties depends on a subsequent task for which problems
they may be useful. For example, if each projectionµY of a measureµ on a finite di-
mensional subspaceY over a fieldK is equivalent to the Haar measureλY onY, then this
is very well property. But in the classical case, as it is well-known, such property does
not imply that the measureµ is Gaussian, since each measureνY(dx) = f (x)λY(dx) with
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f ∈ L1(Y,λY,R) is absolutely continuous relative to the Lebesgue measureλY on Y and
this does not imply Gaussian properties of moments or its characteristic functional (see, for
example, [GV61, DF91, HT74, VTC85]). The class of measures having such properties of
projections is much wider than that of Gaussian and is described by the Kolmogorov and
Kakutani theorems.

This book is devoted to general theory of quasi-invariant and pseudo-differentiable
measures not restricting the theory by a particular class of measures. Earlier versions of
the results about quasi-invariant and pseudo-differentiable measures were communicated
to A.C.M. van Rooij and W.H. Schikhof (Nijmegen) in 1994-1995 and also to M. van der
Put (Groningen), who were interested in it. This text was thoroughly read by B. Diarra
(Clermont-Ferrand) who has recommended to write about real-valued measures and mea-
sures with values in non-Archimedean fields separately, because their theory differ sub-
stantially. Results of these investigations were also communicated at research seminars
and lectures of Mathematical Department of Blaise Pascal University in Clermont-Ferrand
and at Department of Mathematical Physics of Steklov Mathematical Institute in Moscow
and at Chair of Higher Algebra at Mathematical Department of Moscow State University
(M.V. Lomonosov), at the conference by non-Archimedean analysis at Växjö University
(Sweden).

The starting point for this work was specific non-Archimedean general measure theory
of A.P. Monna and T.A. Springer, A.C.M. van Rooij and W.H. Schikhof, etc. Also some
results of investigations of V.S. Vladimirov, I.V. Volovich, E.I. Zelenov and A.Yu. Khren-
nikov were used, who considered it for problems of non-Archimedean quantum mechanics.
More detailed discussions of sources and somewhat related works are given in comments
and introductions to each chapter.

This book is devoted to more specific measure theory of quasi-invariant and pseudo-
differentiable measures in Banach spaces including infinite-dimensional over fields. The
author has written this theory in details, though it also opens ways for further investigations
in this new area. The results of this book provide also wider classes of quasi-invariant
and pseudo-differentiable measures on non-locally compact groups and non-Archimedean
manifolds with the help of approaches described in papers on groups and manifolds cited
above.

In the first chapter quasi-invariant and pseudo-differentiable measures on a Banach
spaceX over a non-Archimedean locally compact infinite field with a non-trivial normal-
ization are defined and constructed and studied. Measures are considered with values in
R. Theorems and criteria are formulated and proved about quasi-invariance and pseudo-
differentiability of measures relative to linear and non-linear operators onX. Character-
istic functionals of measures are studied. Moreover, the non-Archimedean analogs of the
Bochner-Kolmogorov and Minlos-Sazonov theorems are proved. Convolutions of measures
and infinite products of measures also are considered. Convergence of quasi-invariant and
pseudo-differentiable measures in the corresponding spaces of measures is investigated.

In the second chapter measures are considered with values in non-Archimedean fields,
for example, the fieldQp of p-adic numbers. Classes of quasi-invariant and pseudo-
differentiable measures on a Banach spaceX over a non-Archimedean locally compact infi-
nite field with a non-trivial normalization are described and studied. Their quasi-invariance
and pseudo-differentiability relative to linear operators and non-linear transformations on
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X is investigated. The corresponding theorems are demonstrated. The important instru-
ment for analysis of the measure is its characteristic functional. Therefore, characteristic
functionals of a measure are studied below. Other important cornerstones are the non-
Archimedean analogs of the Bochner-Kolmogorov and Minlos-Sazonov theorems, which
are investigated as well. Moreover, infinite products of measures are considered and the
analog of the Kakutani theorem is proved. Then spaces of measures are studied and a
convergence of nets of quasi-invariant and pseudo-differentiable measures is investigated.

In the third and the fourth chapters properties of quasi-invariant measures (real and
non-Archimedean valued respectively) relative to dense subgroups on topological groups
are considered. There predominantly non-locally compact groups are major objects such as

(i) a group of diffeomorphismsDi f f (t,M) of non-Archimedean manifoldM in cases
of locally compact and non-locally compactM, wheret is a class of smoothness,

(ii) a general Banach-Lie group over a classical or non-Archimedean field,
(iii) wrap or loop groups of real and non-Archimedean manifolds.
The main feature there consists in that algebras of quasi-invariant measures are in-

troduced and studied. Generally these algebras appear to be non-commutative and non-
associative over non-locally compact groups. Therefore, they do not induce anyC∗-algebra
and the Gelfand-Mazur theorem is not valid already for such algebras. Nevertheless, for
them analogs of the Gelfand-Mazur theorem are proved. One may mention that the non-
local compactness causes a twisted algebraic structure of measure spaces. This situation
can be compared with representation theory of groups in non-Archimedean linear spaces.
Over infinite fields with non-trivial non-Archimedean multiplicative norms the aforemen-
tioned theorem is not accomplished due to existence of transcendental extensions of such
fields (see [Roo78] and references therein).

For reading of this book it is better to have some basic knowledge of the material con-
tained in works [Roo78, Sch84, DF91, Eng86, FD88], though below all necessary defi-
nitions and notations are given. The present book can be used for studying of this part
of functional analysis, for reference and for further investigations. Its results can be used
not only in Mathematics in functional analysis, theory of topological and Lie groups and
their representations, topological algebras, dynamical systems, probability theory, random
functions and stochastic processes and equations, integral transforms, but also in quan-
tum mechanics and quantum field theory, mathematical biology, mathematical psychology,
cryptology, information theory, etc.
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Notation

Af (X,µ) §I.2.1, II.2.1;
Bco(X) §II.2.1;
B f(X) §I.2.1;
B(X,x, r) §I.2.2;
B+, C+ §I.2.29;
c0(α,K), PL §I.2.2;
C(X,K) §I.2.6;
Ĉ(Y,Γ), τ(Y) §I.2.26;
C(Y,Γ), τ(Y) §II.2.20;
Cs Introduction of Chapter II;
c0({Hi : i ∈ No}) §4.17;
δ0 §I.2.8;
Fp Introduction of Chapter I;
Fp(θ) Introduction of Chapter I;
K Introduction of Chapter I;
K s Introduction of Chapter II;
L(X,µ,K s) §II.2.4;
l2({Hi : i ∈ No}) §3.16;
M(X) §I.2.1, II.2.1;
Mt(X) §I.2.1, II.2.1;
µL §I.2.2, §II.2.2;
{µLn : n} §I.2.2, §II.2.2;
µ1∗µ2 §I.2.11, §II.2.8;
ν ≪ µ, ν ∼ µ, ν ⊥ µ §I.2.36, II.2.31;
Qp Introduction of Chapter I;
Qs Introduction of Chapter II;
Us Introduction of Chapter II and §II.4.1;
ψq,µ §I.2.14;
θ(z) = µ̂ §I.2.6, §II.2.5;
χξ §I.2.6, II.2.5.





Chapter 1

Real-Valued Measures

1.1. Introduction

There are known works on integration in a Banach space over the fieldR of real numbers
or the fieldC of complex numbers [Bou63-69, Chr74, Con84, DF91, Sko74, VTC85]. But
for a non-Archimedean Banach spaceX, which is over a field with a non-Archimedean
multiplicative norm, this theory is less developed. Integration theory inX is a very im-
portant part of the non-Archimedean analysis. The period is such that the advances of
quantum mechanics and different branches of modern physics related, for example, with
theories of elementary particles lead to the necessity of developing integration theory in a
non-Archimedean Banach space [ADV88, DD00, Ish84, Mil84, VVZ94, Jan98]. Certainly,
it may also be useful for the development of non-Archimedean functional analysis.

As it is well-known non-Archimedean analysis develops rapidly in recent years and
has many principal differences from the classical analysis [Khr90, Roo78, Sch84, Sch89,
Sch71, VVZ94]. Linear topological spaces over non-Archimedean fields are totally dis-
connected. Therefore, classes of smoothness for functions and compact operators are de-
fined for them quite differently from that of the classical case. In such spaces also the no-
tion of the orthogonality of vectors has obtained quite another meaning. We mention also
that in the non-Archimedean case the Radon-Nikodym theorem and the Lebesgue theorem
about convergence are not true in the classical form, but their analogs are true under more
rigorous and another conditions. Very strong differences are for measures with values in
non-Archimedean fields in comparison with that of with real- or complex-valued, because
classical notions ofσ-additivity and quasi-invariance have lost their meaning.

Nonetheless, the development of the non-Archimedean functional analysis and its ap-
plications in non-Archimedean quantum mechanics [VVZ94, Khr90, Jan98] leads to the
necessity of solving such problems. Frequently advances of quantum mechanics on man-
ifolds and quantum field theory are related with diffeomorphism groups and wrap or loop
groups, their representations and measures on them [Ish84, Mil84, Lud99t, Lud00a]. In
publications [Lud96, Lud98s, Lud99t, Lud98b, Lud00a] quasi-invariant measures on dif-
feomorphism and wrap or loop groups and also on manifolds were constructed. Then such
measures were used for the investigation of unitary including irreducible representations
in complex Hilbert spaces of topological and Lie groups [Lud99t, Lud98b, Lud99a]. The
theorems demonstrated in this book enlarge classes of measures on such groups and man-
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ifolds. As the consequence this also enlarges classes of available representations. For ex-
ample, theorems analogous to that of the Minlos-Sazonov type characterize measures with
the help of characteristic functionals and compact operators. Compact operators are more
useful in the non-Archimedean case, rather than nuclear operators in the classical case. Of
exceptional importance are theorems of the Bochner-Kolmogorov and Kakutani type char-
acterizing products of measures and their absolute continuity relative to others measures.

In this chapter measures are considered on Banach spaces, though the results given
below can be developed for more general topological vector spaces, for example, it is pos-
sible to follow the ideas of works [Mad91c, Mad91a, Mad85], in which were considered
non-Archimedean analogs of the Minlos-Sazonov theorems for real-valued measures on
topological vector spaces over non-Archimedean fields of zero characteristic. But it is im-
possible to make in one chapter or book. In this book, apart from articles of Ma̧drecki,
measures are considered also with values in non-Archimedean fields (see Chapter 2). For
the cases of real-valued measures also Banach spaces over non-Archimedean fieldsK of
characteristicchar(K) > 0 are considered. Recall that a real-valued measuremon a locally
compact Hausdorff totally disconnected Abelian topological groupG is called the Haar
measure, if

(H) m(x+A) = m(A) for eachx∈ G and each Borel subsetA in G. It is useful to start
from measures on the fieldK equivalent to the Haar measure up to a multiplier which is a
measurable function onK.

Many of definitions and theorems described below are the non-Archimedean analogs of
classical results. But frequently their formulations and proofs differ strongly. The reader,
need not be familiar with the part of classical functional analysis about measures in infinite-
dimensional spaces, because this book contains all necessary definitions and results.

Below in §2 sequences of weak distributions, characteristic functions of measures and
their properties are defined and investigated. The non-Archimedean analogs of the Minlos-
Sazonov and Bochner-Kolmogorov theorems are presented. For this quasi-measures also
are considered, because they are tightly related with measures. In §3 products of measures
are described together with their density functions. In the present chapter broad classes
of quasi-invariant measures are defined and constructed. Further theorems about quasi-
invariance of measures under definite linear and non-linear transformationsU : X → X are
demonstrated. §4 contains a notion of pseudo-differentiability of measures. This is very
important, because for functionsf : K → R there is not any notion of differentiability,
that is there is not such non-linear non-trivial functionf . Then criteria for the pseudo-
differentiability are studied. In §5 theorems about converegence of measures there are given
with taking into account their quasi-invariance and pseudo-differentiability, that is, in the
corresponding spaces of measures. The main results are Theorems 2.27, 2.35, 3.4, 3.20,
3.24, 3.25, 4.2, 4.3, 4.5, 4.7, 5.7-5.10.

The first chapter tackles real-valued measures. Below in the second chapter measures
with values in non-Archimedean fields are considered as well. This is caused by differences
in definitions, formulations of statements and their proofs in two such principally distinct
cases. To avoid repeating when differences are small only briefly matters are discussed in
the second chapter and refereing the first.

Notations. Henceforth,K denotes a locally compact infinite field with a non-trivial
norm, then the Banach spaceX is overK. In the present chapter measures onX have values
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in the real fieldR. We assume that eitherK is a finite algebraic extension of the field of
p-adic numbersQp or char(K) = p. In the latter caseK is isomorphic with the fieldFp(θ)
of formal power series consisting of elementsx = ∑∞

j=N a jθ j , wherea j ∈ Fp, |θ| = p−1,
Fp is the finite field ofp elements,p is a prime number,N = N(x) ∈ N, N denotes the set
of natural numbersN = {1,2,3, . . .}. If x 6= 0, aN 6= 0, then|x| = p−N, certainly|0|= 0.
Mention thatQp is of zero characteristicchar(Qp) = 0. Recall that each non-zerop-adic
numberx can be written in the formx = ∑∞

j=N x j p j , wherex j ∈ {0,1, . . . ,p−1} for each
j, while xN 6= 0 andN = N(x) ∈ N. The norm of suchx is |x| := p−N, while |0|= 0. An
equivalent multiplicative norm is|x|c with a marked positive constantc > 0.

These imply that the locally compact fieldK has the Haar measures with values inR
[Roo78]. IfX is a Hausdorff topological space with a small inductive dimensionind(X) = 0
(see [Eng86]), thenE denotes an algebra of subsets ofX. As a rule we useE ⊃ B f(X)
for real-valued measures, whereB f(X) is a Borelσ-field of X in §2.1, A f(X,µ) is the
completion ofE by a measureµ in §2.1.

Remind that a topological spaceX is called zero-dimensional, ifX is a non-voidT1-
space having a base of topology consisting of clopen subsets, where a subsetU in X is
called clopen if it is closed and open simultaneously. Then each zero-dimensional space is
regular (Tychonoff) space.

For any subsetA of a topological spaceX a boundary ofA is defined asFr A := cl(A)∩
cl(X \A) = [cl(A)]\ Int(A), wherecl(A) denotes the closure ofA in X and Int(A) is the
interior ofA in X. Suppose thatX is a regular space andn is a non-negative integer, 0≤ n∈
Z. Put

(MU1) ind(X) = −1 if and only ifX = /0;
(MU2) ind(X)≤ n if for each pointx∈ X and every its neighborhoodV an open subset

U ⊂ X exists such thatx∈U ⊂V andind(Fr U ) ≤ n−1;
(MU3) ind(X) = n if ind(X) ≤ n and the inequalityind(X) ≤ n−1 is not satisfied;
(MU4) ind(X) = ∞ if the inequalityind(X) ≤ n is not accomplished for anyn.
The numberind(X) is called the small inductive dimension of the topological spaceX.

1.2. Distributions and Families of Measures

2.1. For a Hausdorff topological spaceX with a small inductive dimensionind(X) = 0
[Eng86] the Borelσ-field we denote byB f(X), whereB f stands as the abbreviation from
two words. Henceforth, measuresµ are given on a measurable space(X,E), whereE is a
σ-algebra of subsets inX. The completion ofE relative toµ we denote byA f(X,µ). The
total variation of a measureµ with values inR on a subsetA is denoted by‖µ|A‖ or |µ|(A)
for A∈ A f(X,µ). Recall that

|µ|(A) := sup
π

∑
E∈π

|µ(E)|

it is first defined onE and then is extended on the completion for eachA∈ A f(X,µ), where
π is an arbitrary finite partition of a setA.

If µ is non-negative andµ(X) = 1, then it is called a probability measure.
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A measureµ on E is called Radon, if for eachε > 0 there exists a compact subsetC⊂ X
such that‖µ|(X\C)‖ < ε. Henceforth,M(X) denotes a space of norm-bounded measures
‖µ‖ = |µ|(X) < ∞, Mt(X) is its subspace of Radon norm-bounded measures.

Remind also the following facts.
I. Definitions. A family of subsets{Sn : n∈ ϒ} in a setX is called shrinking, if for each

k,n∈ ϒ there existsm∈ ϒ so thatSm ⊂ Sk∩Sn, whereϒ is some set.
An ultra-metric space(X,d) is called spherically complete, if every shrinking sequence

{Bn : n∈ N} of balls inX has a non-void intersection. By a spherical completion< F,T >
of a normedK-vector spaceE the pair< F,T > is so called consisting of a spherically
complete spaceF and aK-linear isometryT : E→F such thatF has not a proper spherically
complete linear subspace containing in itselfT(E). The spherical completion is frequently
denoted simply also byF instead of< F,T >.

For a normedK-linear spaceE two vectorsx,y∈E are called orthogonal, if‖ax+by‖=
max(‖ax‖,‖by‖) for all a,b ∈ K. For a real number 0< t ≤ 1 a finite or an infi-
nite sequence of elementsx j ∈ E is calledt-orthogonal, if‖a1x1 + · · ·+ amxm + · · ·‖ ≥
t max(‖a1x1‖, . . . ,‖amxm‖, . . .) for eacha1, . . . ,am, · · · ∈K with a1x1+ · · ·+amxm+ · · · ∈E.

We say, that a Banach spaceE over a fieldK complete relative to its non-Archimedean
multiplicative norm has the countable type, ifE is a closedK-linear span of some countable
its subset.

If Z is aK-linear subspace of the normed spaceE overK, thenE is called the immediate
extension ofZ, if 0 is an unique element inE orthogonal to the subspaceZ.

Let ω be a non-void set and there is given a functions : ω → (0,∞). For a function
f : ω → K put

‖ f‖s := sup{| f (x)|s(x) : x∈ ω}.

The set of all functionsf : ω → K, for which the norm‖ f‖s is finite, forms theK-vector
space denoted byl∞(K, ω;s), which is the Banach space relative to the norm‖∗‖s.

By c0(K, ω;s) we denote the closed subspace inl∞(K, ω;s), consisting from all func-
tions f , satisfying the additional condition: for eachb > 0 the set{x∈ ω : | f (x)|s(x) > b}
is finite. If a functions takes only one fixed value, for example, the unit, then we omits
from the notation of the Banach space.

Further we shall need two theorems.
II. Theorem (5.13 [Roo78]).For each Banach space E over the fieldK complete rela-

tive to its non-Archimedean multiplicative norm the following conditions are equivalent:
(α). Each maximal orthogonal system of elements in E is a basis.
(β). Each closedK-linear subspace in E has an orthogonal complement.
(γ). Each closedK-linear subspace in E of countable type has an orthogonal comple-

ment.
(δ). E is not an immediate extension of of any its proper closedK-linear subspace in

E.
(ε). Each countable orthogonal system of elements in E can be extended up to an

orthogonal basis in E.
III. Theorem (5.16 [Roo78]. For an infinite-dimensional Banach space E over the

field K complete relative to its non-Archimedean multiplicative norm conditions(α− ε)
from Theorem II are equivalent with any of the following conditions(ζ− ι):

(ζ). Each closedK-linear subspace in E is spherically complete.
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(η). E has an orthogonal basis and is spherically complete.
(θ). Each strictly decreasing sequence of values of a norm in E converges to zero.
(ι). The normalization groupΓK := {|x| : x ∈ K, x 6= 0} of the fieldK is discrete in

(0,∞). For a numberπ ∈ K so that0< |π|< 1 and|π| is the generator of the normalization
group ΓK of the fieldK there exists a setω and a function s: ω → (|π|,1] so that E is
isometricallyK-linearly isomorphic with c0(K, ω;s), where the set of values of a function s
is well ordered.

If E is infinite-dimensional and of countable type overK, then conditions(α− ι) are
equivalent to the spherical completeness of the Banach space E.

2.2. As usually denote byc0(α,K) the Banach spacec0(α,K) := {x : x = (x j : j ∈ α),
card( j : |x j |K > b)< ℵ0 for eachb> 0}, whereα is a set considered as an ordinal due to the
Kuratowski-Zorn lemma,card(A) denotes the cardinality ofA, the norm is‖x‖ := sup(|x j | :
j ∈ α). A dimension ofX over K is by the definitiondimK X := card(α). Each Banach

spaceX over K in view of Theorems 5.13 and 5.16 [Roo78] isK-linearly topologically
isomorphic withc0(α,K), since the fieldK is spherically complete. For each closedK-
linear subspaceL in X there exists an operator of a projectionPL : X → L. Moreover, an
orthonormal in the non-Archimedean sense basis inL has a completion to an orthonormal
basis inX such thatPL can be defined in accordance with a chosen basis.

If A ∈ B f(L), thenP−1
L (A) is called a cylindrical subset inX with a baseA, BL :=

P−1
L (B f(L)), B0 := ∪(BL : L ⊂ X,L is a Banach subspace ,dimK X < ℵ0). The minimalσ-

algebraσB0 generated byB0 coincides withB f(X), if dimK X ≤ ℵ0. Henceforward, it is
assumed thatα ≤ ω0, whereω0 is the initial ordinal with the cardinalityℵ0 := card(N).
This implies that there exists an increasing sequence of Banach subspacesLn ⊂ Ln+1 ⊂ ·· ·
such thatcl(∪[Ln : n]) = X, dimK Ln = κn for eachn, wherecl(A) = Ā denotes the closure
of A in X for A⊂ X.

We fix a family of projectionsPLm
Ln

: Lm → Ln so thatPLm
Ln

PLn
Lk

= PLm
Lk

for all m≥ n≥ k.

Projections of the measureµ onto linear subspacesL denoted byµL(A) := µ(P−1
L (A)) for

eachA∈ B f(L) compose the consistent family:

µLn(A) = µLm(P−1
Ln

(A)∩Lm) (1)

for eachm≥ n, since there are projectorsPLm
Ln

, whereκn ≤ ℵ0 and there may be chosen
κn < ℵ0 for eachn.

An arbitrary family of measures{µLn : n∈ N} having property(1) is called a sequence
of weak distributions (see also [DF91, Sko74] in the classical case).

By B(X,x, r) we denote the ball{y : y∈ X, ‖x−y‖ ≤ r}, which is clopen (closed and
open) inX.

2.3. Lemma.A sequence of weak distributions{µLn : n} is generated by some measure
µ on B f(X) if and only if for each c> 0 there exists b> 0 such that

||µLn|(B(X,0,r)∩Ln)−|µLn|(Ln)| ≤ c

for each r≥ b and every n∈ N and

sup
n
|µLn|(Ln) < ∞.
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Proof. We consider the non-trivial case, whenµLn are non-zero. In the case of
µ with values inR we can use the Jordan decompositionµ = µ+ − µ− of the measure
µ, whereµ+ and µ− are non-negative measures so thatµ+(A) := supB⊂A,B∈E µ(B) and
µ−(A) := − infB⊂A,B∈E µ(B) and|µ|(A) = µ+(A)+µ−(A) for A∈ E, sinceX is the Radon
space in view of Theorem 1.2 §I.1.3 [DF91].

Recall that the classKX of all countably compact subsets inX is compact, that is for
each sequenceKn in KX with

⋂∞
n=1Kn = /0 there exists a natural numberm∈ N so that

⋂m
n=1Kn = /0. A topological spaceX is called countably compact if from each countable

open covering ofX it is possible to choose a finite sub-covering ofX [Eng86]. A measure
µ on X is called Radon if it is approximated from below by the classKX, that is for each
A∈ E and everyε > 0 there existsK ∈ KX such that|µ|(A\K) < ε.

Therefore, reduce the proof to the variant, when the measureµ is non-negative and
µ(X) = 1, since for 0< µ(X) < ∞ substituteµ(A) onµ(A)/µ(X) in case of necessity.

If a sequence of weak distributions{µLn} is generated by the measureµ, then for 0< ε <
1 chooser > 0 such thatµ(B(X,0,r)) > 1− ε, since limr→∞ µ(B(X,0,r)) = 1. Therefore,
µL(B(X,0,R)∩L) = µ(P−1

L (B(X,0,R)∩L))≥ µ(B(X,0,R))≥ µ(B(X,0,r)) > 1−ε for each
R> r.

Vice versa let a sequence of weak distributions satisfying conditions of the lemma be
given. On the algebraB0 define a finitely additive mappingµ(A) := µL(A) for A∈ BL.

Consider a cylindrical setAn with a baseBn in Ln so that
⋂

nAn = /0 andAn+1 ⊂ An for
eachn. For eachn choose a closed setCn such thatCn ⊂ Bn andµLn(Bn \Cn) < εn. Then
takeDn :=

⋂n
m=1{x : PLmx∈Cm}∩Ln, henceDn is closed and

µLn(Bn\Dn) ≤
n

∑
m=1

µLm(Bm\Cm) ≤
n

∑
m=1

εm.

For setsJn := P−1
Ln

(Dn) we getJn+1 ⊂ Jn and
⋂

nJn =
⋂

nAn andµ(An) ≤ µ(Jn)+ ∑n
m=1εm.

If lim n→∞ µ(Jn) = 0, then limn→∞ µ(An) = 0, since∑n
m=1εm can be taken arbitrary small.

Therefore, we can consider the variant when each baseBn is closed. Hence eachAn

is weakly closed inX, since the fieldK is sphericallty complete and the toplogically dual
spoace of all continuousK-linear functionals onX separates points inX. Then for each
0< r < ∞ the closed ballB(X,x, r) is weakly closed and weakly compact, sinceK is locally
compact. SinceB(X,0,R)∩

⋂∞
n=1An = /0, then

⋂∞
n=1(B(X,0,R)∩An) = /0. Then there

exists a natural niumbern so thatB(X,0,R)∩An = /0, since each such setB(X,0,R)∩An

is weakly compact andAn+1 ⊂ An for eachn. Thusµ(An) = µLn(An) ≤ µLn(Ln)−µLn(Ln∩
B(X,0,R))≤ ε for r < R. Sinceε is arbitrary then limn→∞ µ(An) = 0, consequently,µ is
σ-additive.

2.4. Definition and notations. A function φ : X → R of the formφ(x) = φS(PSx) is
called a cylindrical function ifφS is a B f(S)-measurable function on a finite-dimensional
overK spaceS in X. For φS∈ L1(S,µ,R) for µ with values inR we can define an integral
by a sequence of weak distributions{µSn : n}:

∫

X
φ(x)µ∗(dx) :=

∫

Sn

φSn(x)µSn(dx),

whereLp(S,µ,R) denotes the space of allµ-measurable real-valued functions onS with
finite norm‖ f‖p := [

∫

S| f (x)|
p|µ|(dx)]1/p, where 1≤ p < ∞.
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2.5. Lemma. A subset A⊂ X = c0(ω0,K) is relatively compact if and only if A is
bounded and for each c> 0 there exists a finite-dimensional overK subspace L⊂ X so that
Ā⊂ Lc := {y∈ X : d(y,L) := inf{‖x−y‖ : x∈ L} ≤ c}.

Proof. If A is bounded and for eachc > 0 there existsLc with Ā⊂ Lc, then there is a
sequence{k( j) : j ∈ N} ⊂ Z such that limj→∞ k( j) = ∞, Ā⊂ {x∈ X : |x j | ≤ p−k( j), j =
1,2, . . .} =: S, but X is Lindelöf, S is sequentially compact, consequently,Ā is compact
(see §3.10.31 [Eng86]). If̄A is compact, then for eachc > 0 there exists a finite number
m such thatĀ ⊂

⋃m
j=1B(X,x j ,c), wherex j ∈ X. Therefore,Ā ⊂ Lc for L = spanK (x j :

j = 1, . . . ,m) := (x = ∑m
j=1b jx j : b j ∈ K).

2.6. Remarks and definitions. When the characteristic of the fieldK is zero,
char(K) = 0, thenK as theQp linear space is isomorphic withQn

p, wheren ∈ N :=
{1,2, . . .}. The topologically dual space overQp (that is, of continuous linear function-
als f : K → Qp) is isomorphic withQn

p [HR79]. Forx andz∈ Qn
p we denote by(z,x) the

following sum∑n
j=1x jzj , wherex = (x j : j = 1, . . . ,n), x j ∈ Qp. Each numbery∈ Qp has a

decompositiony = ∑l al pl , where min(l: al 6= 0) =: ordp(y)> −∞ (ord(0) := ∞) [NB85],
al ∈ (0,1, . . . ,p−1), we define a symbol{y}p := ∑l<0al pl for |y|p > 1 and{y}p = 0 for
|y|p ≤ 1.

For a locally compact fieldK with a characteristicchar(K) = p > 0 let π j(x) := a j

for eachx = ∑ j a jθ j ∈ K (see Notation). Forξ ∈ K ∗ we denoteξ(x) also by(ξ,x). All
continuous charactersχ : K → C have the form

χξ(x) = εz−1η((ξ,x)) (1)

for eachη((ξ,x)) 6= 0, χξ(x) := 1 for η((ξ,x)) = 0, where ε = 1z is a root of unity,
z= pord(η((ξ,x))), π j : K → R, η(x) := {x}p andξ ∈ Qn

p
∗ = Qn

p for char(K) = 0, η(x) :=
π−1(x)/p andξ ∈ K ∗ = K for char(K) = p> 0, x∈ K, (see §25 [HR79]). Each characterχ
is locally constant, henceχ : K → T is also continuous, whereT denotes the discrete group
of all roots of 1 (by multiplication).

For a measureµ there exists a characteristic functional (that is, called the Fourier-
Stieltjes transformation)θ = θµ : C(X,K) → C:

θ( f ) :=
∫

X
χe( f (x))µ(dx), (2)

where eithere= (1, . . . ,1)∈Qn
p for char(K) = 0, ore= 1∈K ∗ for char(K) = p> 0,x∈X,

f is in the spaceC(X,K) of continuous functions fromX into K, in particular forz= f in
the topologically dual (conjugate) spaceX∗ overK of all continuousK-linear functionals
onX, z : X → K, z∈ X∗, θ(z) =: µ̂(z). It has the following properties:

θ(0) = 1 for µ(X) = 1 (3a)

andθ( f ) is bounded onC(X,K);

sup
f
|θ( f )| = 1 for probability measures ; (3b)

θ(z) is weakly continuous, that is,(X∗,σ(X∗,X))-continuous, (4)
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σ(X∗,X) denotes a weak topology onX∗, induced by the Banach spaceX overK. To each
x∈X there corresponds a continuous linear functionalx∗ : X∗ →K, x∗(z):= z(x), moreover,
θ( f ) is uniformly continuous relative to the norm on

Cb(X,K) := { f ∈C(X,K) : ‖ f‖ := sup
x∈X

| f (x)|K < ∞};

θ(z) is positive definite onX∗ and onC(X,K) (5)

for µ with values in[0,∞).
Property (4) follows from Lemma 2.3, boundedness and continuity ofχe and the fact

that due to the Hahn-Banach theorem there isxz ∈ X with z(xz) = 1 for z 6= 0 such that
z|(X⊖L) = 0 and

θ(z) =
∫

X
χe(PL(x))µ(dx) =

∫

L
χe(y)µL(dy),

whereL = Kxz, also due to the Lebesgue theorem 2.4.9 [Fed69] for real measures. Indeed,
for eachc > 0 there exists a compact subsetS⊂ X such that|µ|(X \S) < c, each bounded
subsetA⊂ X∗ is uniformly equicontinuous onS(see (9.5.4) and Exer. 9.202 [NB85]), that
is, {χe(z(x)) : z∈ A} is the uniformly equicontinuous family (byx∈ S). On the other hand,
χe( f (x)) is uniformly equicontinuous on a boundedA⊂Cb(X,K) by x∈ S.

Property (5) is accomplished, since

N

∑
l , j=1

θ( fl − f j)αl ᾱ j =
∫

X
|

N

∑
j=1

α jχe( f j(x))|
2µ(dx) ≥ 0,

particularly, for f j = zj ∈ X, whereᾱ j is a complex conjugated number toα j .
We call a functionalθ finite-dimensionally concentrated, if there existsL⊂X, dimK L <

ℵ0, such thatθ|(X\L) = µ(X). For eachc > 0 andδ > 0 in view of Theorem I.1.2 [DF91]
and Lemma 2.5 there exists a finite-dimensional overK subspaceL and compactS⊂ Lδ

such that‖X \S‖µ < c. LetθL(z) := θ(PLz).
This definition is correct, sinceL ⊂ X, X has the isometrical embedding intoX∗ as

the normed space associated with the fixed basis ofX, such that functionalsz∈ X sep-
arate points inX. If z ∈ L, then |θ(z)− θL(z)| ≤ c× b× q, whereb = ‖X‖µ, q is in-
dependent ofc and b. Each characteristic functionalθL(z) is uniformly continuous by
z∈ L relative to the norm‖ ∗ ‖ on L, since|θL(z)− θL(y)| ≤ |

∫

S′∩L[χe(z(x))− χe(y(x))]
µL(dx)| +|

∫

L\S′ [χe(z(x))−χe(y(x))] µL(dx)|, where the second term does not exceed 2C′

for ‖L\S′‖µL < c′ for a suitable compact subsetS′⊂X andχe(z(x)) is an uniformly equicon-
tinuous byx∈ S′ family relative toz∈ B(L,0,1).

Therefore,
θ(z) = lim

n→∞
θn(z) (6)

for each finite-dimensional overK subspaceL, whereθn(z) is uniformly equicontinuous and
finite-dimensionally concentrated onLn ⊂ X, z∈ X, cl(

⋃

nLn) = X, Ln ⊂ Ln+1 for everyn,
for eachc > 0 there aren andq > 0 such that|θ(z)− θ j(z)| ≤cbq for z∈ L j and j > n,
q = const> 0 is independent fromj, c andb. Let{ej : j ∈ N} be the standard orthonormal
in the non-Archimedean sense basis inX, ej = (0, . . . ,0,1,0, . . .) with 1 in j-th place. Using
countable additivity ofµ, local constantness ofχe, considering allz= bej andb ∈ K, we
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get thatθ(z) on X is non-trivial, whilstµ is a non-zero measure, since due to Lemma 2.3
µ is characterized uniquely by{µLn}. Indeed, forµ with values inR a measureµV on V,
dimKV < ℵ0, this follows from the properties of the Fourier transformationF on spaces of
generalized functions and also onL2(V,µV ,C) (see §7 [VVZ94]), where

F(g)(z) := lim
r→∞

∫

B(V,0,r)
χe(z(x))g(x)m(dx),

z∈ V, m is the Haar measure onV with values inR. Therefore, the mappingµ 7→ θµ is
injective.

2.7. Proposition.Let X= K j , j ∈ N,
(a). µ andν be real probability measures on X, supposeν is symmetric. Then

∫

X µ̂(x)ν(dx) =
∫

X ν̂(x)µ(dx) ∈ R and for each0 < l < 1 is accomplished the following
inequality:

µ([x∈ X : ν̂(x) ≤ l ]) ≤
∫

X
(1− µ̂(x))ν(dx)/(1− l).

(b). For each real probability measure µ on X there exists r> p3 such that for each
R> r and t > 0 the following inequality is accomplished:

µ([x∈ X : ‖x‖ ≥ tR])≤ c
∫

X
[1− µ̂(yξ)]ν(dy),

whereν(dx) = C× exp(−|x|2)m(dx), m is the Haar measure on X with values in[0,∞)
so that m(B(X,0,1)) = 1, ν(X) = 1, 2 > c = const≥ 1 is independent from t, c = c(r) is
non-increasing whilst r is increasing, C> 0.

Proof. (a). Recall thatν is symmetric, if ν(B) = ν(−B) for each B ∈ B f(X).
Therefore,

∫

X χe(z(x))ν(dx) =
∫

X χe(−z(x))ν(dx), that is equivalent to
∫

X[χe(z(x)) −
χe(−z(x))]ν(dx) = 0 or ν̂(z) ∈ R. If 0 < l < 1, then µ([x ∈ X : ν̂(x) ≤ l ]) = µ([x :
1− ν̂(x) ≥ 1− l ]) ≤

∫

X(1− ν̂(x))µ(dx)/(1− l) =
∫

X(1− µ̂(x))ν(dx)/(1− l) due to the
Fubini theorem.

(b). Let ν(dx) = γ(x)m(dx), whereγ(x) = C× exp(−|x|2), C > 0, ν(X) = 1. Then
F(γ)(z) =: γ̂(z)≥ 0, and γ̂(0) = 1 andγ is the continuous positive definite function with
γ(z)→ 0 whilst |z| →∞. In view of (a) we deduce that

µ([x : ‖x‖ ≥ tR])≤
∫

X
[1− µ̂(yξ)]ν(dy)/(1− l),

where|ξ| = 1/t, t > 0, l = l(R). Estimating integrals, we get(b).
2.8. Lemma. Let in the notation of Proposition2.7 νξ(dx) = γξ(x)m(dx), γξ(x) =

C(ξ)exp(−|xξ|2), νξ(X) = 1, ξ 6= 0, then a measureνξ is weakly converging to the Dirac
measureδ0 with the support in0∈ X for |ξ| → ∞.

Proof. We have:

C(ξ)−1 = Cq(ξ)−1 = ∑
l∈Z

[plq − p(l−1)q]exp(−p2l|ξ|2) < ∞,

where the sum byl < 0 does not exceed 1,q = jn, j = dimK X, n = dimQpK. HereK is
considered as the Banach spaceQn

p with the following norm| ∗ |p equivalent to| ∗ |K , for



10 Sergey V. Ludkovsky

x = (x1, . . . ,x j) ∈ X with xl ∈ K as usually|x|p = max1≤l≤ j |xl |p, for y = (y1, . . . ,yn) ∈ K
with yl ∈ Qp: |y|p := max1≤l≤n |yl |Qp . Further we infer that

pl+s ∑
xl 6=0

exp

(

2πi
−s−1

∑
i=l

xi p
i+s

)

=
∫ 1

pl+s
exp(2πiφ)dφ+β(s),

wheres+ l < 0, lims→−∞(β(s)p−s−l ) = 0, therefore,sup[|̂γ1(z)|R|z|X : z∈ X, |z| ≥ p3]≤ 2.
Then taking 06= ξ ∈ K and carrying out the substitution of variable for continuous and
bounded functionsf : X → R we get

lim
|ξ|→∞

∫

X
f (x)νξ(dx) = f (0).

This means thatνξ is weakly converging toδ0 for |ξ| → ∞.
2.9. Theorem.Let µ1 and µ2 be two measures inM(X) such thatµ̂1( f ) = µ̂2( f ) for

each f∈ Γ, where X= c0(α,K), α ≤ ω0, Γ is a vector subspace in a space of continuous
functions f: X → K separating points in X. Then µ1 = µ2.

Proof. Remind that a measure defined on the Borelσ-algebra of a topological space
is called a Borel measure. The Borel measureµ in the topological spaceX is calledτ-
smooth, if for each increasing net{U j : j ∈ J} of open subsetsU j in X with a directed set
J the equalityµ(

⋃

j∈JU j) = lim j∈J µ(U j) is satisfied. In the setJ a relation≤ directsJ if it
satisfies conditions(D1−D3):

(D1) if x≤ y andy≤ z in J, thenx≤ z;
(D2) x≤ x for eachx∈ J;
(D3) for all x,y∈ J there exists an elementz∈ J so thatx≤ z andy≤ z.
In the familyM (X) of all Borel probability measures in the topological Tychonoff

(completely regular) spaceX the weak topology is defined by the base of neighborhoods of
a measureµ∈M (X) of the formU(µ; f1, . . . , fk;ε) := {ν ∈M (X) : |

∫

X fidν−
∫

X fidµ|<
ε, i = 1, . . . ,k}, wherek ∈ N, ε > 0, f1, . . . , fk are functions from the spaceCb(X,C) of all
bounded continuous complex-valued functions onX.

Proposition 4.5 §I.4[VTC85] states that the setM τ(X) of all τ-smooth probability mea-
sures in a topological groupX with the convolution operation of measures and the weak
topology inM τ(X) is the topological semigroup with the neutral elementδ0. This semi-
groupM τ(X) is Abelian, if the groupX is Abelian.

Let at firstα < ω0, then due to continuity of the convolutionγξ∗µj by ξ, and Proposition
4.5 §I.4[VTC85] and Lemma 2.8 we getµ1 = µ2, since the familyΓ generatesB f(X). Now
let α = ω0, A = {x ∈ X : ( f1(x), . . . , fn(x)) ∈ S}, ν j be an image of a measureµj for a
mappingx 7→ ( f1(x), . . . , fn(x)), whereS∈ B f(Kn), f j ∈ X →֒ X∗. Thenν̂1(y) = µ̂1(y1 f1+
· · ·+ yn fn) = µ̂2(y1 f1 + · · ·+ yn fn) = ν̂2(y) for eachy = (y1, . . . ,yn) ∈ Kn, consequently,
ν1 = ν2 onE.

Let X be a set andΓ be a subset in the familyRX of all real-valued mappings fromX.
The setCf1,..., fk;B := {x ∈ X : ( f1(x), . . . , fk(x)) ∈ B} with B ∈ B f(Rk) is called the cylin-
drical set relative to the pair(X,Γ). The Borel setB is called the base of the cylinder and
f1, . . . , fk are called its generator elements. The set of all cylinders is denoted byC (X,Γ).

Remind that a finite Borel measureµ on a Hausdorff topological spaceX is called
Radon, ifµ(B) = sup{µ(K) : K ⊂ B,K is compact} for eachB ∈ B f(X). If the latter
condition is satisfied for the setB = X, then the measureµ is called tight.
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The Prohorof’s theorem 3.4 §1.3 [VTC85] states that ifX is a completely regular Haus-
dorff topological space,Γ is some family of real-valued continuous functions fromX sep-
arating points inX, if also a finitely additive functionµ : C (X,Γ) → [0,1] with µ(X) = 1
is regular and tight, then there exists a unique extension ofµ up to a Radon probability
measure onX.

Further we can use the Prohorov theorem 3.4 §1.3 [VTC85], since compositions of
f ∈ Γ with continuous functionsg : K → R generate a family of real-valued functions
separating points ofX. This finishes the proof.

2.10. Proposition. Let µl and µ be measures inM(Xl ) andM(X) respectively, where
Xl = c0(αl ,K), αl ≤ ω0, X = ∏n

1Xl , n∈ N. Then the condition̂µ(z1, . . . ,zn) = ∏n
l=1 µ̂l (zl )

for each(z1, . . . ,zn) ∈ X →֒ X∗ is equivalent to µ= ∏n
l=1µl .

Proof. Let µ = ∏n
l=1µl , then µ̂(z1, . . . ,zn) =

∫

X χe(∑zl (xl ))∏n
l=1µl (dxl ) =

∏n
l=1

∫

Xl
χe(zl (xl ))µl (dxl ). The reverse statement follows from Theorem 2.9.

2.11. Proposition.Let X be a Banach space overK; suppose µ, µ1 and µ2 are proba-
bility measures on X. Then the following conditions are equivalent:

µ is the convolution of two measures µj , µ= µ1∗µ2, and
µ̂(z) = µ̂1(z)µ̂2(z) for each z∈ X.
Proof. Let µ = µ1∗µ2. This means by the definition thatµ is the image of the measure

µ1⊗µ2 for the mapping(x1,x2) 7→ x1 +x2, x j ∈ X, consequently,

µ̂(z) =
∫

X×X
χe(z(x1 +x2))(µ1⊗µ2)(d(x1,x2))

=
2

∏
l=1

∫

X
χe(z(xl ))µl (dxl ) = µ̂1(z)µ̂2(z).

On the other hand, if ˆµ1µ̂2 = µ̂, thenµ̂ = (µ1 ∗µ2)
∧ and due to Theorem 2.9 above for real

measures we haveµ= µ1∗µ2.
2.12. Corollary. Let ν be a probability measure on the Borelσ-algebra B f(X) and

µ∗ν = µ for each µ, thenν = δ0.
Proof. If z0 ∈ X →֒ X∗ and µ̂(z0) 6= 0, then from µ̂(z0)ν̂(z0) = µ̂(z0) it follows that

ν̂0(z0) = 1. From the property 2.6(6) we get that there existsm∈ N with µ̂(z) 6= 0 for each
z with ‖z‖= p−m, sinceµ̂(0) = 1. Thenν̂(z+ z0) = 1, that is,ν̂|(B(X,z0,p−m)) = 1. Sinceµ
are arbitrary we get̂ν|X = 1, so we infer thatν = δ0 due to §2.6 and §2.9.

2.13. Corollary. Let X and Y be Banach spaces overK,
(a) let µ andν be probability measures on X and Y respectively, suppose T: X →Y is

a continuous linear operator. A measureν is an image of µ for T if and only if̂ν = µ̂◦T∗,
where T∗ : Y∗ → X∗ is an adjoint operator. (b). A characteristic functional of a real
measure µ on B f(X) is real if and only if µ is symmetric.

Proof. It follows immediately from §2.6 and §2.9.
2.14. Definition.We say that a real probability measureµ onB f(X) for a Banach space

X over K and 0< q < ∞ has a weakq-th order ifψq,µ(z) =
∫

X |z(x)|qµ(dx) < ∞ for each
z∈ X∗. The weakest vector topology inX∗ relative to which all(ψq,µ : µ) are continuous is
denoted byτq := τq(X∗,X).

2.15. Theorem.A characteristic functional̂µ of a real probability Radon measure µ on
B f(X) is continuous in the topologyτq for each q> 0.
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Proof. For eachc> 0 there exists a compact subsetSc := S⊂X such thatµ(S) > 1−c/4
and

|1− µ̂(z)| ≤ |
∫

S
(1−χe(z(x)))µ(dx)|+ |

∫

X\S
(1−χe(z(x)))µ(dx)| ≤ |1− µ̂c(z)|+c/2,

whereµc(A) = (µ(A∩S)/µ(S) andA∈ B f(X). Define the measureµc := µ(B∩Sc)/µ(Sc)
for eachB∈ B f(X). Then the measureµc has the compact support, consequently, it has any
strong orderp, 0< p < ∞, that is by the definition

∫

X ‖x‖pdµc(x) < ∞. Sinceτp1(X
∗,X) ⊂

τp2(X
∗,X) for each 0< p1 < p2 < ∞, then we can consider 0< p ≤ 1 without loss of

generality. In view of the inequality|1−exp(it )| ≤ 2|t|p for eacht ∈ R we deduce that|1−
µ̂c(x∗)| ≤ 2ψp,µc(x

∗) for everyx∗ ∈ X∗, wherei = (−1)1/2. Thus|1− µ̂(x∗)| ≤ 2ψp,µc(x
∗)+

c/2 for eachx∗ ∈ X∗. Therefore, ifψp,µc(x
∗) < c/4, then|1− µ̂(x∗)| < c, consequently, the

characteristic functional ˆµ is continuous at zero in the topologyτp(X∗,X).
2.16. Proposition.For a completely regular space X with zero small inductive dimen-

sion ind(X) = 0 the following statements are accomplished:
(a). if (µβ) is a bounded net of measures inM(X) that weakly converges to a mea-

sure µ inM(X), then(µ̂β( f )) converges tôµ( f ) for each continuous f: X → K; if X is
separable and metrizable then(µ̂β) converges tôµ uniformly on subsets that are uniformly
equicontinuous in C(X,K);

(b). if M is a bounded dense family in a ball of the spaceM(X) for measures inM(X),
then a family(µ̂ : µ ∈ M) is equicontinuous on a locallyK-convex space C(X,K) in a
topology of uniform convergence on compact subsets S⊂ X.

Proof. (a). Functionsχe( f (x)) are continuous and bounded onX, where µ̂( f ) =
∫

X χe( f (x))µ(dx).
The Ranga Rao’s proposition 1.3.9[VTC85] states that if a net{µj} of Borel prob-

ability measures in a separable metric spaceX weakly converges to a Borel probability
measureµ in X and if Γ ⊂ Cb(X,C) is a bounded pointwise equicontinuous subset, then
lim j supf∈Γ |

∫

X f dµj −
∫

X f dµ| = 0.
Then Statement(a) follows from the definition of the weak convergence and Proposi-

tion 1.3.9[VTC85], since the linear spanspanC{χe( f (x)) : f ∈C(X,K)} over the complex
field is dense inC(X,C).

(b). For eachc> 0 there exists a compact subsetSc := S⊂X such that|µ|(S) > |µ(X)|−
c/4. The setVc := { f ∈C(X,K) : | f (x)| < c1/2 ∀x∈ Sc} is a neighborhood of zero in the
topologyτc in C(X,K) of the uniform convergence on compact subsets inX. Without loss
of generality we can considerµ(X) = 1 renormalizingµ in case of necessity. Therefore, for
µ∈ M and f ∈C(X,K) with | f (x)|K < c < 1 for x∈ Swe get

|µ(X)−Re(̂µ( f )| = 2|
∫

X
[(χ1/2

e ( f (x))−χ1/2
e (− f (x))/(2i)]2µ(dx)|

≤ 2|
∫

S
[(χ1/2

e ( f (x))−χ1/2
e (− f (x))/(2i)]2µ(dx)|

+2|
∫

X\S
[(χ1/2

e ( f (x))−χ1/2
e (− f (x))/(2i)]2µ(dx)| < c.

We have thatX is theT1-space and for each pointx and each closed subsetS in X with x /∈ S
there is a continuous functionh : X → B(K, 0,1) such thath(x) = 0 andh(S) = {1}. Thus
the family{Rêµ : µ∈ M(X)} is equicontinuous at zero inC(X,R) in the topologyτc.
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2.17. Theorem.Let X be a Banach space overK, γ : Γ → C be a continuous positive
definite function,(µβ) be a bounded weakly relatively compact net in the spaceMt(X)
of Radon norm-bounded measures and there existslimβ µ̂β( f ) = γ( f ) for each f∈ Γ and
uniformly on compact subsets of the completionΓ̃, whereΓ ⊂C(X,K) is a vector subspace
separating points in X. Then(µβ) weakly converges to µ∈ Mt(X) with µ̂|Γ = γ.

Proof. We show thatµβ has a unique limit point in the spaceM t(X) of Radon prob-
ability measures inX. Suppose the contrary that there exist two distinct limit points
µ1,µ2 ∈ M t(X). Then there would exist two netsµ1,ρ and µ2,φ weakly converging toµ.
That is, limρ µ̂1,ρ = limφ µ̂2,φ = limβ µ̂β( f ) = γ( f ), f ∈ Γ. On the other hand, from the weak
convergence it follows that limρ µ̂1,ρ( f ) = µ̂1( f ) and limφ µ̂2,φ( f ) = µ̂2( f ) for each f ∈ Γ.
From the letter equalities we deduce that ˆµ2 = µ̂1 = γ. But in view of Theorem 2.9 we get
µ1 = µ2. Thus{µβ} has a unique limit pointµ∈M t(X). From the relative compactness of
{µβ} it follows thatµβ weakly converges toµ andµ̂( f ) = γ( f ) for every f ∈ Γ.

2.18. Theorem.(a). A bounded family M of measures inM(Kn) is weakly relatively
compact if and only if a family(µ̂ : µ∈ M) is equicontinuous onKn.

(b). If (µj : j ∈ N) is a bounded sequence of measures inMt(Kn), γ : Kn → C is a
continuous and positive definite function,µ̂j(y)→ γ(y) for each y∈ Kn, then(µj) weakly
converges to a measure µ withµ̂= γ.

(c). A bounded sequence of measures(µj) in Mt(Kn) weakly convereges to a measure
µ in Mt(Kn) if and only if for each y∈ Kn there existslim j→∞ µ̂j(y) = µ̂(y).

(d). If a bounded net{µβ : β ∈ J} in Mt(Kn) converges uniformly on each bounded
subset inKn, then(µβ) converges weakly to a measure µ inMt(Kn), where n∈ N.

Proof. (a). The relative compactness of the familyM implies due to the Prohorov’s
theorem 1.3.6[VTC85] and Proposition 2.16 above that the family{µ̂ : µ∈ M} is equicon-
tinuous. Vise versa if the family{µ̂ : µ∈ M} is equicontinuous then due to Proposition 2.7
the familyM is dense, consequently, it is weakly relatively compact.

(b). We have the following inequality: limmsupj>mµj([x∈ Kn : |x| ≥ tR])≤ 2
∫

Kn(1−
Re(η(ξy)))ν(dy) with |ξ| = 1/t due to §2.7 and §2.8. In view of Theorem 2.17(µj) con-
verges weakly toµ with µ̂= γ.

(c). If µk weakly converges toµ, then µ̂k(y) converges to ˆµ(y) for each vectory ∈
Kn. The converse statement follows from(b) and the bijective correspondence between
measures and characteristic functionals.

(d). From the condition it follows that the functionγ := lim µ̂β is positive definite. The
uniform convergence of ˆµβ to χ in some neighborhood of zero implies the continuity of
γ in this neighborhood. Due to the positive definiteness ofγ this in its turn implies that
γ is continuous everywhere. The spaceKn is the countable union of bounded subsets, for
example, of balls. Therefore, there exists a subsequence{βk : k∈N} such that limk µ̂βk

(y) =
γ(y) for eachy∈ Kn. In view of (b) we have thatµβk

weakly converges toµ, whereµ is a
measure with ˆµ= γ.

Suppose now thatµβ does not converge toµ relative to the weak topology. Consider a
metricρ the convergence relative to which is equivalent to the weak convergence of mea-
sures. This is possible, since the spaceCb(X,C) is separable. In view of the Nagata-
Smirnov’s metrization theorem 4.4.7 [Eng86] a topological space is metrizable if and only
if it is regular and has aσ-locally finite base. Recall that a family of subsets is called
σ-locally finite if it can be presented as a countable union of locally finite families.
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Thenρ(µβ,µ) does not converge to zero, hence there existsc > 0 so that the setJ0 :=
{β ∈ J : ρ(µβ,µ) ≥ c} is co-final withJ. The net{µ̂β : β ∈ J0} converges toγ uniformly on
each bounded subset. In accordance with the fact proved above there exists the sequence
{βk : k} ⊂ J0 so thatµβk

weakly converges toµ. But this is impossible, sinceρ(µβk
,µ) ≥ ε.

Thus limβ∈J ρ(µβ,µ) = 0 and inevitablyµβ weakly converges toµ.
2.19. Corollary. If (µ̂β)→ 1 uniformly on some neighborhood of0 in Kn for a bounded

net of measures µβ in Mt(Kn), then(µβ) converges weakly toδ0.
Proof. Sinceµ̂β is positive definite for eachβ, then|1− µ̂β(2y)|= |1− µ̂β(y)+µ̂β(y)−

µ̂β(2y)| ≤ |1− µ̂β(y)|+ [2(1−Rêµβ(y))]1/2. From this it follows that the convergence of
the netµ̂β to 1 is uniform on each bounded subset inKn. Applying Statement(d) of the
preceding theorem we deduce the demonstration of this corollary.

2.20. Definition. A family of probability measuresM ⊂ Mt(X) for a Banach spaceX
overK is called planely concentrated if for eachc> 0 there exists aK-linear subspaceS⊂X
with dimK S= n< ℵ0 such that inf(µ(Sc) : µ∈M) > 1−c, whereSc := {x∈X : infy∈S‖y−
x‖ ≤ c}. The Banach spaceMt(X) is supplied with the following norm‖µ‖ := |µ|(X).

2.21. Lemma. Let S and X be the same as in§2.20; z1, . . . ,zm ∈ X∗ be a separating
family of points in S. Then a set E:= Sc∩ (x∈ X : |zj(x)| ≤ r j ; j = 1, . . . ,m) is bounded for
each c> 0 and r1, . . . , rm ∈ (0,∞).

Proof. A spaceS is isomorphic withKn, consequently,p(x) = max(|zj | : j = 1, . . . ,m)
is the norm inS equivalent to the initial norm. Suppose that inE there exists a sequence
{xk} so that limk‖xk‖ = ∞. Then for some 1≤ j ≤ n we would have limk |zj(xk)| = ∞
contradictingxk ∈ E for eachk ∈ N. ThusE is contained in the ballB(X,0,R) for some
0 < R< ∞.

2.22. Theorem.Let X be a Banach space overK with a familyΓ⊂X∗ separating points
in a family of probability measures M⊂Mt(X). Then M is weakly relatively compact if and
only if a family{µz : µ∈ M} is weakly relatively compact for each z∈ Γ and M is planely
concentrated, where µz is an image measure onK of a measure µ induced by z.

Proof. Remind the following. Suppose thatX is a metric space with a metricρ in it.
On the spaceM (X) introduce the Prohorov’s metricd(µ,ν) := inf{b > 0 : µ(A)≤ ν(Ab)+
b∀A∈B f(X)}, whereAb := {x∈X : ρ(x,A)< b},b> 0. The Prohorov’s criteria states that
if a net{µj : j ∈ J} of probability measures in the metric spaceX converges in the metric
d to a probability measureµ, thenµj weakly converges toµ. If µ∈ M τ(X), then from the
weak convergence ofµj to µ it follows that limj d(µj ,µ) = 0. Thus the weak topology in
M τ(X) is metrizable.

The necessity follows from Lemmas 2.5, 2.21 and the Prohorov’s criteria.
Prove the sufficiency. For eachc > 0 andn ∈ N find a finite-dimensional subspace

Sn,c ⊂ X so that for eachµ∈ M we haveµ(Yn,c) > 1−c2−n−1, whereYn,c := cl(Sc2−n−1

n,c ) is
the closure of thec2−n−1 open neighborhood of the setSn,c. Consider now a finite set of
functionalsx∗1, . . . ,x

∗
kn
∈ Γ separating points inSn,c. Choose real numbersr1, . . . , rkn ∈ (0,∞)

satisfying the condition:
infµ∈M µx∗j (B(K, 0,r j)) > 1−c2−n−1/kn for each j = 1, . . . ,kn, whereµx∗j (A) := µ({x∈

X : x∗j (x) ∈ A}) for each Borel subsetA in the fieldK..
In accordance with Lemma 2.21 the setK :=

⋂∞
n=1(Yn,c ∩ {x : |x∗j (x)| < r j ∀ j =

1, . . . ,kn}) is bounded. The setK is closed andK ⊂ Sc2−n−1

n,c for eachc > 0 andn ∈ N.
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In view of Lemma 2.5 the setK is compact. Moreover,

µ(X \K) ≤
∞

∑
n=1

(µ(X \Yn,c)+
kn

∑
j=1

µx∗j (K \B([K,0,r j)) ≤ c.

Applying the Prohorov’s criteria we deduce that the familyM is weakly relatively compact.
2.23. Theorem.For X andΓ the same as in Theorem 2.22 a sequence{µj : j ∈ N} ⊂

Mt(X) is weakly convergent to µ∈ Mt(X) if and only if two conditions are satisfied
(a) for each z∈ Γ there existslim j→∞ µ̂j(z) = µ̂(z)and
(b) a family{µj} is planely concentrated.
Proof. The necessity of these two conditions follows from Theorem 22. Now prove the

sufficiency. In view of Theorem 2.18 and Condition(a) we have that(µk)x∗ weakly con-
verges inK for eachx∗ ∈ Γ. Due to Theorem 22 the sequence{µk : k} is weakly relatively
compact. Applying Theorem 17 we deduce the statement of this theorem.

2.24. Proposition.Let X be a completely regular space with the zero small inductive
dimension ind(X) = 0, Γ ⊂ C(X,K) be a vector subspace separating points in X,(µn :
n ∈ N) ⊂ Mt(X), µ∈ Mt(X), limn→∞ µ̂n( f ) = µ̂( f ) for each f∈ Γ. Then(µn) is weakly
convergent to µ relative to the weakest topologyσ(X,Γ) in X relative to which all f∈ Γ are
continuous.

Proof. Recall the A.D. Alexandroff’s theorem. Let{µj : j ∈ J} be a net of measures
in M (X), µ∈ M τ(X). If X is a metric space, then theτ-smoothness ofµ is not necessary.
Then the following conditions are equivalent:

(a) µj weakly converges toµ;
(b) lim jµj(F) ≤ µ(F) for each closed subsetF in X;
(c) lim jµj(U) ≥ µ(U) for each openU in X;
(d) lim j µj(B) = µ(B) for eachB∈ B f(X) so thatµ(Fr(B)) = 0.
In view of A.D. Alexandroff’s theorem it is sufficient to show that limjµj(U)≥ µ(U) for

eachσ(X,Γ) openU in X. At first show this relation for each openU ∈ C (X,Γ). Consider
an arbitrary cylinderU0 := {x ∈ X : ( f1(x), . . . , fn(x)) ∈ Vn}, where f1, . . . , fn ∈ Γ, Vn is
open inKn. Under the mappingx 7→ ( f1(x), . . . , fn(x)) we get the imagesν, νn in Kn of
measuresµ, µn, wheren∈ N. For anyy = (y1, . . . ,yn) ∈ Kn we have

lim
n

ν̂n(y) = lim
n

µ̂

(

n

∑
k=1

yk fk

)

= µ̂

(

n

∑
k=1

yk fk

)

= ν̂(y).

In view of Theorem 18νn weakly converges toν, consequently, limjν j(Vn) ≥ ν(Vn) and
inevitably limjµj(U0) ≥ µ(U0).

Let nowU be an arbitrary open subset andU0 ⊂ U . Then limjµj(U) ≥ lim jµj(U0) ≥
µ(U0).

By the definition of the topologyσ(X,Γ) eachσ(X,Γ)-open subsetU in X is a union
of some family of open cylindrical subsets. Denote byU the family of all open cylinders
U0 ⊂ U . The familyU is ordered by inclusion and the measureµ is τ-smooth, hence
µ(U) = supU0∈U µ(U0), consequently, limjµj(U) ≥ µ(U).

2.25. Let (X,U) = ∏λ(Xλ,Uλ) be a product of measurable completely regular Radon
spaces(Xλ,Uλ) = (Xλ,Uλ,Kλ), whereKλ are compact classes approximating from below
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each measureµλ on (Xλ,Uλ), that is, for eachc > 0 and elementsA of an algebraUλ there
is S∈ Kλ, S⊂ A with ‖A\S‖µλ < c.

2.26. Definition.Let X be a Banach space overK, then a mappingf : X → C is called
pseudo-continuous, if its restrictionf |L is uniformly continuous for each subspaceL ⊂ X
with the finite dimensiondimK L < ℵ0 over the fieldK.

Let Γ be a family of mappingsf : Y → K of a setY into a fieldK. We denote bŷC(Y,Γ)
the minimalσ-algebra (that is called cylindrical) generated by an algebraC(Y,Γ) of subsets
of the formCf1,..., fn;E := {x ∈ X : ( f1(x), . . . , fn(x)) ∈ S}, whereS∈ B f(Kn), f j ∈ Γ. We
supplyY with a topologyτ(Y) which is generated by a base(Cf1,..., fn;E : f j ∈ Γ, E is open in
Kn).

2.27. Theorem. Non-Archimedean analog of the Bochner-Kolmogorov theorem.
Let X be a Banach space overK, X a be its algebraically dualK-linear space(that is,
of all linear mappings f: X → K not necessarily continuous). A mappingθ : Xa → C
is a characteristic functional of a probability measure µ with values inR and is defined
on Ĉ(Xa,X) if and only if θ satisfies conditions2.6(3,5) for (Xa,τ(Xa)) and is pseudo-
continuous on Xa.

Proof. (I). For dimK X = card(α) < ℵ0 a spaceXa is isomorphic withKα, hence the
statement of theorem for a measureµ follows from Theorems 2.9 and 2.18 above, since
θ(0) = 1 and|θ(z)| ≤1 for eachz.

(II ). We consider now the case ofµ with values inR and α < ω0. In §2.6 (see
also §2.16-18,24) it was proved thatθ = µ̂ has the desired properties for real proba-
bility measuresµ. On the other hand, there isθ which satisfies the conditions of the
theorem. Letθξ(y) = θ(y)hξ(y), wherehξ(y) = F [C(ξ)exp(−‖xξ‖2)](y) (that is, the
Fourier transform byx), νξ(Kα) = 1, νξ(dx) = C(ξ)exp(−‖xξ‖2)m(dx) (see Lemma
2.8), ξ 6= 0. Thenθξ(y) is positive definite and is uniformly continuous as a product
of two such functions. Moreover,θξ(y) ∈ L1(Kα,m,C). For ξ 6= 0 a function fξ(x) =
∫

Kα θξ(y)χe(x(y))m(dy) is bounded and continuous, the function exp(−‖xξ‖2) =: s(x) is
positive definite. Sinceνξ is symmetric and weakly converges toδ0, hence there exists
r > 0 such that for each|ξ| > r we haveγ̂ξ(y) =

∫

Kα C(ξ)exp(−‖ xξ‖2
p)χe(y(x))m(dx)

=
∫

[χe((y(x))+ χe(−y(x))]2−1exp(−‖xξ‖2
p)C( ξ)m(dx)/2 > 1−1/R for |y| ≤ R, conse-

quently, γ̂ξ(y) = ζ̂2
ξ(y) for |y| ≤ R, whereζ̂ξ is positive definite uniformly continuous and

has a uniformly continuous extension onKα. Therefore, for eachc > 0 there existsr > 0
such that‖νξ −κξ ∗κξ‖ < c for each|ξ| > r, whereκξ(dx) = ζξ(x)m(dx) is a σ-additive
non-negative measure.

Recall the following proposition about positive definite functions (see also IV.1.3
[VTC85]). Let (Ω,B ) be a measurable space,ν be a σ-finite measure onB and let
f : Ω × Ω → C be a measurable andν × ν-integrable positive definite function, then
∫

Ω×Ω f d(ν×ν) ≥ 0.
From this proposition we also use the following corollary. Let(Ω,B ) be a measurable

group, let alsoν be a symmetric probability measure onB and letg : Ω→C be a measurable
positive definite function, then

∫

Ω gd(ν∗ν) ≥ 0.
Hence due to this corollary there existsr > 0 such that

∫

Kα θξ(y)χe(−x(y))ν j(dy)
≥ 0 for each| j| > r, consequently,fξ(x) = lim| j|→∞

∫

Kα θξ(y) χe(−x(y))ν j(dy)≥ 0. From
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the equalityF [F(γξ)(−y)](x) = γξ(x) and the Fubini theorem it follows that

∫

fξχe(y(x))h j(x)m(dx) =
∫

θξ(u+y)ν j(du).

Fory = 0 we get

lim
|ξ|→∞

∫

fξ(x)m(dx) =
∫

f (x)m(dx) = lim
|ξ|→∞

lim
| j|→∞

∫

fξ(x)h j(x)m(dx)

and lim
|ξ|→∞

lim
| j|→∞

|
∫

Kα
θξ(u)ν j(du)| ≤1.

From Lemma 2.8 it follows that̂f (y) = θ(y), since by Theorem 2.18θ = lim|ξ|→∞ θξ
is a characteristic function of a probability measure onB f(Kα), where f (x) =
∫

Kα θ(y)χe(−x(y))m(dy).
(III ). Now let α = ω0. It remains to show that the conditions imposed onθ are suffi-

cient, because their necessity follows from the modification of 2.6 (sinceX has an algebraic
embedding intoXa). The spaceXa is isomorphic withKΛ which is the space of allK-
valued functions defined on the Hamel basisΛ in X. The Hamel basis exists due to the
Kuratowski-Zorn lemma (that is, each finite system of vectors inΛ is linearly independent
overK, each vector inX is a finite linear combination overK of elements fromΛ). Let J be
a family of all non-void subsets inΛ. For eachA∈ J there exists a functionalθA : KA → C
such thatθA(t) = θ(∑y∈A t(y)y) for t ∈ KA. From the conditions imposed onθ it follows
that θA(0) = 1, θA is uniformly continuous and bounded onKA, moreover, it is positive
definite (or due to 2.6(6) for eachc > 0 there aren andq > 0 such that for eachj > n and
z∈ KA the following inequality is satisfied:

(i) |θA(z)−θ j(z)| ≤cbq,

moreover,L j ⊃ KA, q is independent onj, c andb. From (I,II) it follows that onB f(KA)
there exists a probability measureµA such that ˆµA = θA. The family of measures{µA :
A∈ J} is consistent and bounded, sinceµA = µE ◦ (PA

E)−1, if A⊂ E, wherePA
E : KE → KA

are the natural projectors. Indeed, in the case of measures with values inR eachµA is the
probability measure.

Remind the Kolmogorov’s theorem (see also Theorem 1.1.4 [DF91]). Suppose that
(X,U )= ∏ j∈Λ(Xj ,U j) be the product of measurable Radon spaces(Xj ,U j) = (Xj ,U j ,K j),
then each bounded quasi-measure on(X,U ) is a measure.

In view of the Kolmogorov’s theorem on a cylindricalσ-algebra of the spaceKΛ there
exists the unique measureµ such thatµA = µ◦ (PA)−1 for eachA∈ J, wherePA : KΛ → KA

are the natural projectors. FromXa = KΛ it follows thatµ is defined on̂C(Xa,X). Forµ on
Ĉ(Xa,X) there exists its extension onA f(X,µ) (see §2.1).

2.28. Definition. [Sch89] A continuous linear operatorT : X →Y for Banach spaces
X andY overK is called compact, ifT(B(X,0,1)) =: S is a compactoid, that is, for each
neighbourhoodU ∋ 0 inY there exists a finite subsetA⊂Y such thatS⊂U +co(A), where
co(A) is the leastK-absolutely convex subset inV containingA (that is, for eacha and
b ∈ K with |a| ≤ 1, |b| ≤ 1 and for eachx,y ∈ V the following inclusionax+ by∈ V is
accomplished).
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2.29. Let B+ be a subset of non-negative functions which areB f(X)-measurable and
let C+ be its subset of non-negative cylindrical functions. ByB̂+ we denote a family of
functions f ∈ B+ such thatf (x) = limngn(x), gn ∈ C+, gn ≥ f . For f ∈ B̂+ let

∫

X
f (x)µ∗(dx) := inf

g≥ f , g∈C+

∫

X
g(x)µ∗(dx).

2.30. Lemma.A sequence of weak distributions(µLn) of probability Radon measures
is generated by a real probability measure µ on B f(X) of a Banach space X overK if and
only if there exists

(i) lim
|ξ|→∞

∫

X
Gξ(x)µ∗(dx) = 1,

where
∫

X Gξ(x)µ∗(dx) := Sξ({µLn : n}) and

Sξ({µLn}) := lim
n→∞

∫

Ln

Fn(γξ,n)(x)µLn(dx), γξ,n(y) :=
m(n)

∏
l=1

γξ(yl ),

Fn is a Fourier transformation by(y1, . . . ,yn), y= (y j : j ∈ N), yj ∈ K, γξ(yl ) are the same
as in Lemma2.8 for K1; here m(n) =dimK Ln < ℵ0, cl(

⋃

nLn) = X = c0(ω0,K).
Proof. If a sequence of weak distributions is generated by a measureµ, then in view of

Conditions 2.6(3-6), Lemmas 2.3, 2.5, 2.8, Propositions 2.10 and 2.16, Corollary 2.13, the
Lebesgue convergence theorem and the Fubini theorem, also from the proof of Theorem
2.27 and the Radon property ofµ it follows that there existsr > 0 such that

∫

X
Gξ(x)µ∗(dx) =

∫

X
Gξ(x)µ(dx) = lim

n→∞

∫

Ln

γξ,n(y)µ̂Ln(y)mLn(dy),

since limj→∞ x j = 0 for eachx = (x j : j) ∈ X. In addition, lim|ξ|→∞ Sξ({µLn}) =
∫

X µ(dx) =
1. Indeed, for eachc > 0 andd > 0 there exists a compactVc ⊂ X with ‖µ|(X\Vc)‖ < c
and there existsn0 with Vc ⊂ Ld

n for eachn > n0. Therefore, choosing suitable sequences of
c(n),d(n),Vc(n) andL jn we get that[

∫

Ln
γξ,n(y)µ̂Ln(y)mLn(dy): n∈N] is a Cauchy sequence,

wheremLn is the real Haar measure onLn, the latter is considered asQm(n)b
p , b = dimQpK,

m(B(Ln,0,1)) =1. Here we useGξ(x) for a formal expression of the limitSξ as the integral.
ThenGξ(x) (mod µ) is defined evidently as a function forµ or {µLn : n} with a compact
support, also forµ with a support in a finite-dimensional subspaceL overK in X. By the
definitionsupp(µLn : n) is compact, if there is a compactV ⊂ X with supp(µLn)⊂ PLnV for
eachn. That is, Condition (i) is necessary.

On the other hand, if (i) is satisfied, then for eachc > 0 there existsr > 0 such that
|
∫

X Gξ(x)µ∗(dx)−1|< c/2, when|ξ| > r, consequently, there existsn0 such that for each
n > n0 the following inequality is satisfied:

∣

∣

∣

∣

1−
∫

X
Fn(γξ,n)(x)µ∗(dx)

∣

∣

∣

∣

≤ |‖µ|(Ln∩B(X,0,R))‖−1|

+ sup
|x|>R

|Fn(γξ,n)(x)|‖µLn|(Ln\B(X,0,R))‖.

Therefore, from limR→∞sup|x|>R|Fn(γξ,n)(x)| = 0 and from Lemma 2.3 the statement of
Lemma 2.30 follows.
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2.31. Notes and definitions. SupposeX is a locally convex space over a locally
compact fieldK with non-trivial non-Archimedean normalization andX∗ is a topologi-
cally dual space. The minimumσ-algebra with respect to which the following family
{v∗ : v∗ ∈ X∗} is measurable is called aσ-algebra of cylindrical sets. ThenX is called
a RS-space if onX∗ there exists a topologyτ such that the continuity of each positive
definite functionf : X∗ → C is necessary and sufficient forf to be a characteristic func-
tional of a non-negative measure. Such topology is called theR-Sazonov type topology.
The class ofRS-spaces contains all separable locally convex spaces overK. For exam-
ple, l∞(α,K) = c0(α,K) ∗, whereα is an ordinal [Roo78]. In particular we also write
c0(K) := c0(ω0,K) andl∞(K) := l∞(ω0,K), whereω0 is the first countable ordinal.

Let nK (l∞,c0) denotes the weakest topology onl∞ for which all functionalspx(y) :=
supn |xnyn| are continuous, wherex = ∑nxnen ∈ c0 andy = ∑nyne∗n ∈ l∞, en is the standard
base inc0. Such topologynK (l∞,c0) is called the normal topology. The induced topology
onc0 is denoted bynK (c0,c0).

2.32. Theorem.Let f : l∞(K) → C be a functional such that
(i) f is positive definite,
(ii) f is continuous in the normal topology nK (l∞,c0), then f is the characteristic func-

tional of a probability measure on c0(K).
Proof. The case of the topological vector spaceX over K with char(K) > 0 and a

real-valued measureµ can be proved analogously to the proofs in Chapter II forK s-valued
measures as well as forchar(K) = 0 due to §2.6 and §§2.25-2.30 (see also [Mad85]).

2.33. Theorem.Let µ be a probability measure on c0(K), then µ̂ is continuous in the
normal topology nK (l∞,c0) on l∞.

Proof. In view of Lemma 2.3 for eachε > 0 there existsS(ε) ∈ c0 such that
‖µ|L(0,S(ε))‖ ≥ 1− ε, whereL(y,z) := {x ∈ c0 : |xn − yn| ≤ |zn|, for eachn ∈ N}. There-
fore,

|1− µ̂(x)| ≤ ε+‖2πη(ξx)‖C0(L(0,S(ε)))‖µ|L(0,S(ε))‖,

hence there exists a constantC > 0 such that|1− µ̂| ≤ ε+CpS(ε)(x).
2.34. Corollary. The normal topology nK (l∞,c0) is the R-Sazonov type topology on

l∞(K).
2.35. Theorem. Non-Archimedean analog of the Minlos-Sazonov theorem.For a

separable Banach space X overK the following two conditions are equivalent:

(I) θ : X → T satisfies conditions2.6(3,4,5) and

for each c> 0 there exists a compact operator Sc : X → X such that|Re(θ(y)−θ(x))| < c
for |z̃(Scz)|< 1;

(II ) θ is a characteristic functional of a probability Radon measure µ

on E, wherẽz is an element z∈ X →֒ X∗ considered as an element of X∗ under the natural
embedding associated with the standard base of c0(ω0,K), z = x−y, x and y are arbitrary
elements of X.

Proof. (II → I). For a positive definite functionθ generated by a probability measureµ
in view of the inequality|θ(y)−θ(x)|2 ≤ 2θ(0)(θ(0)−Re(θ(y−x)) (see also Propositions
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IV.1.1(c)[VTC85]) and using the normalization of a measureµ by 1 we consider the case
y = 0. For eachr > 0 we have:

|Re(θ(0)−θ(x))| =
∫

X
(1− [χe(x(u))+χe(−x(u))]/2)µ(du)

≤
∫

B(X,0,r)
2[χ1/2

e (x(u))−χ1/2
e (−x(u))/(2i)]2µ(du)+2

∫

X\B(X,0,r)
µ(du)

≤ 2π2
∫

B(X,0,r)
η(x(u))2µ(dx)+2µ([x : ‖x‖ > r]).

In view of the Radon property of the spaceX and Lemma 2.5 for eachb > 0 andδ > 0
there are a finite-dimensional overK subspaceL in X and a compact subsetW ⊂ X such
thatW ⊂ Lδ, ‖µ|(X\W)‖ < b, hence‖µ|(X\Lδ)‖ < b.

We consider the following expression:

J( j, l) := 2π2
∫

B(X,0,r)
η(ej(u))η(el (u))µ(du),

where(ej) is the orthonormal basis inX which contains the orthonormal basis ofL = Kn,
n = dimK L. Then we choose sequencesb j = p− j and 0< δ j < b j , subspacesL j andr = r j

such thatb j r j < 1,Wj ⊂ B(X,0,r j), 0< r j < r j+1 < ∞ for eachj ∈ N and the orthonormal
basis(ej) corresponding to the sequenceL j ⊂ L j+1 ⊂ ·· · ⊂ X. We get, due to finiteness of
n j := dimK L j , that limj+l→∞ J( j, l) = 0, since‖µ|{x:‖x‖>r j}‖< b j , η(x(u)) =0 for x∈X⊖L j

with ‖x‖ < b j , u ∈ B(X,0,r j). Then we defineg j,l := min{d : d ∈ ΓK andd ≥ |J( j, l)|},
evidently, g j,l ≤ p|J( j, l)| and there areξ j,l ∈ K with |ξ j,l |K = g j,l . Consequently, the
family (ξ j,l ) determines a compact operatorS: X → X with ẽj(Sel ) = ξ j,l t due to Theorem
1.2[Sch89], wheret = const∈ K, t 6= 0. Therefore,|Re(θ(0)− θ(z))| < c/2+ |z̃(Sz)|<
c |θ(0)− θ(z)|< c/2+ |z̃(Sz)|< c. We chooser such that‖µ|(X\B(X,0,r))‖ < c/2 with S
corresponding to(r j : j), wherer1 = r, L1 = L, then we taket ∈ K with |t|c = 2.

(I → II ). Without restriction of generality we may takeθ(0) = 1 after renormalization
of non-trivial θ. In view of Theorem 2.32 as in §2.6 we construct usingθ(z) a consis-
tent family of finite-dimensional distributions{µLn}. Let mLn be a real Haar measure on
Ln which is considered asQa

p with a = dimK LndimQpK, m(B(Ln,0,1)) = 1. In view of
Proposition 2.7 and Lemmas 2.8, 2.30:

∫

Ln

Gξ(x)µLn(dx) =
∫

Ln

γξ,n(z)θ(z)mLn(dz),

consequently,

1−
∫

Ln

Fn(γξ,n)(x)µLn(dx) =
∫

γξ,n(z)(1−θ(z))mLn(dz) =:In(ξ).

There exists an orthonormal basis inX in which Sc can be reduced to the following form
Sc = SCŜcE (see Appendix), wherêSc = diag(sj : j ∈ N) in the orthonormal basis( f j :
j) in X and S transposes a finite number of vectors in the orthonormal basis. That is,
|z̃(Ŝcz)|= maxj |sj | × |zj |

2. In the orthonormal basis(ej : j) adopted to(Ln : n) we have
|z̃(Scz)|= maxj,l∈N(|sj,l |× |zj |× |zl |), ‖Sc‖ = maxj,l |sj,l |, whereSc = (sj,l : j, l ∈ N) in the
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orthonormal basis(ej), r = const> 0. In addition,p−1|x|K ≤ |x|p ≤ p|x|K for eachx∈ K.
If Sc is a compact operator such that|Re(θ(y)−θ(x))| < c for |z̃(Scz)|< 1, z= x−y, then
|Re(1−θ(x))| < c+2|x̃(Scx)| and

In(ξ) ≤
∫

γξ,n(z)[c+2|z̃(Scz)|K ]mLn(dz)≤ c+b‖Sc‖/|ξ|2,

b = constis independent fromn, ξ andSc,

b := p× sup
|ξ|>r

|ξ|2
∫

Ln

γξ,n(z)|z|2pmLn(dz)< ∞.

Due to the formula of changing variables in integrals (A.7[Sch84]) the following equality
is valid: Jn(ξ) = In(ξ)Jn(1)/[In(1)|ξ|2] for |ξ| 6= 0, where

Jn(ξ) =
∫

Ln

γξ,n(z)|z|2pmLn(dz).

Therefore,

1−
∫

X
Gξ(x)µ∗(dx) ≤ c+b‖Sc‖/|ξ|2.

Then taking the limit with|ξ| → ∞ and then withc→ +0 with the help of Lemma 2.30 we
get the statement(I → II ).

2.36. Definition. Let on a completely regular spaceX with the small inductive dimen-
sion ind(X) = 0 two non-zero real-valued measuresµ and ν be given. Thenν is called
absolutely continuous relative toµ if ν(A) = 0 for eachA ∈ B f(X) with µ(A) = 0 and it
is denotedν ≪ µ. Measuresν andµ are singular to each other if there isF ∈ B f(X) with
|µ|(X \F) = 0 and|ν|(F) = 0 and it is denotedν ⊥ µ. If ν ≪ µ andµ≪ ν then they are
called equivalent,ν ∼ µ.

2.37. For a Banach spaceX over a non-Archimedean infinite locally compact fieldK
andσ-algebraB ⊃ B f(X) with a real probability measureµ and aσ-subalgebraB0 ⊂ B a
functionµ̄(A|x) satisfying three conditions:

(a) µ̄(A|x) is B0-measurable byx for eachA∈ B;
(b) µ(A∩A0) =

∫

A0
µ̄(A|x)µ(dx) =: µA(A0) for eachA0 ∈ B0;

(c) µ̄(A|x) is a measure byA∈B for almost allx relative to a measureµ, then it is called
a conditional measure corresponding toµ relative to aσ-algebraB0.

Then we define the conditional measureµ(A|x) by Formula(b) and we then redefine it
on the set of measure zero relative toµ for eachA. Letθ(z|x) = θ1(z|x)+ iθ2(z|x) with

∫

A0

[[χe(z̃(x))+χe(−z̃(x))]/2]µ(dx) =
∫

A0

θ1(z|x)µ(dx);

∫

A0

[χe(z̃(x))−χe(−z̃(x))]/(2i)]µ(dx) =
∫

A0

θ2(z|x)µ(dx),

whereθ j are measurable functions,z∈ X, z̃∈ X′ corresponds toz under the natural em-
bedding ofX into X′ = X∗, whereX∗ is the topologically dual space ofX, x∈ X, A0 ∈ B0.
Then we choose setsAn,k with of diametersdiam(An,k) < p−n, using §§2.7, 2.8, 2.30 and
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the proof of §2.27, using the functionGξ(x), defining setsBn, G, G1, we get for eachc > 0
that there existsr > 0 such that

Re(1−θ(z|x))≤
∫

X
Gξ(y)(1− [[χe(z̃(y))+χe(−z̃(y))]/2]µ(dy|x)+2

∫

X
(1−Gξ(y))µ(dy|x)

≤
∫

(2πη2(z̃(y))Gξ(y)µ(dy|x)/2+c/2

for each|ξ| > r andx∈ G1∩G, since from‖z‖×‖y‖ ≤1 it follows that(1−χe(z̃(y)) =0
and|1−exp(it )| ≤ |t| for t ∈ R, i = (−1)1/2.

For C(z1,z2)(x) :=
∫

X η(z̃1(y))η(z̃2(y))Gξ(y)µ(dy|x) we have C(0,0) = 0 and
C(z,z)(x) =

∫

X\B(X,0,r) η2(z̃(y))Gξ(y)µ(dy|x) for ‖z‖ = 1/r > 0. Since θ(z|x) =
∫

X χe(z̃(y))µ(dy|x), considering projectorsPLn : X → Ln onto finite-dimensional subspaces
overK, L ⊂ X, we getθL(z|x) corresponding toµL(dx) andµL(dy|x). At the same timeθL

satisfies Conditions 2.6(3,4,5), consequently,µL(A|x) areσ-additive byA for fixed x, since
θ(z|x) are continuous byz for x∈ G∩G1.

Remind the Prohorov’s theorem. LetT = (Tk, pk, j) be a projective system of topological
spaces, wherek, j ∈ J, let alsoT be a topological space and(p j : j ∈ J) be a cogerent
pk = pk, j ◦ p j defining family of continuous mappingsp j : T → Tj , pk, j : Tj → Tk for each
k≤ j ∈ J. Suppose that(µj : j ∈ J) is a projective system of measures onT , µk = pk, j(µj)
is a bounded measure onTk for eachk ≤ j ∈ J. Then a bounded measureµ on T with
p j(µ) = µj for eachj ∈ J exists if and only if the following condition is satisfied:

(P) for eachc > 0 there exists a compact subsetK ⊂ T so thatµ∗j (Tj \ p j(K)) ≤ c for
each j ∈ J. If this condition(P) is satisfied, thenµ is unique andµ∗(K) = inf j µ∗j (p j(K))
for each compact subsetK ⊂ T (see also §IX.4.2.1 in [Bou63-69]).

From the Prohorov’s theorem, Lemma 2.5,x∈ G∩G1 and

C(ej ,el )(x) =
∫

L j,l\B(L j,l ,0,1)
η(yl )η(y j)F2(γξ,2)(y j ,yl )µL j,l (dyjdyl |x)

it follows that
lim

j+l→∞

∫

L j,l

ψ(x)C(ej ,el )(x)µL j,l (dx)

= lim
j+l→∞

∫

L j,l

ψ(x)
∫

L j,l

η(y j)η(yl )χe(z̃(y))µL j,l (dy|x)µL j,l (dx) = 0

for each boundedB0-measurable functionψ(x), whence limn→∞ µ([x : |C(ej ,el )(x)|
> c for somej + l > n]) = 0 for eachc > 0, whereL j,l = Ke j ⊕Kel , y j ∈ K.

Let G2 := [x : for eachc > 0 there existsn > 0 with |C(ej ,el )(x)| < c for each j + l >
n]⊂ X \ (

⋃

c>0
⋂∞

n=1
⋃

j+l>n[x : |C(ej ,el )(x)|> c]), thenµ(G2) = 1. Therefore, for eachx∈
G∩G1∩G2 there exists a compact operatorD : X → X such that|C(z1,z2)(x)| ≤ |z̃2(Dz1)|
for eachz1, z2 ∈ X.

In view of Theorem 2.35 and the equality
∫

A0

[
∫

X
χe(z(y))̄µ(dy|x)]µ(dx) =

∫

A0

χe(z(y))̄µA0(dy)

we get that
∫

X
χe(z(y))̄µA0(dy) =

∫

X
θ(z,x)µ(dx) =

∫

A0

χe(z(y))µ(dy),
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whereµ̄A0(B)= µ(A0|B) is the measure onB f(X), so thatµ̄A0(B) = µ(A0∩B). That is

µ(A0∩B) =
∫

A0

µ̄(B|x)µ(dx), (1)

henceµ̄(B|x) is the conditional measure ofµ relative to theσ-algebraB0. Thus the existence
of the conditional measure is demonstrated.

There is the following important particular case, when theσ-algebraB0 is generated
by some finite or infinite family of functions{φ j : j ∈ J}, that is is the minimalσ-algebra
relative to which all these functions are measurable.

The relation(1) is equivalent with the statement:
for each boundedB0-measurable functionψ(x) andB f(X)-measurable functionψ(x),

for which
∫

X |φ(x)|µ(dx) < ∞ the equality
∫

X
ψ(x)φ(x)µ(dx) =

∫

X
ψ(x)

∫

X
φ(y)µ̄(dy|x)µ(dx) (2)

is satisfied. Relation(2) implies that
∫

X
g(y)φ(y)̄µ(dy|x) = g(x)

∫

X
φ(y)µ̄(dy|x) (mod µ) (3)

for each boundedB0-measurable functiong(x) and a function φ(x), for which
∫

X |φ(x)|µ(dx) < ∞.
2.38. Definition. Martingales. Let (X,B ,µ) be a measure space, whereµ is a non-

negative measure on a measurable space(X,B ), B is aσ-algebra on a setX. A sequence of
measurable real-valued functions{φn(x) : n∈ N} on (X,B ,µ) is called a martingale, if for
eachn:

∫

X
|φn(x)|µ(dx) < ∞, (1)

while for eachU n measurable bounded non-negative functionψ(x) ≥ 0, the relation
∫

X
φn+1(x)ψ(x)µ(dx) =

∫

X
φn(x)ψ(x)µ(dx) (2)

is satisfied, whereU n denotes the minimalσ-algebra relative to which functionsφ1, . . . ,φn

are measurable.
If instead of the equality there is the inequality≥ or≤, then such sequence is called the

sub-martingale or super-martingale respectively.
2.39. Lemma.For each sub-martingale(super-martingale)on a Banach space X over

K there exists a sequence of functions gn(x) satisfying the following conditions(a−c):
(a) gn(x) areU n-measurable;
(b) the sequenceφn−gn is the martingale;
(b) gn(x) increases with n(decreases with n correspondingly)µ-almost everywhere.
Proof. Put

(i) gn+1(x)−gn(x) :=
∫

X
φn+1(y)µ(dy,U n|x)−φn(x),

whereµ(A,U n|x) is the conditional measure ofµ with respect to theσ-algebraU n. The
existence fo such conditional measure is proved in §2.37. Evidently,gn+1(x)− gn(x) is
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theU n-measurable function. Multiplying this function on any bounded non-negativeU n-
measurable functionψ(x) due to Equality 2.37(2)we deduce that

(ii)
∫

X
[gn+1(x)−gn(x)]ψ(x)µ(dx) =

∫

X

∫

X
φn+1(y)µ(dy,U n|x)ψ(x)µ(dx)

−
∫

X
φn(x)ψ(x)µ(dx) =

∫

X
φn+1(x)ψ(x)µ(dx)−

∫

X
φn(x)ψ(x)µ(dx).

Form this equality it follows, that

(iii)
∫

X
[gn+1(x)+φn+1(x)]ψ(x)µ(dx) =

∫

X
[gn(x)+φn(x)]ψ(x)µ(dx),

sincegn+1(x) = ∑n
k=1[gk+1(x)−gk(x)], with g1(x) := 0. Let in Formula(ii) be ψ(x) = 1,

whengn+1(x)− gn(x) < 0 andψ(x) = 0 in other cases. Then from the definition of the
sub-martingale it follows that

−
∫

X
ψ(x)µ(dx) =

∫

X
[gn+1(x)−gn(x)]ψ(x)µ(dx) ≥ 0,

consequently,gn+1(x) ≥ gn(x) µ-almost everywhere.
2.40. Remark.From the proof of the preceding lemma we get that

∫

X
φn+1(y)µ(dy,U n|x) ≥ φn(x) (1)

for eachn. In the martingale case we have here the equality instead of the inequality. If
∫

X |φn(x)|µ(dx) < ∞ for eachn, then{φn : n} is the sub-martingale. Ifgn(x) are the same as
in §2.39, then

∫

X
gn(x)µ(dx) =

∫

X
[gn(x)−φn(x)]µ(dx)+

∫

X
φn(x)µ(dx).

Taking in 2.38(2)ψ(x) = 1 we get that
∫

X fn(x)µ(dx) =
∫

X f1(x)µ(dx) for the martin-
gale { fn(x) = gn(x)− φn(x) : n}. Therefore,

∫

X gn(x)µ(dx) =
∫

X[g1(x)− φ1(x)]µ(dx) +
∫

X φn(x)µ(dx) =
∫

X φn(x)µ(dx)−
∫

X φ1(x)µ(dx). If for a sub-martingale the condition

sup
n

∫

X
|φn(x)|µ(dx) < ∞ (2)

is satisfied, then

sup
n

∫

X
gn(x)µ(dx) < ∞, (3)

hence a non-decreasing sequencegn(x) hasµ-almost everywhere a finite limit. Moreover,
this linmit is µ-integrable. If{φn : n} is a super-martingale, then{−φn : n} is a sub-
martingale and for it an integrable limit of the sequence−gn(x) exists. Thus for the proof
of an existence of the limit

lim
n→∞

φn(x) (4)

for martingales, sub-martingales and super-martingales the consideration of martingales
only is sufficient.
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2.41. Lemma.If {φn : n} is a martingale, then for all n and b> 0 the inequality

µ({x : sup
k

φk(x) ≥ b})≤ sup
n

∫

X
φ+

n (x)µ(dx)/b (1)

is satisfied, whereφ+
n (x) = φn(x) for φn(x) ≥ 0, while φ+

n (x) = 0 for φn(x) ≤ 0. If
supn

∫

X φn(x)µ(dx) < ∞, then

µ({x : sup
k

φk(x) ≥ b})≤ sup
∫

X
φ+

n (x)µ(dx)/b. (2)

Proof. Let χk(x) = 1, whenφ1(x) < b,. . . ,φk−1(x) < b, φk(x) ≥ 0, φk(x) = 0 in other
cases, henceφk(x) is theA k-measurable function. Therefore,

∫

X
φn(x)χk(x)µ(dx) =

∫

X
φn−1(x)χk(x)µ(dx)

= · · · =
∫

X
φk(x)χk(x)µ(dx) ≥ b

∫

X
χk(x)µ(dx)

for eachk≤ n, consequently,

∫

X
φn(x)

n

∑
k=1

χk(x)µ(dx) ≥ b
∫

X

n

∑
k=1

χk(x)µ(dx). (3)

On the other hand, the function∑n
k=1 χk(x) is characteristic of the set{x∈X : supk≤n φk(x)≥

b}= Bn. From Equation 2.38(2)we infer that

µ(Bn) ≤
∫

Bn

φn(x)µ(dx)/b≤
∫

X
φ+

n (x)µ(dx)/b.

This demonstrates Inequality(1). Taking the limit byn tending to the infinity we get(2) as
well.

2.42. Theorem.If {φn(x) : n} is a martingale for which Condition2.41(3)is satisfied,
then µ-almost everywhere the limit2.40(4)exists.

Proof. We shall say that a sequenceα1, . . . ,α2, . . . crosses infinite times the segment
[β1,β2] with β1 < β2, if it is possible to choosek1 < k2 < · · · so thatαk1 ≥ β2, αk2 ≤ β1,. . . ,
αk2n−1 ≥ β2, αk2n ≤ β1, . . . .

Consider the setBβ1,β2 consisting of allx∈X for which the sequence{φn(x) : n} crosses
infinite number of times the segment[β1,β2]. Denote byB− the set of allx∈ X for which
infn φn(x) = −∞, while B+ is the set of allx ∈ X with supn φn(x) = ∞. Therefore, the
setB+ ∪B− ∪ [

⋃

β1<β2∈Q Bβ1,β2] consists of allx ∈ X for which the limit 2.40(4)does not
exist. In accordance with 2.41(2)we getµ(B+) = limb→∞ µ({x∈ X : supk φk(x)≥ b}) =0.
Considering the sequence−φn(x) we find thatµ(B−) = 0. Therefore, it remains to show
thatµ(Bβ1,β2) = 0 for each pair of rational numbersβ1 < β2.

Now we define the following sequence of functionskn(x) as: k0(x) = 0, k1(x) = j if
φl (x) < β2 for eachl < j while φ j(x) ≥ β2; k1(x) = ∞ if φl (x) < β2 for all l > 0. Then
k2(x) = j if k1(x) < ∞ andφp(x) > β1 andφ j(x) ≤ β1 for k1(x) ≤ p < j. In others cases we
put k2(x) = ∞. If k2n(x) is defined, thenk2n+1(x) = j if k2n(x) < ∞ andφp(x) < β2 while
φ j(x) ≥ β2 for k2n(x) ≤ p < j. If either k2n(x) = ∞ or φp(x) > β2 for p > k2n(x), then put



26 Sergey V. Ludkovsky

k2n+1 = ∞. If k2n+1(x) is defined, thenk2n+2(x) = j. If k2n+1(x) < ∞ andφp(x) > β1 and
φ j(x) ≤ β1 for k2n+1(x) ≤ p < j, thenk2n+2(x) = j. If either k2n+1(x) = ∞ or φp(x) > β1

for p > k2n+1(x), thenk2n+2(x) = ∞.
We put furtherχn(x) = 1 whenk2p(x) ≤ n < k2p+1(x) for somep, while χn(x) = −1

whenk2p−1(x) ≤ n < k2p(x) for somep. Therefore, functionsχn(x) are completely defined
by φ1(x), . . . ,φn(x) so thatχn is the Borel function ofφ1, . . . ,φn. Thusχn isU n-measurable.

Construct the functions

gn(x) := φ1(x)+
n−1

∑
k=1

[φk+1(x)−φk(x)]χk(x).

We shall show that{gn(x) : n} is the martingale. Denote byPn theσ-algebra generated by
functionsg1(x), . . . ,gn(x). Sincegk(x) is U k-measurable, thenPn ⊂ U n for eachn. If a
functionψ(x) is bounded andPn-measurable ,then it isU n-measurable. This implies that

∫

X
gn+1(x)ψ(x)µ(dx)

=
∫

X
[gn(x)+(φn+1(x)−φn(x))χn(x)]ψ(x)µ(dx) =

∫

X
gn(x)ψ(x)µ(dx),

since
∫

X[φn+1(x)−φn(x)]χn(x)ψ(x)µ(dx) = 0 due toU n-measurability and boundedness of
χn(x)ψ(x), consequently,gn(x) is the martingale.

Fromg1(x) = φ1(x) it follows that
∫

X
gn(x)µ(dx) =

∫

X
g1(x)µ(dx) =

∫

X
φ1(x)µ(dx).

For eachn ≤ k1(x) we havegn(x) = φn(x), while for eachk1(x) < n ≤ k2(x) there is the
equalitygn(x)−gk1(x)(x) = φk1(x)(x)− φn(x) or gn(x) = 2φk1(x)(x)− φn(x) ≥ 2β2− φn(x).
This means thatgk2(x)(x) ≥ 2β2−β1 > β1 ≥ φk2(x)(x) andgn(x) ≥ φn(x) for eachk2(x) <
n ≤ k3(x). When the inequalitiesk3(x) < n ≤ k4(x) are satisfied, thengn(x)−gk3(x)(x) =
φk3(x)(x)−φn(x) alsogn(x) ≥ 2φk3(x)(x)−φn(x) ≥ 2β2−φn(x). So we deduce that

gn(x) ≥ min
n

[φn(x),2β2−φn(x)]. (1)

Consider now the functionsφn = φ+
n − φn

−, gn = g+
n − g−n , whereg+

n (x)g−n (x) = 0,
φ+

n (x)φ−
n (x) = 0, φ+

n (x) ≥ 0, φ−
n (x) ≥ 0, g+

n (x) ≥ 0, g−n (x) ≥ 0. From Inequality(1) it
follows that

g−n (x) = max[g−n (x),g+
n (x)−2β2] ≤ |φn(x)|+2|β2|.

Therefore,
∫

X
g+

n (x)µ(dx) =
∫

X
gn(x)µ(dx)+

∫

X
g−n (x)µ(dx)

≤
∫

X
[φn(x)+ |φn(x)|+2|β2|]µ(dx) ≤ 2

∫

X
g+

n (x)µ(dx)+2|β2|,

consequently,

µ({x∈ X : sup
n

gn(x) = ∞}) = lim
b→∞

µ({x∈ X : sup
n

gn(x) ≥ b})
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≤ lim
b→∞

sup
n

∫

X
g+

n (x)µ(dx)/b = 0.

We have thatkn(x) < ∞ for eachn whenx∈ Bβ1,β2, henceBβ1,β2 ⊂ {x∈ X : supngn(x) =
∞}. If kn(x) < ∞, thengkn(x)(x)− gkn−1(x)(x) ≥ β2 − β1 andgk1(x)(x) ≥ β2, consequently,
gkn(x)(x) ≥ β2 + (n− 1)[β2 − β1] and inevitably supngn(x) = ∞ for x ∈ Bβ1,β2. Thus
µ(Bβ1,β2) = 0.

2.43. Corollary. Each non-negative martingale{φn(x) : n} has a limit almost every-
where by the measure µ. Ifφ(x) = limn→∞ φn(x) (mod µ), then

∫

X
φ(x)µ(dx) ≤

∫

X
φ1(x)µ(dx). (1)

Proof. For a non-negative martingale
∫

X |φn(x)|µ(dx) =
∫

X φn(x)µ(dx) =
∫

X φ1(x)µ(dx),
consequently, Condition 2.40(3)is satisfied. Then Inequality(1) follows from the Fatou
Theorem II.6.2 [Shir89].

2.44. Corollary. If {φn : n} is a non-negative sub-martingale and

sup
n

∫

X
φn(x)µ(dx) < ∞,

then the limit
φ(x) = lim

n→∞
φn(x) (mod µ) (1)

exists and
∫

X
φ(x)µ(dx) ≤ sup

n

∫

X
φn(x)ψ(x)µ(dx). (2)

If in (2) the equality is, then
∫

X
φ(x)ψ(x)µ(dx) ≤

∫

X
φn(x)ψ(x)µ(dx) (3)

for eachU n-measurable bounded non-negative functionψ.
Proof. In view of the Fubini theorem (see Theorem 8 in §II.6 [Shir89]) we have

∫

X
φ(x)ψ(x)µ(dx) ≤ lim

m→∞

∫

X
φm(x)ψ(x)µ(dx). (4)

For eachb > ψ(x) the inequality
∫

X
φ(x)[b−ψ(x)]µ(dx) ≤ lim

m→∞

∫

X
φm(x)[b−ψ(x)]µ(dx) (5)

is satisfied. If in either(4) or (5) would be the strict inequality, then the inequality
∫

X φ(x)µ(dx) < limm→∞
∫

X φm(x)µ(dx) would be satisfied. This would contradict that in
(2) is the equality. For martingales under the same conditions in(3) is the equality.

2.45. Note. If {φn : n} is a martingale andg is a non-negative convex (downward)
function defined on(−∞,∞) so thatg(φn(x))µ(dx) < ∞ for eachn∈ N, then{g(φn(x)) : n}
is the sub-martingale. Indeed, in view of Remark 2.40 and the Jensen’s inequality (see §II.6
[Shir89])

∫

X
g(φn+1(x))ψ(x)µ(dx) =

∫

X

[

∫

X
g(φn+1(y))µ(dy,U n|x)

]

ψ(x)µ(dx)
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≥
∫

X
g

(

∫

X
φn+1(y)µ(dy,U n|x)

)

ψ(x)µ(dx)

=
∫

X
g(φn(x))ψ(x)µ(dx) (1)

for each non-negativeU n-measurable bounded functionψ. If g(t) is non-decreasing and
{φn(x) : n} is a sub-martingale, then the relations above with the inequality≥ instead of the
latter equality= imply that{g(φn(x)) : n} is the sub-martingale.

In the process of the proof of Theorem 2.42 we have demonstrated that

µ({x∈ X : kn(x) ≤ m}) =µ({x∈ X : sup
n≤m

gn(x) > β2 +(n−1)(β2−β1)})

≤ 2

[

∫

X
φ+

m(x)µ(dx)+2|β2|]/[β2 +(n−1)(β2−β1)

]

. (2)

The set{x ∈ X : kn(x) ≤ m} coincides with the set of thosex for which the sequence
φ1(x), . . . ,φm(x) not less thann times intersects the segment[β1,β2]. That is for eachn
there exist a sequencek1 < k2 < · · · < kn ≤ m with φk1(x) ≥ β2, φk2(x) ≤ β1, φk3(x) ≥ β2

and so on.

1.3. Quasi-invariant Measures

In this section after few preliminary statements there are given the definition of a quasi-
invariant measure and the theorems about quasi-invariance of measures relative to transfor-
mations of a Banach spaceX overK.

3.1. Let X be a Banach space overK, (Ln : n) be a sequence of subspaces,cl(
⋃

nLn) =
X, Ln ⊂ Ln+1 for eachn, µj be probability measures,µ2 ≪ µ1, (µj

Ln
) be sequences of weak

distributions, also let there exist derivativesρn(x) = µ2
Ln

(dx)/µ1
Ln

(dx) and the following limit

ρ(x) := lim
n→∞

ρn(x) (1)

exists.
Theorem. If µ j are real-valued probability measures and in addition

(i)
∫

X
ρ(x)µ1(dx) = 1

with ρ ∈ L1(µ1), then this is equivalent to the following: there exists

(ii) ρ(x) = µ2(dx)/µ1(dx) (mod µ1).

Proof. Let µ2 ≪ µ1 andπ(x) = dµ2(x)/dµ1(x). Denote byµk
n(∗|x) the conditional mea-

sure ofµk relative to theσ-algebraBLn. Therefore, for eachBLn-measurable non-negative
bounded functionψ(x) there are satisfied the equalities:

∫

X
ψ(x)µ2(dx) =

∫

X
ψ(x)π(x)µ1(dx)
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=
∫

X
ψ(x)

[

∫

X
π(y)µ1

n(dy|x)

]

µ1(dx).

On the other hand,
∫

X
ψ(x)µ2(dx) =

∫

X
ρn(PLnx)ψ(x)µ1(dx), hence (2)

ρn(x) =
∫

X
π(y)µ1

n(dy|x).

We shall demonstrate thatρn(x) is uniformly relative ton integrable by the measureµ1. For
this we have to show that for eachb > 0 there existsβ so that

∫

{x∈X: ρn(x)>β}
ρn(x)µ

1(dx) < b. (3)

Define the functiongβ(t) = 0 for β > t andgβ(t) = t −β for β ≤ t. Then Relation(3) is
equivalent with

∫

X
gβ(ρn(x))µ

1(dx)+βµ1({x∈ X : ρn(x) > β}) < b. (4)

From

gβ(ρn(x)) = gβ

(

∫

X
π(y)µ1

n(dy|x)

)

≤
∫

X
gβ(π(y))µ1

n(dy|x)

we infer that
∫

X
gβ(ρn(x))µ

1(dx) ≤
∫

X
gβ(π(y))µ1(dy).Moreover,

βµ1({x∈ X : ρn(x) > β}) ≤ 2
∫

X
gβ/2(ρn(x))µ

1(dx)

≤ 2
∫

X
gβ/2(π(x))µ1(dx).

Therefore, Conditions(3,4) will be satisfied as soon as the parameterβ is chosen such that
∫

X gβ/2(π(x))µ1(dx) < b/3.
From the uniform relative ton integrability ofρn(x) by the measureµ it follows that in

the equality
∫

X ρn(x)µ1(dx) = 1 we can take the limit byn → ∞ under the integral. This
demonstrates(i).

For eachA∈ BLn in the relations

µ2(A) = lim
n→∞

∫

X
χA(x)ρn(x)µ

1(dx) =
∫

X
χA(x)ρ(x)µ1(dx)

we can take the limit withn tending to the infinity under the integral. This proves(ii).
Suppose now that(i) is satisfied. Then from Corollary 2.44 we deduce that

∫

X
ρ(x)ψ(x)µ1(dx) =

∫

X
ρn(x)ψ(x)µ1(dx) =

∫

X
ψ(x)µ2(dx)

for everyBLn-measurable bounded non-negative functionψ(x). Thus
∫

A
ρ(x)µ1(dx) =

∫

A
µ2(dx) = µ2(A) (5)
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is satisfied for eachA∈ BLn. The class of all functions for which(5) is accomplished con-
tainsBLn and is monotone, consequently, it contains also the minimalσ-algebra containing
eachBLn, hence it contains the entireσ-algebraB f(X). From(5) for eachA∈ B f(X) it fol-
lows thatµ2 is absolutely continuous relative toµ1, µ2 ≪ µ1, and Formula(ii) is satisfied.

3.2. Theorem.Probability measures µj : B f(X) → R, j = 1,2, for a Banach space X
overK are orthogonal µ1 ⊥ µ2 if and only ifρ(x) = 0 (mod µ1).

Proof. If A∈ BLn, then for eachn < mwe haveµ2(A) =
∫

A ρm(x)µ1(dx). In view of the
Fatou theorem taking the limit withm tending to the infinity gives

µ2(A)≥
∫

A
ρ(x)µ1(dx). (1)

This spreads on allA∈ B f(X).
Suppose now thatµ2 ⊥ µ1, hence there exists a setA so thatµ2(A) =0 andµ1(X\A) =0.

From (1) we infer that
∫

A ρ(x)µ1(dx) = 0. Sinceµ1(X \A) = 0, thenρ(x) = 0 (mod µ1).
This demonstrates the necessity.

Let nowρ(x) = 0 (mod µ1). We shall show thatµ1 ⊥ µ2. Suppose the contrary. So we
can presentµ2 in the formµ2 = βν1 +(1−β)ν2, whereν1 ≪ µ1 andν2 ⊥ µ1, 0 < β ≤ 1.
Putρ1

n(x) := dν1
Ln

(PLnx)/dµ1
Ln

(PLnx). In accordance with Theorem 3.1 there exists the limit

lim
n→∞

ρ1
n(x) = dν1(x)/dµ1(x) (mod µ1).

But βρ1
n(x) ≤ ρn(x), consequently, limn→∞ ρ1

n(x) ≤ limn→∞ ρn(x)/b = 0, that is,
dν1(x)/dµ1(x) = 0 (mod µ1) contradicting the supposition about the absolute continuity
of ν1 relative toµ1, henceµ1 ⊥ µ2.

3.2.1. Theorem. The functionρ(x) defined by Relation3.1(2) is the density of an
absolute continuous part of the measure µ2 relative to the measure µ1, so that Formula3.1
(ii) is accomplished in all cases.

Proof. Let µ2 = βν1 +(1−β)ν2 with ν1 ≪ µ1 andν2 ⊥ µ1 and 0≤ β < 1. Denote by
ν1

Ln
andν2

Ln
projections of measuresν1 andν2 on Ln, alsoρ1

n(x) = dν1
Ln

(PLnx)/dµ1
Ln

(PLnx),
ρ2

n(x) = dν2(PLnx)/dµ1
Ln

(PLnx). Thenρn(x) = βρ1
n(x)+ (1−β)ρ2

n(x). In accordance with
Theorem 3.1 the limit limn→∞ ρ1

n(x) = dν1(x)/dµ1(x) (mod µ1) exists. By Theorem
3.2 limn→∞ ρ2

n(x) = 0 (mod µ1), hence limn→∞ ρn(x) = βdν1(x)/dµ1(x) = dµ2(x)/dµ1(x)
(mod µ1).

3.2.2. Theorem.Let µ1 and µ2 be arbitrary Borel probability measures on a Banach
space X overK, let also Ln be an increasing sequence ofK-vector subspaces in X so that
⋃

nLn is dense in X. Then

dµ2(x)/dµ1(x) = lim
n→∞

dµ2
Ln

(PLnx)/dµ1
Ln

(PLnx) (mod µ1), (1)

while µ2 ≪ µ1 if and only if
∫

X[dµ2(x)/dµ1(x)]µ1(dx) = 1.
Proof. Construct the decompositionµ2 = ν1 + ν2 such thatν2

Ln
≪ µ1

Ln
for eachn ∈ N

and
lim
n→∞

∫

X
[dν1

Ln
(x)/dµ1

Ln
(x)]µ1

Ln
(dx) = 0. (2)

Consider a setAn ∈ B f(Ln) such thatµ1
Ln

(An) = 0 and the measureµ2(B\An) is absolutely
continuous relative toµ1

Ln
(B) on B f(Ln). Denote byEn the cylinder set inX with the base
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An. PutE =
⋃∞

n=1En, ν2(B) = µ2(B\E), ν1(B) = µ2(B∩E). Thenν2
Ln

(A)≤ µ2
Ln

(A\An),
consequently,ν2

Ln
≪ µ1

Ln
by the construction of the setAn. Fromµ1

Ln
(P−1

Ln
[Ak∩Ln]) = 0 for

all k≤ n and from the fact thatdν1
Ln

/dµ1
Ln

is different from zero only on the setPLnE we get

∫

X
[dν1

Ln
(x)/dµ1

Ln
(x)]µ1

Ln
(dx) = ν1

Ln

(

PLn

[

E \
n
⋃

k=1

Ek

])

,

since
∫

A[dν(x)/dµ(x)]µ(dx) ≤ ν(A) for any non-negative bounded measures.
Consider the cylinder setCn from BLn with the basePLn[E \

⋃n
k=1Ak]. Evidently,Cn ⊃

Cn+1 and limn→∞ ν1(Cn) = limm→∞ν1(
⋂m

n=1Cn). SinceEn∩Cn = /0, then
⋂∞

n=1Cn has the
void intersection with eachEk and hence with

⋃

k Ek = E also. Thusν1(
⋂

nCn) = ν1(E∩
[
⋂

nCn]) = 0. From the inequality
∫

X[dν1(x)/dµ1(x)]µ1
Ln

(dx)≤ ν1(Cn) Equality(2) follows.
For the measureν2 the statements of Theorems 3.1-3.2.1 are accomplished. From the

construction ofν1 for eachx in X outside the set[
⋂

nCn]∪E we have

lim
n→∞

dν1
Ln

(PLnx)/dµ1
Ln

(PLnx) = 0. (3)

The latter equality is satisfiedµ1-almost everywhere, sinceν1(
⋂

nCn) = 0 andµ1(E) = 0.
Therefore,

lim
n→∞

dµ2
Ln

(PLnx)/dµ1
Ln

(PLnx) = lim
n→∞

dν2
Ln

(PLnx)/dµ1
Ln

(PLnx)

= dν2(x)/dµ1(x) = dµ2(x)/dµ1(x) (mod µ1).

3.2.3. Theorem.Let the measurable Banach space(X,B (X)), where X is overK and
(X,B (X)) = (X1,B (X1))× (X2,B (X2)). Suppose that two measuresν j and µj are given on
(Xj ,B (Xj)) for j = 1,2. For measures µ= µ1×µ2 andν = ν1×ν2 on X,B (X)) the relation
ν ≪ µ is satisfied if and only ifν1 ≪ µ1 andν2 ≪ µ2. If this is the case, then

dν(x)/dµ(x) = [dν1(P1x)/dµ1(P1x)][dν2(P2x)/dµ2(P2x)], (1)

where P1x = x1 ∈ X1 and P2x = x2 ∈ X2, x= (x1,x2).
Proof. At first prove the necessity. Ifν ≪ µ andµ(A1×X2) = µ1(A1) = 0, thenν(A1×

X2) = ν1(A1) = 0 for eachA1 ∈ B (X1). Therefore,ν1 ≪ µ1. Analogouslyν2 ≪ µ2.
Let now ν j ≪ µj for j = 1,2. Denote by F0 the algebra of sets from

B (X) having the form
⋃n

k=1(A
1
k × A2

k), where A j
k ∈ B (Xj), k,n ∈ N. Let ρ(x) =

[dν1(P1x)/dµ1(P1x)][dν2(P2x)/dµ2(P2x)]. From
∫

A1×A2

ρ(x)µ(dx) =
∫

A1

[dν1(x1)/dµ1(x1)]µ
1(dx1)

∫

A2
[dν2(x2)/dµ2(x2)]µ

2(dx2)

= ν1(A1)ν2(A2) = ν(A1×A2)

for eachA∈ F0 the equality
∫

A
ρ(x)µ(dx) = ν(A) (2)

follows. The latter relation is satisfied on a monotone class containingF0, hence it is
satisfied for allA∈ B (X). This impliesν ≪ µ and Formula(1).
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3.2.4. Theorem.If probability measures µ1 and µ2 are defined on a measurable space
(X,B (X)), where X is a Banach space overK, µ2 ≪ µ1,

ν j(C) := µj( f−1(C)), ∀C∈ B (Y)), (1)

f : (X,B (X)) → (Y,B (Y)) is a measurable mapping, then

dν2(y)/dν1(y) =
∫

X
[dµ2(x)/dµ1(x)]µ1(dx,B1| f

−1(y)), (2)

where µ1(∗,B1|z) is the conditional measure of µ1 relative to theσ-algebraB1 generated
by sets of the form f−1(C), C∈ B (Y).

Proof. Show at first thatµ1(A,B1|z) for A ∈ B (X) is constant on the inverse image
f−1(y) for any f . ConsiderAy := {z : f (z) = y}, Ay ∈ B1. For eachB1-measurable set
A1 eitherAy ⊂ A1 or Ay = X \A1. Therefore, eachB1-measurable function is constant on
Ay. The functionµ1(A,B1|z)of z is B1-measurable, henceµ1(A,B1| f−1(y)) is independent
from a choice of a point in the inverse imagef−1(y) of a pointy.

Let ψ(y) be a boundedB (Y)-measurable function on(Y,B (Y)). Then the function
ψ( f (x)) = φ(x) is B1-measurable and bounded on(X,B (X)). Thus

∫

X
ψ(y)ν2(dy) =

∫

X
ψ( f (x))µ2(dx) =

∫

X
ψ( f (x))[dµ2(x)/dµ1(x)]µ1(dx).

Expression 2.37(2)implies that
∫

X
ψ( f (x))[dµ2(x)/dµ1(x)]µ1(dx)=

∫

X
ψ( f (z))

∫

X
[dµ2(x)/dµ1(x)]µ1(dx,B1|z)µ1(dz).

Put
∫

X
[dµ2(x)/dµ1(x)]µ1(dx,B1| f

−1(y)) = ρ1(y), (3)

then
∫

X ψ( f (x))ρ1( f (z))µ1(dz) =
∫

X ψ(y)ρ1(y)ν1(dy), consequently,
∫

X ψ(y)ν2(dy)
=
∫

X ψ(y)ρ1(y)ν1(dy), that demonstrates this theorem.
3.2.5. Corollary. Let conditions of Theorem3.2.4 be satisfied and in addition

on (X,B (X)) be two other measuresν1 and ν2 be given such thatν j ≪ µj , j = 1,2.
Thenν1×ν2 ≪ µ1×µ2 and[d(ν1×ν2)/d(µ1×µ2)](x1,x2) = [dν1/dµ1](x1)[dν2/dµ2](x2).
Moreover,ν1∗ν2 ≪ µ1∗µ2 and

[d(ν1∗ν2)/d(µ1∗µ2)](x) (1)

=
∫

X
[dν1/dµ1](x1)[dν2/dµ2](x2)(µ

1∗µ2)(dx1×dx2,B
∗|η−1(x)),

whereη(x1,x2) = x1 + x2, B ∗ denotes theσ-algebra generated by the setsη−1(A), A∈
B (X).

Proof. As above the convolution of measures isµ1∗µ2(A) =
∫

X µ2(A−x)µ1(dx), where
A∈ B (X), A− x := {y∈ X : y+ x∈ A}. The setSA = {(x1,x2) : x1 + x2 ∈ A} is B (X)×
B (X)-measurable forB -measurableA. PutSA

x1
:= {x2 ∈ X : (x1,x2) ∈ SA} is the section of

SA by the first coordinate. On the other hand,

[µ1×µ2](SA) =
∫

X
µ2(SA

x1
)µ1(dx1) =

∫

X
µ2(A−x1)µ

1(dx1) (2)



Real-Valued Measures 33

=
∫

X
µ1(SA

x2
)µ2(dx2) =

∫

X
µ1(A−x2)µ

2(dx2)

. This implies that the convolution is commutative. The convolution is obtained from the
product of measures with the help of the mappingη(x1,x2) = x1 + x2. So this corollary
follows from Theorems 3.2.3 and 3.2.4.

3.3. Note.For real-valued measuresµj onB f(X) for a Banach spaceX over the infinite
locally compact fieldK with the non-trivial multiplicative non-Archimedean norm there is
the important Kakutani’s theorem formulated in §3.3.1 below. Its proof is given in Theorem
4.1 §II.4.6[DF91] and in [Kak48] for abstract measurable spaces.

Let µ and ν be two probability measures in a measurable space(X,B ) and letλ be
a probability measure in(X,B ) such thatµ andν are absolutely continuous relative toλ.
Then the integralH(µ,ν) :=

∫

X(dµ/dλ)1/2(dν/dλ)1/2dλ is called the Hellinger integral of
µ andν. It has the properties:

(i) 0≤ H(µ,ν) ≤ 1;
(ii) H(µ,ν) = 1 is equivalent toµ= ν;
(iii) H(µ,ν) = 0 if and only ifµ is orthogonal toν;
(iv) if µ is equivalent toν, thenH(µ,ν) > 0.
3.3.1. Theorem.Let µn and νn be two sequences of probability measures in(Xn,Bn)

(see above), define µ= ∏∞
n=1µn, ν = ∏∞

n=1νn in (X, B̃ ), whereB̃ :=
⊗∞

n=1Bn. If µn is
equivalent toνn for each n∈ N, then µ andν are either equivalent or orthogonal depending
on whether∏∞

n=1H(µn,νn) converges to a finite positive number or diverges to zero, where
dµ/dν = ∏∞

n=1dµn/dνn when µ andν are equivalent.
3.4. Theorem.Letν, µ,ν j , µj be probability measures with values inR, X = ∏∞

j=1Xj be
a product of completely regular spaces Xj with the small inductive dimension ind(Xj) = 0.
Thenν ≪ µ if and only if two conditions are satisfied:

(a) ν j ≪ µj for each j and
(b) ∏∞

j=1 β j converges toβ, ∞ > β > 0, where β j := ‖(ρ j)
1/2‖L1(Xj ,µj ), ρ j(x) =

ν j(dx)/µj(dx).
Proof. The necessity of(a) is evident. Ifν ≪ µ, then

dν(x)/dµ(x) =
∞

∏
k=1

dνk(Pkx)/dµk(Pkx).

Therefore,

dν(x)/dµ(x) = lim
n→∞

n

∏
k=1

dνk(Pkx)/dµk(Pkx). (1)

The functionsgn(x) := ∏n
k=1[dνk(Pkx)/dµk(Pkx)]1/2 are uniformly relative ton integrable,

since the integrals
∫

X[gn(x)]2µ(dx) = 1 are uniformly bounded. Combining this with(1)
implies

∫

X
[dν(x)/dµ(x)]1/2µ(dx) = lim

n→∞

∫

X

n

∏
k=1

[dνk(Pkx)/dµk(Pkx)]
1/2µ(dx)

= lim
n→∞

n

∏
k=1

∫

X
[dνk(Pkx)/dµk(Pkx)]

1/2µ(dx),
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hence(b) is proved.
Prove now the sufficiency of conditions of this theorem. In view of Theorem 3.3.1

under the condition(a) there is the alternative eitherν ≪ µ or ν ⊥ µ. The latter will be, if
∑∞

k=1µk(Bk) = ∞ or ∏∞
k=1dνk(Pkx)/dµk(Pkx) = 0 (mod µ). This means that it is sufficient

to show that ifν ⊥ µ and(a) is satisfied, then the infinite product in(b) diverges to zero. In
this case limn→∞ ∏∞

k=1dνk(Pkx)/dµk(Pkx) = 0 (mod µ), consequently,

lim
n→∞

n

∏
k=1

[dνk(Pkx)/dµk(Pkx)]
1/2 = 0. (2)

Using the uniform integrability we infer that Equality(2) can be integrated interchanging
the operations of integration and taking of the limit. Thus

lim
n→∞

∫

X

n

∏
k=1

[dνk(Pkx)/dµk(Pkx)]
1/2µ(dx)= lim

n→∞

n

∏
k=1

∫

X
[dνk(Pkx)/dµk(Pkx)]

1/2µ(dx).

3.5. Definition. Let X be a Banach space overK, Y be a completely regular space with
the small inductive dimensionind(X) = 0, ν : E → R, µy : B → R for eachy∈Y, suppose
µy(A)∈ L1(Y,ν,R) for eachA∈ B , whereB is aσ-algebra onX andE is aσ-algebra onY.
Then we define:

(i) µ(A) =
∫

Y
µy(A)ν(dy).

A measureµ is called mixed. We define measuresπ j by the formula:

(ii) π j(A×C) =
∫

C
µj,y(A)ν j(dy),

where j = 1,2 andµy, j together withν j are defined as aboveµy andν.
3.5.1. Theorem. If π j , µj,y and ν j are defined as in§3.5, j= 1,2, X is of separable

type over the locally compact fieldK, where µj,y andν j are bounded non-negative measures
with 0 < ν j(Y) < ∞ and0 < µj,y(X) < ∞ for each j and y, then

(i) if π2 ≪ π1, thenν2 ≪ ν1 and µ2,y ≪ µ1,y for ν2-almost all y;
(ii) if ν2 ≪ ν1 and µ2,y ≪ µ1,y for ν2-almost all y, thenπ2 ≪ π1. Moreover, there exists

a B ×E -measurable functionη(y,x) = dµ2,y(x)/dµ1,y(x) so that

dπ2(x,y)/dπ1(x,y) = [dν2(y)/dν1(y)]η(y,x). (1)

Proof. Let π2 ≪ π1. We put ρ(y,x) = dπ2(x,y)/dπ1(x,y). For eachB timesE-
measurable bounded functionφ(x,y) the function

∫

X φ(x,y)µk,y(dx) is E -measurable and

∫

X×Y
φ(x,y)π j(dx,dy) =

∫

Y

[

∫

X
φ(x,y)µj,y(dx)

]

ν j(dy). (2)

Therefore, for eachB∈ B andC∈ E this implies that

π2(B×C) =
∫

C

∫

B
ρ(y,x)µ1,y(dx)ν1(dy)

=
∫

C

∫

B

[

ρ(y,x)µ1,y(dx)/
∫

X
ρ(y,z)µ1,y(dz)

][

∫

X
ρ(y,z)µ1,y(dz)

]

ν1(dy).
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TakingB = X we get

π2(X×C) = ν2(C) =
∫

C

[

∫

X
ρ(y,x)µ1,y(dx)

]

ν1(dy,

henceν2 ≪ ν1 and
dν2(y)/dν1(y) =

∫

X
ρ(y,x)µ1,y(dx)

and inevitably

π2(B×C) =
∫

C
µ2,y(B)ν2(dy) =

∫

C

[

∫

B
η(y,x)µ1,y(dx)

]

ν2(dy),

where

η(y,x) = ρ(y,x)

[

∫

X
ρ(y,x)µ1,y(dx)

]−1

. (3)

Thus
µ2,y(B) =

∫

B
η(y,x)µ1,y(dx) (4)

for ν2-almost ally and eachB ∈ B . Choose a sequence of setsBk ∈ B such that it will
form an algebra generatingB . This is possible, since the fieldK is separable andX is of
separable type overX with a countable base of neighborhoods of zero. Therefore, there
exists a setF ∈ E so thatν2(F) = ν2(Y) and

µ2,y(Bk) =
∫

Bk

η(y,x)ν1,y(dx)

for eachy∈ F and allk, consequently,(4) is satisfied for ally∈ F andB∈ B .
For proving(ii) we first show thatπ2 ≪ π1. ConsiderA∈ B ×E , Ay = {x : (x,y)∈ A},

so from (2) it follows that π j(A) =
∫

Y µj,y(Ay)ν j(dy). If π1(A) = 0, thenµ1,y(Ay) = 0
(modν1), henceµ2,y(Ay) = 0 (modν2), sinceν2 ≪ ν1 andµ2,y ≪ µP1,y for ν2-almost all
y. Thusπ2(A) = 0, that isπ2 ≪ π1.

For proving the existence ofη and demonstrating(1) use the proof of(i) definingη by
Formula(3).

3.5.2 Corollary. If conditions of the Theorem3.5.1 are satisfied andν2 ≪ ν1 and
µ2,y ≪ µ1,y for ν2-almost all y, then µ2 ≪ µ1 and

dµ2(x)/dµ1(x) =
∫

X
[dν2(y)/dν1(y)][dµ2,y(x)/dµ1,y(x)]π1(dy|x), (1)

whereπ1(C|x) is the conditional measure defined by the equation:
∫

B
π1(C|x)µ1(dx) = π1(B×C). (2)

Proof. This follows from Theorems 3.2.4 and 3.5.1. Formula(1) is the consequence of
3.2.4(2), sincef ((x;y)) = x in the considered situation.

3.5.3 Lemma.Let conditions of Theorem3.5.1be satisfied. If in addition
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(i) there exists a measureλ such that µ1,y ≪ λ for all y, then

dµ2(y)/dµ1(y) =
∫

Y
η(y,x)[dµ1,y(x)/dλ(x)]ν2(dy)/

∫

Y
[dµ1,y(x)/dλ(x)]ν1(dy); (1)

(ii) all measures µ1,y for different y are orthogonal to each other for different values
of y, moreover, there exist such pairwise non-intersecting By ∈ B so that µ1,y(By) = 1
and µ1,y(Bz) = 0 for z 6= y and the functionρ(x) = dµ2,y(x)/dµ1,y(x) with x∈ By is B -
measurable, alsoν1 = ν2, then dµ2(x)/dµ1(x) = ρ(x).

Proof. (i). Let ζ(x,y) =dµ1,y(x)/dλ(x). We can chooseζ(x,y) to beB ×E -measurable
using Theorem 3.5.1 and considering besides the measureπ1 also the measureu = λ×ν1.
Then

π1(B×C) =
∫

B

∫

C
ζ(x,y)λ(dx)ν1(dy),

µ1(B) = π1(B×Y) =
∫

B

∫

Y
ζ(x,y)ν1(dy)λ(dx),

consequently,µ1 ≪ λ and

dµ1(x)/dλ(x) =
∫

Y
ζ(x,y)ν1(dy). (2)

Evidently,µ2,y ≪ λ and

dµ2,y(x)/dµ1,y(x) = η(y,x)ζ(x,y).

We find also
dµ2(x)/dλ(x) =

∫

Y
η(y,x)ζ(x,y)ν2(dy). (3)

Fromµ2 ≪ µ1 ≪ λ we deduce that

dµ2/dµ1 = [dµ2/dλ][dµ1/dλ]−1,

hence from(2,3) Equation(1) follows.
To demonstrate(ii) mention that

∫

X
φ(x)ρ(x)µ1(dx) =

∫

Y

[

∫

X
φ(x)ρ(x)µ1,y(dx)

]

ν1(dy)

=
∫

Y

[

∫

X
φ(x)[dµ2,y(x)/dµ11,y(x)]µ1,y(dx)

]

ν1(dy)

=
∫

Y

[

∫

X
φ(x)µ2,y(dx)

]

ν1(dy) =
∫

X
φ(x)µ2(dx)

for each boundedB -measurable functionφ(x).
3.5.4. Theorem.Let the families of measures µj,y, j = 1,2, on(X,B ) satisfy conditions:
(i) µj,y(B) is E -measurable for each B∈ E ;
(ii) there exist suchB -measurable sets By so that µj,y(Bz) = 1 for y= z and µj,y(Bz) = 0

for z 6= y and
⋃

y∈C By ∈ B for each C∈ E , By∩Bz = /0 for each y6= z, whileν j is a measure
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on(Y,E ) for j = 1,2. Suppose that measures µj are defined by Equation3.5(i)with µj,y and
ν j instead of µy andν respectively, where µj,y andν j are bounded non-negative measures
with 0< ν j(Y) < ∞ and0< µj,y(X) < ∞ for each j and y. Then µ2 ≪ µ1 if and only if: (iii)
ν2 ≪ ν1 and(iv) µ2,y ≪ µ1,y for ν2-almost all y, if so, then

dµ2(x)/dµ1(x) = [dµ2,y(x)/dµ1,y(x)][dν2(x)/dν1(x)] (1)

for each x∈ By.
Proof. The mappingf ((x;y)) = x admits almost everywhere by the measure inversion

(x;y) =g(x), whereg(x) = (x;y) for x∈By. Thusg(x) is defined onG := G(C) :=
⋃

y∈C By,
whereC∈ E . Consider the algebraϒ which is the intersection

⋂

yBµ1,y of completionsBµ1,y

of the algebraB by the measuresµ1,y. ThenG∈ ϒ. If λ1 is the completion of the measure
µ1, thenG is λ1-measurable andλ1(G) = 1.

ChooseBy so thatG(C)∈ B for eachC∈ E . Theng(x) isB -measurable and{x : g(x)∈
B×C} = (G(C)∩B∈ B . Consider as well the measurev onB ×E which is the image of
the measureµ1 under the mappingg such that

v(B×C) = µ1(G(C)∩B) =
∫

Y
µ1,z(G(C)∩B)ν1(dz)

=
∫

Y
µ1,z(Bz∩B)χC(z)ν1(dz) =

∫

Y
µ1,z(B)χC(z)ν1(dz) =π1(B×C),

sinceµ1,z(G(C)∩B) = µ1,z(Bz∩ [G(C)∩B]) = χC(y)µ1,z(B), whereχC(y) is the character-
istic function of the setC.

Prove now Formula(1). For this introduce the measurew1(B):=
∫

Yµ1,y(B)ν2(dy). From
Statement(ii) of Lemma 3.5.3 we know that

dµ2(x)/dµ1(x) = dµ2,y(x)/dµ1,y(x) for eachx∈ By.

For each boundedB -measurable functionφ with ρ(x)=dν2(x)/dν1(x) for eachx∈By there
are the equalities

∫

X
φ(x)µ1(dx) =

∫

Y

[

∫

X
φ(x)µ1,y(dx)

]

ν2(dy)

=
∫

Y

[

∫

X
φ(x)µ1,y(dx)

]

[dν2(y)/dν1(y)]ν1(dy) =
∫

Y

[

∫

X
φ(x)ρ(x)µ1,y(dx)

]

ν1(dy)

=
∫

X
φ(x)ρ(x)µ1(dx),

hencedw1(x)/dµ1(x) = ρ(x). Finally applyingdµ2/dµ1 = [dµ2/dw1][dw1/dµ1] implies
(1).

3.6. Definition. For a Banach spaceX over a locally compact infinite fieldK with a
non-trivial non-Archimedean multiplicative norm an elementa∈ X is called an admissible
shift of a measureµ, if µa ≪ µ, whereµa(A) = µ(S−aA) for eachA in B f(X), SaA := a+A,
ρ(a,x) := ρµ(a,x) := µa(dx)/µ(dx), Mµ := [a∈ X : µa ≪ µ] (see §§2.1 and 2.36).

A vector a ∈ X is called a partially admissible shift for the measureµ, if dµa/dµ is
not identical to zero relative to the measureµ, that isµa contains a component absolutely
continuous relative toµ. In such situation denotẽρµ(a,x) = dµa(x)/dµ(x) the density of the
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absolutely continuous component ofµa relative toµ, the set of all partially admissible shifts
we denote byM̃µ.

The proofs of Properties I-IV given below in §3.7 differ slightly from the proofs in
Chapter II forK s-valued measures.

3.7. Properties ofMµ and ρ from § 3.6.
I. The set Mµ is a semigroup by addition,ρ(a+b,x) = ρ(a,x)ρ(b,x−a) for each a,b∈

Mµ.
II. If a ∈ Mµ, ρ(a,x) 6= 0 (mod µ), then µa ∼ µ,−a∈ Mµ andρ(−a,x) = 1/ρ(a,x−a).
III. If ν ≪ µ andν(dx)/µ(dx) = g(x), then Mµ∩Mν = Mµ∩ [a : µ([x : g(x) = 0, g(x−

a)ρµ(a,x) 6= 0]) = 0] andρν(a,x) = [g(x−a)/g(x)]ρµ(a,x) (modν) for a∈ Mµ∩Mν.
IV. If ν ∼ µ, then Mν = Mµ.
V. Let ν ≪ µ and dν(x)/dµ(x) = g(x), a∈ Mµ only when a∈ M̃µ,

ρν(a,x) = g(x−a)ρ̃µ(a,x)/g(x) (modν). (1)

Proof. EvidentlyMµ ⊂ M̃µ and fora∈ Mµ functionsρµ andρ̃µ coincide. Ifa is not an
admissible shift forµ, then it is not admissible forν, henceMν ⊂ M̃µ. Then

∫

X
f (x)νa(dx) =

∫

X
f (x)ρν(a,x)ν(dx)

=
∫

X
f (x)ρν(a,x)g(x)µ(dx),

also
∫

X
f (x+a)ν(dx) =

∫

X
f (x+a)g(x)µ(dx) =

∫

X
f (x)g(x−a)µa(dx)

=
∫

X
f (x)g(x−a)ρ̃(a,x)µ(dx)+

∫

X
f (x)g(x−a)λa(dx),

whereλa ⊥ µ, consequently,ν ⊥ λa andνa ⊥ λa. If f = 0 (modλa), then from the equality
∫

X
f (x)ρν(a,x)g(x)µ(dx) =

∫

X
f (x)g(x−a)ρ̃(a,x)µ(dx)

that demonstrates Formula(1).
VI. Let (X,B ) and(Y,E ) be two Banach spaces overK, µ : B → [0,∞) be a bounded

measure and T: X →Y be aK-linear mapping. Denote byν(C) := µ(T−1C) the measure
on (Y,E ). If a ∈ Mµ, then b= Ta∈ Mν and ρν(b,y) =

∫

X ρµ(a,x)µ(dx,B0|T−1y), where
µ(∗,B0|y) is the conditional distribution of the measure µ relative to theσ-algebraB0 gen-
erated by sets T−1C, C∈ E . In particular, if T is invertible, thenρν(b,y) =ρµ(T−1b,T−1y).

Proof. This statement follows from Theorem 3.2.4, since each bounded non-zero mea-
sureµ induces the probability measureµ(A)/µ(X), A∈ B .

VII. Let X be a Banach space overK and on(X,B ) be given two non-negative bounded
measures µ1 and µ2; µ = µ1 ∗µ2 be the convolution of these measures. Then a∈ Mµ for
a∈ Mµ1, moreover,

ρµ(a,x) =
∫

X
ρµ1(a,y)µ(dy,B0|U

−1x), (1)
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where µ(dy,B0|x) is the conditional measure corresponding to µ1 × µ2 relative to theσ-
algebraB0 ⊂ B ×B generated by all sets of the form{(x1,x2) : x1 + x2 ∈ A}, a∈ B , U :
X×X → X so that U(x1,x2) := x1 +x2.

Proof. This property also follows from Theorem 3.2.4 and also from Corollary 3.2.5.
VIII. Let µ be a bounded non-negative measure on(X,B ). Define in Mµ the distance

function

r(a1,a2) :=
∫

X
|ρµ(a1,x)−ρµ(a2,x)|µ(dx). (1)

Then(Mµ, r) is the complete pseudo-metric space.
Proof. Suppose thatan ∈ Mµ and limn→∞,m→∞r(an,am) = 0. We show that there exists

a∈ Mµ for which limn→∞ r(an,a) = 0.
Mention that the sequence{an : n} is bounded in(X,‖∗‖). If ‖ank‖ → ∞ with k→ ∞,

choosenk such thatr(ank,ank+1) < 3−k. ForB -measurable function with‖ f‖L1(µ) = 1 and
with a bounded support we obtain

∫

X
f (x+anN)µ(dx) ≥

∫

X
f (x+an)µ(dx)−

N−1

∑
k=1

r(ank,ank+1).

Choosingf so that
∫

X f (x+an1)µ(dx) > 1/2 and taking the limit withN → ∞ we infer that
limN→∞

∫

X f (x+ anN)µ(dx) > 0, that is impossible forf with the bounded support, when
‖anN‖→∞. This means that{an : n} is bounded inX relative to the norm‖∗‖ in the Banach
spaceX.

Therefore, we can consider without loss of generality, that{an : n} weakly converges
to somea, since the topologically dual space denoted byX∗ or by X′ separates points inX
for the locally compact fieldK (see also [NB85, Roo78] and the beginning of this chapter).
From the relations

∫

X
χe(z(x+an))µ(dx) = χe(z(an))

∫

X
χe(z(x))µ(dx) =

∫

X
χe(z(x))ρµ(an,x)µ(dx),

taking into account that limn→∞ z(an) = z(a) for eachz ∈ X∗. There exists the limit
limn→∞ ρµ(an,x) = ρ(x) by the measureµ and limn→∞

∫

X |ρµ(an,x) − ρ(x)|µ(dx) = 0
we find that χe(z(a))

∫

X χe(z(x))µ(dx) =
∫

X χe(z(x))ρ(x)µ(dx). From this we find that
∫

X χe(z(x))µa(dx) =
∫

X χe(z(x))ρ(x)µ(dx) for eachz ∈ X∗. Thus µa ≪ µ and ρ(x) =
dµa(x)/dµ(x).

3.8. Definition and notes.A linear operatorU on a Banach spaceX overK has a matrix
representationu(i, j) = ẽi(Uej), where(ej : j) is a non-Archimedean orthonormal basis in
X, ẽi are vectors of the topologically dual spaceX∗ under the natural embedding (see §§
2.2, 2.6). For a compact operatorU − I we get that there exists limn→∞ det{r̂n(U)} ∈ K
which we adopt as the definition ofdet{U}, wherern : X → Kn is the projection operator
with r̂n(U) := {u(i, j) : i, j = 1, . . . ,n} (see also Appendix, use that limi+ j→∞ u(i, j) = 0).

3.9. Theorem.Let X be a Banach space overK, µ be a probability real-valued measure
and T : X → X be a compact operator such that Re(1− µ̂(z))→ 0 for |z̃(T2z)| →0 and
z∈ X, z̃∈ X′ corresponding to z. Then Mµ ⊂ (TX)∼, where Y∼ is a completion by‖∗‖Y of
a normed space Y.

Proof. For each a ∈ Mµ and b > 0 we have J(z) =
∫

X[1 − [χe(z̃(x)) +
χe(−z̃(x))]/2]ρ(a,x)µ(dx) ≤ J1(z) + J2(z), where J1(z) := b

∫

X[1 − [χe(z̃(x)) +
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χe(−z̃(x))]/2]µ(dx), J2(z) = 2
∫

(x: ρ(a,x)>b)µ(dx), J1(z)→ 0 for |z̃(T2z)| → 0, J2(z)→ 0
for b → +∞, consequently, lim|z̃(T2z)|→∞ Re(µa(X) − χe(z̃(a))̂µ(z)) = 0. From
|1− µ̂(z)|2 ≤ 2Re(1− µ̂(z)) and µ(X) = µa(X) = 1 it follows that χe(z̃(a))→ 1 and
z̃(a)→ 0 for |z̃(T2z)| →0. If |z̃(a)|< ε for |z̃(T2z)|< δ, then|z̃(a)|2 < ε2|z̃(T2z)|/δ. Let
(ej : j) be orthonormal basis inX such thatT = (Ti, j : i, j ∈ N), limi+ j→∞ Ti, j = 0, we
denoteD j := supk |Tk, j |, hence|a j |

2 < ε2D2
j /δ, a∈ (TX)∼, ‖a‖TX := supj D j |a j | < ∞ (see

Appendix).
3.10. Corollary. Let X and µ be the same as in§ 3.9, then L∩Mµ is a set of the first

category in X for each infinite-dimensional linear subspace L⊂ X overK.
Proof follows from the fact that(TB(X,0,p j))∼ =: A j is nowhere dense inL ∩

B(X,0,p j) for eachj ∈ N, sinceA j is compact inX [Sch89].
The proof of Theorem 2 § 19[Sko74] can not be transferred on non-ArchimedeanX,

there exists a compactV in X = c0(ω0,K) and its linear spanY = spanKV such that an
ultranorm pE(x) := inf[|a| : x ∈ aE] (see Exer. 6.204 and 5.202[NB85]) produces from
Y non-separable and non-Radonian Banach spacel∞(ω0,K) [DF91, Roo78], whereE =
co(V) in Y.

Note. Moreover, as it will be seen below from the proofs of Theorems 3.20 and
4.2 it follows the existence of a probability quasi-invariant measureµ : B f(X) → R with
Mµ ⊃ H + GT , whereGT is a compact subgroup inX with µ(GT) > 0 such thatµ(L) = 0
for real-valuedµ and each linear subspaceL in X with dimK L < ℵ0 (see Chapter II also
respectively).

3.11. Definition. For a Banach spaceX overK and a measureµ : B f(X) → R, a∈ X,
‖a‖= 1, a vectora is called an admissible direction, ifa∈ MK

µ := [z : ‖z‖X = 1, λz∈ Mµ

andρ(λz,x) 6= 0 (mod µ) (relative tox) and for eachλ ∈ K] ⊂ X. Let a∈ MK
µ we denote by

L1 := Ka, X1 = X⊖L1, µ1 andµ̃1 are the projections ofµ ontoL1 andX1 respectively, ˜µ=
µ1⊗ µ̃1 be a measure onB f(X), given by the the following equation ˜µ(A×C) = µ1(A)µ̃1(C)
onB f(L1)×B f(X1) and extended onB f(X), whereA∈ B f(L1), C∈ B f(X1).

3.12. Theorem. For a to be in MK
µ with a real-valued probability measure µ it is

necessary and sufficient that the following conditions be satisfied (i-iv):
(i) µ≪ µ̃;
(ii) µ1 ≪ m, where m is a real-valued Haar measure on L1;
(iii) µ1(dx)/µ(dx) := h(x) 6= 0 for |a(x)| > 0;
(iv) µ([x : g(x−λa) 6= 0, g(x) = 0]) = 0 for g(x) = µ(dx)/µ̃(dx) whilst |λ| > 0.
Proof. From µ̃λa = µ1

λa⊗ µ̃1 for λ > 0 andµ1
λa ≪ µ1, henceλa ∈ Mµ̃. In view of (iv)

and and §§ 3.10 II, III the sufficiency follows,λa∈ Mµ̃∩Mµ.
Now prove the necessity of Conditions(i− iv). At first we demonstrate thatµ≪ µ̃.
Recall the following proposition about measures equivalent with Haar measures. IfG

is a locally compact group andµ is a non-negative non-zero left invariant Haar measure on
G, then a measureν 6= 0 onG is left quasi-invariant if and only if it is equivalent withµ (see
Proposition 11 §VII.1.9[Bou63-69]).

Fromρ(λz,x) 6= 0 (mod µ) it follows thatµ1 ∼mdue to the cited just above proposition,
wherem is the Haar measure onL1. For eachA∈ B for x∈ L1 = aK denote byA1

x the set of
all y∈ X1 for which (x,y)∈ A, whereX = L1⊕X1, L1∩X1 = {0}, X1 is the closedK-linear
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subspace inX. ThenA1
x ∈ B f(X1) and

µ(A) =
∫

X
µ(x,A1

x)µ
1(dx), (1)

µ̃(A) =
∫

X
µ̃1(A1

x)µ
1(dx). (2)

Therefore, for provingµ ≪ µ̃ it is sufficient to show thatµ(x,∗) ≪ µ̃1 for eachx. Since
µ̃1(B1) =

∫

X µ(x,B1)µ1(dx), then formµ̃1(B1) = 0 it follows thatµ(x,B1) = 0 for µ1-almost
all x.

The density ofµ1 relative to the Haar measurem on L1 at a pointx for sufficiently
large‖(a,x)‖ is positive, wherem is positive on a unit ball inL1. Then there existλ with
sufficiently large|λ| for whichµ(λa,B1) = 0.

Using µ(λ1a,∗) ≪ µ(λa,∗) for |λ1| < |λ| we get thatµ(λa,B1) = 0 for all λ. Hence
from µ̃(B1) = 0 it follows thatµ(x,B1) = 0 for eachx∈ L1, that isµ(x,∗) ≪ µ̃1.

Calculate nowdµ(x)/dµ̃(x) = g(x). In view of Theorem 3.5.1 and Formulas(1,2) we
deduce thatg(x) = dµ(PL1x,PX1x)/dµ̃(PX1x). Sinceµ(PL1x−λa,∗) ≪ µ(PL1x,∗) for λ 6= 0,
then

g(x−λa) = g(x)[dµ(PL1x−λa,∗)(PX1x)/dµ(PL1x,PX1x)] (mod µ). (3)

From this Condition(iv) follows.
3.13. Note.ForK s-valued measures Theorem 3.12 is untrue, since there are cases with

µ that are not absolutely continuous relative to ˜µ. For example, for a probability measure
µ = µ1 +µ2 6= 0, µ2(X) = 0 with µ1

1 equivalent to the Haar measurem on L1, µ1
2 = 0, when

for µ2 all atoms(a j,2) are points and for eachx∈ L1 is accomplished∑PL1(a j,2)=xµ2(a j,2) = 0
and atoms(a j,1) of µ1 are such thatPL1(a j,1) 6= PL1(al ,2) for eachj, l . We can choose(a j,s)
such that there exists a compactS⊂X with µ1(S) = 0,µ2(S) 6= 0, butµ̃(S) = 0, sinceµ1

2 = 0.
3.14. Definition and notes.A measureµ : B f(X) → R for a Banach spaceX overK is

called a quasi-invariant measure ifMµ contains aK-linear manifoldJµ dense inX.
From § 3.7 and Definition 3.11 it follows thatJµ ⊂ MK

µ .
Let (ej : j ∈ N) be an orthonormal basis inX, H = spanK (ej : j). We denoteΩ :=

Ω(R) := [µ|µ is a real measure with a finite total variation onB = B f(X) andH ⊂ Jµ].
A measureµ∈ Ω(R) that can not be represented as a sum of two singular to each other

measures fromΩ(R) is called an extremal measure.B f(X)-measurable functionh : X → R
is called invariant forµ∈Ω(R), if h(a+x) = h(x) µ-almost everywhere byx for eacha∈H.

3.14.1. Lemma. If ν and µ are measures fromΩ and ν1 is an absolutely continuous
component ofν relative to µ, thenν1 ∈ Ω andν−ν1 ∈ Ω as soon asν 6= ν1.

Proof. Put ν2 = ν− ν1, ν2 ⊥ µ. If a ∈ H, thenν1
a + ν2

a ∼ ν1 + ν2 andν2
a ≪ ν1 + ν2.

Sinceν2
a ⊥ µa ∼ µ andν1 ≪ µ, thenν2

a ⊥ ν1 andν2
a ≪ ν, that isν2 ∈ Ω. Thenν1

a ≪ ν1+ν2

andν1
a ⊥ ν2, consequently,ν1

a ≪ ν1, ν1 ∈ Ω.
3.14.2. Corollary. If µ andν are two extremal measures, then either µ∼ ν or µ⊥ ν.
Proof. In the contrary case there would beµ = µ1 +µ2, whereµ1 ≪ ν, µ2 ⊥ ν, but this

is impossible, ifµ is the extremal measure.
3.14.3. Corollary. If µ is an extremal measure, then for each a∈ X either µ∼ µa or

µ⊥ µa.
Proof. This follows from the fact thatµa is the extremal measure as well.
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3.14.4. Corollary. If µ is an extremal measure,ν∈Ω andν≪ µ, thenν is also extremal
andν ∼ µ.

Proof. In the contrary caseµ= µ1 +µ2, whereµ1 ≪ ν andµ2 ⊥ ν, µ1,µ2 ∈ Ω.
3.14.5. Lemma.For a measure µ to be extremal it is necessary and sufficient for each

invariant relative to µ function h(x) being a constant.
Proof. Let h(x) be invariant forµ and there existsb such thatµ({x : h(x) < b}) > 0

and µ({x : h(x) ≥ b}) > 0. Put φ1(x) = 0 for h(x) < b, while φ2(x) = 0 for h(x) ≥ b,
φ1(x)+ φ2(x) = 1, µj(A) =

∫

A φ j(x)µ(dx). Evidently, functionsφ j(x) are also invariant for
µ, j = 1,2. Therefore, fora∈ H we get

∫

X
f (x)µj

a(dx) =
∫

X
f (x+a)µj(dx) =

∫

X
f (x+a)φ j(x)µ(dx)

=
∫

X
f (x+a)φ j(x+a)µ(dx) =

∫

X
f (x)φ j(x)ρµ(a,x)µ(dx)

=
∫

X
f (x)ρµ(a,x)µj(dx)

so thatµj
a ≪ µj and henceµj ∈ Ω, alsoµ1 ⊥ µ. Sinceµ = µ1 + µ2, thenµ will not be the

extremal measure.
Let nowµ = µ1 +µ2, whereµj ∈ Ω, µ1 ⊥ µ2. Denoteφ j(x) = dµj(x)/dµ(x). For each

a ∈ H there are identitiesφ1(x)φ2(x+ a) = φ1(x)φ2(x) = φ1(x+ a)φ2(x) = 0 satisfiedµ-
almost everywhere, sinceµ1 ⊥ µ2, µ1

a ⊥ µ2, µ2
a ⊥ µ1 andφ1(x)+φ2(x) = 1. Therefore, 0=

{(φ1(x)−φ1(x+a))+(φ2(x)−φ2(x+a))}2 = (φ1(x)−φ1(x+a))2+(φ2(x)−φ2(x+a))2.
Thusφ j(x) would be invariant different from constants functions forµ.

3.15. Denote byLn the subspacespanK{e1, . . . ,en}, by Xn the orthogonal in the non-
Archimedean sense complement toLn, Xn = clX spanK{ej : j > n}, byBn andB n we denote
σ-algebras generated by cylindrical subsets inLn andXn respectively. As usuallyµ(∗,U |x)
denotes a conditional measure corresponding toµ relative to aσ-subalgebraU in B f(X) on
the measure space(X,B f(X),µ).

Lemma. If h(x) is a bounded invariant function for a measure µ, then h(x) =
∫

X h(y)µ(dy,B n|x) for all n ∈ N and µ-almost everywhere.
Proof. From § 2.37 the existence of a conditional measure follows. It is sufficient to

demonstrate, that there exists aB n-measurable functioñh(x) µ-almost everywhere coincid-
ing with h(x). Let φb(y) =C(b)exp(−|y|/b), whereb > 0, C(b) > 0 is a constant so that
∫

Ln
φb(y)mn(dy) =1, mn denotes the Haar measure onLn with mn(B) =1 for the unit ballB

in Ln. Puthb(x) :=
∫

Ln
h(x+ y)φb(y)mn(dy). From theB f(X)-measurability ofh(x) it fol-

lows thathb(x)→ h(x) for b→ 0 by the measureµ due to Lemmas 2.8 and 2.30. Therefore,
it is possible to choose such sequencebk that hbk(x) → h(x) µ-almost everywhere. Men-
tion that the functionhb(x+ a) =

∫

Ln
h(x+ y)φb(y− a)mn(dy) is the continuous function

by a ∈ Ln. But due to invariance ofh we infer thathb(x+ a) = hb(x) for µ-almost allx,
consequently,hb(x+a) is constant as the function bya for µ-almost allx by the measureµ.
This means thathb(x) = hb(Pnx) for µ-almost allx∈ X, wherePn : X → Xn is theK-linear
projection operator associated with the basis{ej : j}. The functionh̃(x) = limk→∞ hbk(Pnx)
is defined for allx, for which this limit exists. It is the desired function.

3.15.1. Corollary. LetB n
µ be the completion ofB n by the measure µ,B ∞ =

⋂

nB
n
µ ∩B .

If h is an invariant function for the measure µ, then h isB ∞-measurable.
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Proof. In view of Lemma 3.15 the invariant functionh(x) is B n-measurable, since such
is the bounded invariant function arctan(h(x)).

3.15.2. Corollary. A function h(x) is invariant for a measure µ if and only if h(x) is
B ∞-measurable.

Proof. The necessity follows from Corollary 3.15.1. The sufficiency follows from that
for a B ∞-measurable functionh(x) for eachn there exists aB n-measurable functionhn(x)
so thatµ({x : h(x) = hn(x)}) = µ(X) > 0 and for eachB n-measurable functionhn(x) for all
y∈ Ln there is the equalityhn(x+y) = hn(x).

3.15.3. Corollary. A probability measure is extremal if and only if µ takes only two
values0 and1 onB ∞.

Proof. Only in this case allB ∞-functions are equivalent to constants.
3.16. Theorem. A measure µ∈ Ω(R) is an extremal measure if and only if µ is

equivalent toν ∈ R, whereR := [ν ∈ Ω(R)| for each n there exists m> n such that
ν(A∩B) = ν(A)ν(B) for each A∈ Bn, B∈ Bm].

Proof. The necessity. Letµ be an extremal measure. Denote byµm
n (∗|y) for all n≤ m

the conditional measureµ(∗,Bn|y) on theσ-algebra calBm and byµm the restriction ofµ
onB m.

We show thatµm
n (∗|y)∼ µm for µ-almost ally. It is sufficient to show thatµn

n(∗|y)∼ µn

for µ-almost ally, sinceµm
n (∗|y) andµm are restrictions of these measures onB m.

Let λn(A|y)be defined forA∈ B f(X), A⊂ Xn, y∈ Ln by the formula:

λn(A|y) =µn
n((P

n)−1A|P−1
n y), (1)

wherePn : X → Ln andPn : X → Xn are the projection operator. We denote byλn the projec-
tion of µonXn andλn the projection ofµonLn. It is sufficient to verify that forµn-almost all
y measuresλn(∗|y) andλn are equivalent. If considerX asLn×Xn, thenµ∼ λn×λn. Evi-

dentlyLn ∈ B f(X), sinceLn =
⋂∞

k=1L1/pk

n , whereAb denotes theb-enlargement of a setA in
X, b> 0. For eachA⊂ Ln with A∈B f(X) there is the equalityµ(A×B) =

∫

A λn(dy)λn(B|y)
andλn × λn(A×B) =

∫

A λn(dy)λn(B), then for proving the relationλn(∗|y) ∼ µn for µn-
almost ally it remains to use Theorem 3.5.1. Thusµm

n (∗|y)∼ µm (mod µ).
Let nowµ∞

n (∗|y) andµP∞ be restrictions of these measures onB ∞. Thenµ∞
n (∗|y)∼ µ∞

(mod µ). In view of Corollary 3.15.3 the measureµ∞ onB ∞ can take only two values 0 and
1. Then the measureµ∞

n (∗|y) being equivalent to it coincides withµ∞, that isµ∞
n (∗|y) = µ∞

(mod µ).
If y∈ X is such thatµn

n(∗|y)∼ µn, then for allm≥ n we getµm
n (∗|y)∼ µm andµ∞

n (∗|y) =
µ∞. Denote the set of suchy by Cn. Fory∈Cm we putρm

n (x|y) = dµm
n (∗|y)(x)/dµm(x).

In accordance with Theorem 3.2.4 we infer that

ρm+1
n (x|y) =

∫

X
ρm

n (z|y)µ(dz,B m+1|x) (2)

for eachy ∈ Cn. Equality (2) implies that the sequence of functionsgk(x) = ρN−k
n (x,y),

k = 1, . . . ,N−n forms the martingale, whereN > n.
In view of Note 2.45 we have that ifA(β1,β2) with β2 > β1 ≥ 0 is the set of thosex∈ X

for which the sequenceρm
n (x,y) an infinite number of times intersects the interval(β1,β2)

for fixed n, x, y, thenµ(A(β1,β2)) = 0, sinceA(β1,β2) =
⋂∞

k=1Ak
(β1,β2)

, whereAk
(β1,β2)

is the
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set of thosex ∈ X for which the sequenceρm
n (x,y) for fixed n, x, y intersects the interval

(β1,β2) not less thank times, while

µ(Ak
(β1,β2)

) ≤

[

2
∫

X
ρm

n (x|y)dx

]

/[β2 +(k−1)(β2−β1)]

= 2/[β1 +k(β2−β1)]. (3)

The latter inequality follows fromAk
(β1,β2)

=
⋃∞

N=n+1Ak,N
(β1,β2)

, whereAk,N
(β1,β2)

is the set of

thosex ∈ X for which the sequenceρn
n(x|y),. . . ,ρN

n (x|y) intersects the interval(β1,β2) not
less thank times. ThenρN

n (x|y), ρN−1
n (x|y),. . . ,ρn

n(x|y) is the martingale. Apply Note 2.45.
In accordance with Lemma 2.41 we infer that the sequence{ρm

n (x|y) : m= n,n+1, . . .}
is bounded(mod µ). From(2) and the Jensen’s inequality we deduce that

∫

X
ψ(ρm+1

n (x|y))µ(dx) ≤
∫

X
ψ(ρm

n (x|y))µ(dx)

=
∫

X
ψ(ρn

n(x|y))µ(dx)

for each downward convex functionψ. Therefore the sequence{ρm
n (x|y) : m} is uniformly

integrable.
For eachB ∞-measurable functionh(x) we have the equalities:

lim
m→∞

∫

X
h(x)ρm

n (x|y)µ(dx) = lim
m→∞

∫

X
h(x)µm

n (dx|y)

=
∫

X
h(x)µ∞

n (dx|y) =
∫

X
h(x)µ(dx)

whenever these integrals exist, consequently, limm→∞ρm
n (x|y) = 1 (mod µ) for eachy ∈

C0. The functionρm
n (x|y) by y is Bn-measurable, as the function byx it is B n-measurable.

Therefore, there exists aB n×Bn-measurable functionηm
n (x|y) so that it is equal toρm

n (x|y)
by (mod µ). Sinceρm

n are uniformly integrable, then

lim
m→∞

∫

X
|ρm

n (x|y)−1|λn(dx) = lim
m→∞

∫

X
|ρm

n (x|y)−1|µ(dx) = 0. (4)

In accordance with Theorem 3.5.1 we can consider thatρm
n (x|y) is B m×Bn. Integrating(4)

by µ(dy)we infer that

lim
m→∞

∫

X

∫

X
|ρm

n (x|y)−1|λn(dx|y) = 0. (5)

Consider the measureγn := λn×µn. From(5) we get that

lim
m→∞

∫

X

∫

X
|ρm

n (x|y)−1|γn(dx×dy) =0. (6)

From the definition we have alsoρn
n(x|x) = dµ(x)/dγn(x). Introduce further the con-

ditional measuresµ(∗,B n|y). If µn and µn(∗,B
n|y) are restrictions of measuresµ and
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µ(∗,B n|y) on the σ-algebraBn, thenµn(∗,B
n|y) ∼ µn for µn-almost ally as for µm

n (∗|y)
anddµn(∗,B

n|y)/dµn(x) = ρn
n(x|x).

For eachl < n < m denote byκm
l ,n the restriction ofγn onto theσ-algebraB l ∩ Bm,

while νm
l denotes the restriction of the measureµ onto the sameσ-algebra. Putπm

l ,n(x) =

dνm
l (x)/dκm

l ,n(x), thenπm
l ,n(x) =

∫

X ρn
n(z|z)γn(dz,B l ∩Bm|x) due to Theorem 3.2.4. Applying

Theorem 3.2.1 we infer thatγn-almost everywhere there exists

lim
m→∞

πm
l ,n(x) =

∫

X
ρn

n(z|z)γn(dz,B l |x) = dµl (x)/dγl
n(x), (7)

whereγl
n denotes the restriction of the measureγn onto theσ-algebraB l .

For all l < n < m< k define theσ-algebraB m,k
l ,n consisting of all setsA∩B with A ∈

B l ∩Bn, B∈ B m∩B k, we put

f m,k
l ,n (x) =

∫

X
[ρm

n (z|z)]−1µ(dz,B m,k
l ,n |x)πk

l ,m(x)/[dµl (x)/dγl
m(x)]. (8)

From(6,7) it follows that for all markedl andn

lim
m→∞

lim
k→∞

f m,k
l ,n (x) = 1 (mod µ). (9)

We rewrite(8) in the form

f m,k
l ,n (x) = [dγm(B l ,∗)(x)/dµ(B l ,∗)(x)][dµ(B l ∩B k,∗)(x)/dγm(B l ∩B k,∗)(x)] (10)

×[dγn(B
m,k
l ,n ,∗)(x)/dµ(B m,k

l ,n ,∗)(x)],

whereγm(U ,∗) and µ(U ,∗) denote the restrictions of the measuresγm and µ onto aσ-
algebraU , whereU ⊂ B . Therefore,

∫

X f m,k
l ,n (x)µ(dx) = 1. If n1 < n2 < · · · < n2N+1 is an

arbitrary sequence of numbers, then puttingφk(x) = f n2k,n2k+1
n2k−2,n2k−1(x) with n2k−2 = 0 for k = 1,

B 0 = B , we get
∫

X

N

∏
k=1

φk(x)µ(dx) =
∫

X

N

∏
k=2

φk(x)µ(B 2,dx) = · · ·

=
∫

X
φN(x)µ(B 2N−2,dx) = 1. (11)

Each functionφk is µ-almost everywhere positive. From(9) it follows, that there exists a
sequence{nk : k} such thatµ-almost everywhere the infinite product∏∞

k=1 φk(x) =: g(x)
converges. Introduce the measureζ(A) :=

∫

X g(x)µ(dx). From (11) we deduce that
∫

X g(x)µ(dx) = 1, henceζ is the finite measure. Moreover,µ∼ ζ, sinceg(x) > 0 (mod µ).
For a boundedB n2k−1-measurable functionψ and a boundedBn2k−1-measurable functionξ
we get

∫

X
ψ(x)ξ(x)ζ(dx) =

∫

X
ψ(x)ξ(x)

∞

∏
j=1

φ j(x)µ(dx)

=
∫

X
ψ(x)

k

∏
j=1

φ j(x)ξ(x)
∞

∏
j=k+1

φ j(x)µ(dx).
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The function ξ(x)∏∞
j=k+1 φ j(x) is B n2k-measurable, whileξ(x)∏k

j=1 φ j(x) is Bn2k+1-
measurable. Therefore, the function

zk+1(x) :=
∫

X
ξ(z)

∞

∏
j=k+1

φ j(z)µ(dz,Bn2k+1|x)

is B n2k ∩Bn2k+1-measurable and

∫

X
ψ(x)ξ(x)ζ(dx) =

∫

X
ψ(x)

k

∏
j=1

φ j(x)zk+1(x)µ(Bn2k+1|dx). (12)

Put zk−1(x) :=
∫

X ψ(z)∏k−1
j=1 φ j(z)µ(dz,B n2k−2|x). Sincezk−1(x) is Bn2k−1-measurable, then

zk−1(x) is B n2k−2 ∩Bn2k−1-measurable. Thus Equation(12)can be rewritten in the form:
∫

X
ψ(x)ξ(x)ζ(dx) =

∫

X
zk−1(x)zk+1(x)[dγn2k(B

n2k−2,∗)(x)/dµ(B n2k−2,∗)(x)]

×[dµ(B n2k−2 ∩Bn2k+1,∗)(x)/dγn2k(B
n2k−2 ∩Bn2k+1,∗)(x)]

×[dγn2k−1(B
n2k,n2k+1
n2k−2,n2k−1

,∗)(x)/dµ(B n2k,n2k+1
n2k−2,n2k−1

,∗)(x)]µ(Bn2k+1,dx)

=
∫

X
zk−1(x)zk+1(x)γn2k−1(dx) =

∫

X
zk−1(x)µ(dx)

∫

X
zk+1(x)µ(dx)

=
∫

X
ψ(x)

k−1

∏
j=1

φ j(x)µ(dx)
∫

X
ξ(x)

∞

∏
j=k+1

φ j(x)µ(dx).

Particularly forψ = 1 we get

∫

X
ξ(x)ζ(dx) =

∫

X
ξ(x)

∞

∏
j=k+1

φ j(x)µ(dx),

for ξ = 1 from (12)we obtain

∫

X
ψ(x)ζ(dx) =

∫

X
ψ(x)

k−1

∏
j=1

φ j(x)µ(dx).

This means that
∫

X
ψ(x)ξ(x)µ(dx) =

∫

X
ψ(x)ζ(dx)

∫

X
ξ(x)ζ(dx)/ζ(X). (13)

The measurew(A) := ζ(A)/ζ(X) is equivalent withζ, w∼ ζ. In accordance with(13) for
each pair of setsA∈ Bn2k−1, B∈ B n2k the equalities

w(A∩B) =
∫

X
χA(x)χB(x)w(dx)

=
∫

X
χA(x)w(dx)

∫

X
χB(x)w(dx) = w(A)w(B)

are satisfied, hencew∈ R.
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The sufficiency. Suppose thatµ∈ R. We show thatµ is the extremal measure. Leth(x)
be aB ∞-measurable bounded function. Then from the definition of the familyR it follows
that for eachBn-measurable functionψ(x) the equality

∫

X
ψ(x)h(x)µ(dx) =

∫

X
ψ(x)µ(dx)

∫

X
h(x)µ(dx) (14)

is satisfied. The latter relation is satisfied for the set of functionsψ(x) closed relative
to the bounded convergence. Thus(14) is satisfied for all boundedB -measurable func-
tions. Put in(14) ψ = h, then

∫

X h2(x)µ(dx) = (
∫

X h(x)µ(dx))2, consequently,
∫

X(h(x)−
∫

X h(x)µ(dx))2µ(dx) = 0, henceh(x) =
∫

X h(x)µ(dx) (mod µ). Therefore, eachB ∞-
measurable function coincides with a constant by the measureµ. Using Lemma 3.14.5
and Corollaries 3.15.1-3 we infer the sufficiency.

3.17. Theorem. For a Banach space X overK and each µ∈ Ω(R) there exists[µy :
y ∈ Y] ⊂ R and a measureν on B∞ such that µ(A) =

∫

X µy(A)ν(dy) for each A∈ B f(X),
whereB∞ := (

⋂

n B̄n∩B f(X), B̄n is a completion ofBn by a measure µ,ν = µ|B∞, µy(A) is
A f(X,µ)-measurable(see the notation in§§ 2.1,3.14and3.16).

Proof. We show that the measureµ∈ Omegacan be obtained by mixing of extremal
measures so that there exists a family of measuresµy ∈ R on (X,B ) for eachy ∈ Y and a
measureν on (Y,E ) for which

µ=
∫

Y
µyν(dy), (1)

whereµy(B) is E -measurable as the function byy for each marked subsetB∈ B .
Take(Y,E ) = (X,B ∞) andν = µ|B ∞ . We putµy(B) := µ(B,B ∞|y), whereµ(∗,B ∞|y) is

the conditional measure corresponding toµ relative to theσ-algebraB ∞. From § 2.37 for
the conditional measure it follows that

µ(A) =
∫

X
µ(A,B ∞|y)µ(dy) =

∫

X
µy(A)ν(dy)

for eachA∈ B .
It remains to show thatµy ∈ R for ν-almost ally. We first demonstrate thatµy ∈ Ω. Take

a∈ Jµ andA∈ B ∞ and a cylindrical (measurable) functionf onX, then
∫

X

∫

A
f (x+a)µy(dx)ν(dy) =

∫

X
f (x+a)χA(x)µ(dx)

=
∫

X
f (x)χA(x)ρµ(a,x)µ(dx) =

∫

X

∫

A
f (x)ρµ(a,x)µy(dx)ν(dy).

Hence for each suchf andν-almost ally we get:
∫

X
f (x+a)µy(dx) =

∫

X
f (x)ρµ(a,x)µy(dx). (2)

Take a countable familyC ′ of such cylindrical functionsf for which (2) is satisfied and the
closure ofR-linear span of which is dense in the set of all cylindrical real-valued functions
on X relative to the point-wise uniformly bounded convergence. Therefore,(2) is satisfied
for all cylindrical functions forν-almost ally, hence

dµy
a(x)/dµy(x) = ρµ(a,x) (modν) (3)
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alsoµy
a ∼ µy for eacha∈ Jµ and forν-almost ally.

Denote bym1 the non-negative Haar measure onK so thatm1(B(K, 0,1)) = 1 and let
m1×ν be the measure on the product(K, B f(K) × (Y,E ), whereB f(K) denotes the Borel
σ-algebra on the fieldK. Then for m1 × ν-almost all(t,y) ∈ K ×Y there is the relation
µy

ta ∼ µy. Therefore, forν-almost ally ∈ Y the setSy ∈ B f(K) of thoset ∈ K for which
µy

ta ∼ µy for a markedy hasm1(K \Sy) = 0. Moreover,Sy is the additive group. Suppose that
h∈ K \Sy, then(Sy+h)∩Sy = /0, whereSy+h := {t +h : t ∈ Sy}, butm1(Sy∩B(K, 0,r)) =
m1((Sy +h)∩B(K, 0,r)) for each|h|< r < ∞. ThusSy = K for ν-almost ally.

This demonstrates that forν-almost ally∈Y eacha∈ Jµ is the admissible directional
vector for the measureµy, that is by the definitionta∈ Jµy for eacht ∈ K. Thusµy ∈ Ω for
ν-almost ally∈Y.

We show next thatµy ∈ R for ν-almost ally. Denote as usuallyµy(∗,B n|x) the con-
ditional measure ofµy relative to theσ-algebraB n for a markedy. Consider a cylindrical
function f , a functiongn(x) which isB n-measurable and bounded, alsoA∈ B ∞. For each
B∈ B ∞ we have

µ(A∩B) =
∫

B
µ(A,B ∞|y)µ(dy) =

∫

B
χA(y)µ(dy),

consequently,µy(A) = χA(y) (modν) for eachA∈ B ∞. Then
∫

A

∫

X

∫

X
f (x)µy(dz,B n|x)gn(x)µ

y(dx)ν(dy)

=
∫

A

∫

X
f (x)gn(x)µ

y(dx)ν(dy) =
∫

A
f (x)gn(x)µ(dx)

=
∫

A
gn(x)

∫

X
f (z)µ(z,B n|x)µ(dx)

=
∫

X

∫

X
χA(x)gn(x)

∫

X
f (z)µ(z,B n|x)µy(dx)ν(dy)

=
∫

A

∫

X
gn(x)

∫

X
f (z)µ(z,B n|x)µy(dx)ν(dy). (4)

From(4) we infer that
∫

X
f (z)µy(dz,B n|x) =

∫

X
f (z)µ(dz,B n|x) (5)

for ν-almost ally and each cylindrical functionf . Since

lim
n→∞

∫

X
f (z)µ(dz,B n|x) =

∫

X
f (z)µ(dz) (mod µ),

then for all f ∈ C ′ for all m for ν-almost ally we get
∫

X
f (Pmx)µy(dx) = lim

n→∞

∫

X
f (Pmz)µy(dz,B n|x) (mod µy). (6)

Therefore, there existsE ∈ B ∞ with ν(E) = 1 so that for eachy∈ E Equality(6) is satisfied
for each cylindrical functionf .
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Suppose thath(x) is a bounded function invariant relative to the measureµy, y∈ E. For
eachn the functionh(x) is B n(y)-measurable, whereB n(y) denotes the completion ofB n

by the measureµy, that is the minimalσ-algebra generated byB n and by allµy-null sets,
µy ≥ 0. For eachm< n we deduce that

∫

X
f (Pmx)h(x)µy(dx) =

∫

X
h(x)

∫

X
f (Pmz)µy(dz,B n|x)µy(dx).

Using(6) we find that
∫

X
f (Pmx)h(x)µy(dx) =

∫

X
h(x)

∫

X
f (Pmz)µy(dz)µy(dx)

=
∫

X
h(x)µy(dx)

∫

X
f (Pmx)µy(dx)

or that
∫

X
f (Pmx)[h(x)−

∫

X
h(z)µy(dz)]µy(dx) = 0.

Taking into account the property of the familyC ′ we come to the conclusion thath(x) =
∫

X h(z)µy(dz) (mod µy). This means that each invariant functionh(x) for the measureµy is
µy-almost everywhere constant, consequently,µy ∈ R for eachy∈ E.

3.18. Theorem. If µ : B f(Y) → R is a σ-finite measure on B f(Y), Y is a complete
separable ultrametrizableK-linear subspace such that co(S) is nowhere dense in Y for
each compact S⊂ Y, whereK is an infinite non-discrete non-Archimedean field with a
multiplicative ultranorm| ∗ |K . Then from Jµ = Y it follows that µ= 0.

Proof. Sinceµ is σ-finite, then there are(Yj : j ∈H)⊂B f(Y) such thatY =
⋃

j∈H Yj and
0 < ‖µ|B f(Yj)‖ ≤ 1 for eachj, whereH ⊂ N, Yj ∩Yl = /0 for eachj 6= l . If card(H) = ℵ0,
then we define a functionf (x) = 1/[2j |µ|(Yj)] for real-valuedµ. Then we define a measure
ν(A) =

∫

A f (x)µ(dx), A∈ B f(Y). Therefore,|ν|(Y) ≤ 1 andJν = Y, since f ∈ L1(Y,µ,R).
Hence it is sufficient to considerµ with ‖µ‖ ≤ 1 and|µ|(Y) = 1. For eachn∈ N in view of
the Radonian property ofY there exists a compactXn ⊂ Y such that|µ|(Y \Xn) < 1/n. In
Y there is a countable everywhere dense subset(x j : j ∈ N), henceY =

⋃

j∈N B(Y,x j , r l ) for
eachr l > 0, whereB(Y,x, r l ) = [y∈Y : d(x,y)≤ r l ], d is an ultrametric inY, i.e. d(x,z)≤
max(d(x,y), d(y,z)), d(x,z) =d(z,x), d(x,x) = 0, d(x,y) > 0 for x 6= y for eachx,y,z∈Y.
Therefore, for eachr l = 1/l, l ∈ N there existsk(l) ∈ N such that|µ|(Xn,l) > 1− 2−l−n,

whereXn,l :=
⋃k(l)

j=1B(Y,x j , r l ), consequently,|µ|(Y \Xn) ≤ 2−n for Xn :=
⋂∞

l=1Xn,l. The
subsetsXn are compact, sinceXn are closed inY and the metricd on Xn is completely
bounded andY is complete (see Theorems 3.1.2 and 4.3.29 [Eng86]). Then 0< |µ|(X) ≤ 1
for |µ|(Y \X) = 0 for X := spanK (

⋃∞
n=1Xn).

The setsỸn = co(Yn) are nowhere dense inY for Yn =
⋃n

l=1Xl , consequently,spanKYn

are nowhere dense inY. Moreover,(Y\
⋃∞

n=1Yn) 6= /0 is dense inY due to the Baire category
theorem (see 3.9.3 and 4.3.26 [Eng86]). Therefore,y+ X ⊂ Y \X for y∈ Y \X and from
Jµ = Y it follows that|µ|(X) = 0, since|µ|(y+X) = 0 (see §§ 2.38 and 3.14 above). Hence
we get the contradiction, consequently,µ= 0.

3.19. Corollary. If Y is a Banach space or a complete countably-ultranormable infinite-
dimensional overK space, µ: B f(Y) → R and Jµ = Y, then µ= 0.
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Proof. The spaceY is evidently complete and ultrametrizable, since its topology is
given by a countable family of ultranorms. Moreover,co(S) is nowhere dense inY for each
compactS in Y, sinceco(S) = cl(Sbc) is compact inY and does not contain in itself any
open subset inY due to (5.7.5)[NB85] (forY overR and real-valued measures see Theorem
4 § V.5.3[GV61]).

3.20. Theorem. Let X be a separable Banach space over a locally compact infinite
fieldK with a nontrivial normalization such that eitherK ⊃ Qp or char(K) = p > 0. Then
there are probability measures µ on X with values inR such that µ are quasi-invariant
relative to a denseK-linear subspace Jµ.

Proof. Let S( j,n) := p jB(K, 0,1)\ p j+1B(K, 0,1) for j ∈ Z and j ≤ n, S(n,n) :=
pnB(K, 0,1), w be the Haar measure onK considered as the additive group (see [HR79,
Roo78]) with values inR. Then for eachc > 0 andn∈ N there are measuresm on B f(K)
such thatm(dx) = f (x)v(dx), | f (x) |> 0 for eachx ∈ K and | m(pnB(K, 0,1))− 1 |< c,
m(K) = 1, |m| (E)≤ 1 for eachE ∈B f(K) , wherev= w,v(B(K,0,1)) =1. Moreover, we
can choosef such that a densityma(dx)/m(dx) =: d(m;a,x) be continuous by(a,x) ∈ K2

and for eachc′ > 0, x and | a |≤ p−n : | d(m;a,x)− 1 |< c′. For this we can definef
for v = w, for example, to be at the beginning locally constant such thatf (x) = a( j,n) for
x∈S( j,n), wherea( j,n) = rn( j−n)(1− r−n)(1−1/p)p−n for j < n,a(n,n) = (1− r−2n)p−n

andm(E) := ∑{a( j,n)v(pn− j(E∩S( j,n))/v(pn− j S( j,n)) : j ∈ Z, j ≤ n}. Then we can
take g(x) = f (x) + h(x) and y(dx) := g(x)v(dx), and a continuoush(x) : K → R, with
sup{|h(x)/ f (x) |: x ∈ K} ≤ c” and 0< c” ≤ 1/pn. More generally it is possible to take
g ∈ L1(K, B f(K), v,R) such thatg(x) ≥ 0 for v-almost everyx ∈ K and ‖g‖ = 1 and

∏∞
n=1(g

1/2
n ∗ g1/2

n )(yn) > 0 converges for eachy = {yn : yn ∈ K, n ∈ N} in a proper dense
subspaceJ in X = c0, wheregn(x) := g(x/an), limn→∞an = 0, 0 6= an ∈ K for eachn∈ N,

then use the Kakutani theorem 3.3.1, sinceH(µn,νn) = (g1/2
n ∗ g1/2

n )(yn) for the measure
µn(dx) := gn(x)v(dx/an) and its shifted measureνn(dx) := µn(−yn +dx).

Let {m(j;dx)} be a family of measures onK with the corresponding sequence{k( j)}
such thatk( j) ≤ k( j + 1) for each j and limi→∞ k(i) = ∞, wherem(j;dx) corresponds
to the partition[S(i, k( j))]. The Banach spaceX is isomorphic withc0(ω0,K) [Roo78].
It has the orthonormal basis{ej : j = 1,2, . . .} and the projectorsPjx = (x(1), . . . ,x( j))
onto K j , wherex = x(1)e1 + x(2)e2 + · · · . Then there exists a cylindrical measureµ gen-
erated by a consistent family of measuresy( j,B) = b( j,E) for B = P−1

j E andE ∈ B f(K j)
[Bou63-69, DF91] whereb( j,dz) =⊗[m(j;dz(i)) : i = 1, . . . , j],z = (z(1), . . . ,z(j)). Let
L := L(t, t(1), . . . ,t(l); l) := {x : x∈X and | x(i) |≤ pa,a=−t−t(i) for i = 1, . . . ,l , anda=
−k( j) for j > l}, thenL is compact inX, sinceX is Lindelöf andL is sequentially compact
[Eng86]. Therefore, for eachc > 0 there existsL such that| µ(X \L) |< c, since there is
l ∈ N with | 1−∏[m(j; pk( j)B(K,0,1)) : j > l ] |< c/2 (or due to the choice ofa( j,n)).

In view of the Prohorov theorem cited above (see also § IX.4.2[Bou63-69]) for real
measures and due to Lemma 2.3µ has the countably-additive extension onB f(X), conse-
quently, also on the completeσ-field A f(X,µ) andµ is the Radon measure.

Let z′ ∈ spanK{ej : j = 1,2, . . .} and z” = {z(j) : z(j) = 0 for j ≤ l andz(j) ∈
S(n,n), j = 1,2, . . . ,n = k( j)}, l ∈ N, z= z′ +z”.

In accordance with Lemma I.1.4 [Roo78] ifK is a complete relative to its norm non-
Archimedean field andf : B→ K is a mapping such thatf (0) = 0 and|[ f (x)− f (y)]/[x−
y]−1| ≤ c for eachx,y∈ B, where 0< c < 1, B := B(K, 0,r) is the ball with center at zero
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of radiusr > 0, then f : B→ B is the isometry.
By Corollary 2.4 [Roo78] if(X,d) is a complete ultrametric space and if every decreas-

ing sequence of values of the ultrametricd converges to zero, then(X,d) is spherically
complete.

In view of the Kakutani theorem cited above (see also [DF91]) and also two state-
ments cited just above there are measuresm(j;dz(j) such thatρµ(z,x) = ∏{d( j;z(j),x( j)) :
j = 1,2, . . .} = µz(dx)/µ(dx) ∈ L1(X,µ,R) for each suchz andx ∈ X, whered( j;∗,∗) =
d(m(j;∗),∗,∗) andµz(X) = µ(X) = 1.

When char(K) = 0, then in this proof it is also possible to considerS( j,n) :=
π jB(K, 0,1)\ π j+1B(K, 0,1), whereπ ∈ K, p−1 ≤ |π| < 1, π is the generator of the nor-
malization group ofK.

3.20.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fieldK and J be a dense properK-linear subspace in X such that the
embedding operator T: J →֒ X is compact and nondegenerate, ker(T) = {0}. Then a set
M (X,J) of probability measures µ on B f(X) quasi-invariant relative to J is of cardinality
2c. If J′, J′ ⊂ J, is also a denseK-linear subspace in X, thenM (X,J′) ⊃M (X,J).

Proof. SinceX is of separable type overK, then we can choose for a given compact
operatorT an orthonormal base inX in which T is diagional andX is isomorphic with
c0 over K such that in its standard base{ej : j ∈ N} the operatorT has the formTej =
a jej , 0 6= a j ∈ K for each j ∈ N, lim j→∞ a j = 0 (see Appendix). As in Theorem 3.20
takegn ∈ L1(K, B f(K), v(dx/an),R), gn(x) > 0 for v-a.e.x∈ K and‖gn‖ = 1 for eachn,

for which converges∏∞
n=1(g

1/2
n ∗ g1/2

n )(yn), where the convolution is taken relative to the
measurev(dx/an), for eachy∈ J and such that∏m

n=1gn(xn)v(dxn/an) =: νLn(dxn) satisfies
conditions of Lemma 2.3, wherexn := (x1, . . . ,xn), x1, . . . ,xn ∈ K for eachn ∈ N. Since
gn are nonnegative, then it is sufficient to satisfy conditions of Lemma 2.3 forr = b > 0.
The family of such sequences of functions{gn : n∈ N} has the cardinality 2c, since inL1

the subspace of step functions is dense andcard(B f(X)) = ℵℵ0
0 = c, card([0,∞)c) = 2c,

2c×ℵ0 = 2c, whereℵ0 := card(N), c := card(R). The latter statement of this theorem is
evident, since the family of all{gn : n} satisfying conditions above forJ also satisfies such
conditions forJ′.

3.21. Note. For a givenm = w new suitable measures may be constructed, if to use
images of measuresmg(E) = m(g−1(E)) such that for a diffeomorphismg∈Di f f 1(K) (see
§ A.3) we havemg−1

(dx)/m(dx) =| (g′(g−1(x)) |K , where| ∗ |K = modK (∗) is the modular
function of the fieldK associated with the Haar measure onK, at the same time| ∗ |K is
the multiplicative norm inK consistent with its uniformity [Wei73]. Indeed, forK and
X = K j with j ∈ N and the Haar measurev = w or v = w′ on X, vX := v with values either
in R or in K s for s 6= p and for a functionf ∈ L1(X,v,R) or f ∈ L(X,v,K s), respectively,
due to Lemma 4 and Theorem 4 § I.2[Wei73], Theorems 9.2 and A.7[Sch84] we have:
∫

g(A) f (x)v(dx) =
∫

A f (g(y))|g′(y)|K v(dy), wheremodK (λ)v(dx) := v(λdx), λ ∈ K. For a
construction of new measures images ofv may be used, for example, for analytich on K
(see 43.1 [Sch84]) withg= Ph, whereP is the anti-differentiation such thatg′ = h. Defining
it at first locally we can then extend it on allK.

Henceforward, quasi-invariant measureµ on B f(c0(ω0,K)) constructed with the help
of projective limits or sequences of weak distributions of probability measures(µH(n) : n)
are considered, for example, as in Theorem 3.20 such that
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(i) µH(n)(dx) = fH(n)(x)vH(n)(dx), dimK H(n) = m(n)< ℵ0 for eachn ∈ N, where
fH(n) ∈ L1(H(n),vH(n),R), H(n) ⊂ H(n+ 1) ⊂ ·· · , cl(

⋃

nH(n) = c0(ω0,K), if it is not
specified in another manner.

Proposition 11 § VII.1.9 [Bou63-69] states, that ifG is a locally compact group,G1 is its
closed normal subgroup,G2 = G/G1 is the quotient group,π : G→ G2 is the quotient map-
ping, u : G→ G is a topological group automorphism ofG such thatu(G1) = G1, u2 is an
automorphism ofG2 obtained by the factorization, thenmodG(u) = modG1(u1)modG2(u2).

For real-valued probability quasi-invariant measures for a sequence of weak distribu-
tions (µH(n)) generated byµ in view of the proposition cited just above, Lemma 2.3 and
Definition 3.14 this condition is satisfied, sincecl(Jµ) = c0(ω0,K).

As will be seen below such measuresµ are quasi-invariant relative to families of the
cardinalityc = card(R) of linear and non-linear transformationsU : X → X. Moreover, for
eachV open inX we haveµ(V) > 0, when fH(n)(x) > 0 for eachn∈ N andx∈ H(n).

Let µ be a probability quasi-invariant measure satisfying (i) and(ej : j) be an orthonor-
mal basis inMµ, H(n) := spanK (e1, . . . ,en), we denote by

ρ̂µ(a,x) = ρ̂(a,x) = lim
n→∞

ρn(Pna,Pnx),

ρn(Pna,Pnx) := fH(n)(Pn(x−a))/ fH(n)(Pnx)

for eacha and x for which this limit exists and̂ρ(a,x) = 0 in the contrary case, where
Pn : X → H(n) are chosen consistent projectors. Letρ(a,x) = ρ̂(a,x), if

∫

ρ̂(a,x)µ(dx) =
1, ρ(a,x) is not defined when̂ρ(a,x) 6= 1. If for some another basis(ẽj : j) and ρ̃ is
accomplished

(ii) µ(S) = 1, S :=
⋂

a∈Mµ
[x : ρ(a,x) = ρ̃(a,x)]), thenρ(a,x) is called regularly depen-

dent from a basis.
3.22. Lemma.Let µ be a probability measure, µ: B f(X) → R, X be a Banach space

overK, suppose that for each basis(ẽj : j) in Mµ a quasi-invariance factor̃ρ satisfies the
following conditions:

(1) if ρ̃(a j ,x), j = 1, . . . ,N, are defined for a given x∈ X and for eachλ j ∈ K then a
functionρ̃(∑n

j=1 λ ja j ,x) is continuous byλ j , j = 1, . . . ,N;
(2) there exists an increasing sequence of subspaces H(n) ⊂ Mµ, cl(

⋃

nH(n)) =
X, with projectors Pn : X → H(n), B∈ B f(X), µ(B) = 0 such that limn→∞ ρ̃(Pna,x)
= ρ̃(a,x) for each a∈ Mµ and x /∈ B for which is definedρ(a,x). Thenρ(a,x) depends
regularly from the basis.

Proof. There exists a subsetS dense in eachH(n), henceµ(B′) = 0 for B′ =
⋃

a∈S[x :
ρ(a,x) 6= ρ̃(a,x)]. From (1) it follows thatρ̃(a,x) = ρ(a,x) on eachH(n) for x /∈ B′. From
spanK S⊃H(n) and (2) it follows thatρ(a,x) = ρ̃(a,x) for eacha∈Mµ andx∈X\(B′∪B),
consequently, Condition 3.21(ii)is satisfied.

3.23. Lemma.If a probability quasi-invariant measure µ: B f(X)→ R satisfies Condi-
tion 3.21(i), then there exists a compact operator T: X → X such that Mµ ⊂ (TX)∼, where
X is the Banach space overK.

Proof. This follows from Theorem 3.9 (see also Chapter II).
3.24. Let X be a Banach space overK, | ∗ |K = modK (∗), U : X → X be an invertible

linear operator,µ : B f(X) → R be a probability quasi-invariant measure.
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The uniform convergence of a (transfinite) sequence of functions onAf (V,ν)-compact
subsets of a topological spaceV is called the Egorov condition, whereν is a measure onV.

Theorem. Let pairs (x−Ux,x) and (x−U−1,x) be in dom(̃ρ(a,x)), where dom(f )
denotes a domain of a function f ,ρ̃(x−Ux,x) > 0, ρ̃(x−U−1x,x) > 0 (mod µ). Then
ν ∼ µ and

(i) ν(dx)/µ(dx) = |det(U)|K ρ̃(x−U−1x,x),

if ρ depends regularly from the base, thenρ̃ may be substituted byρ in formula(i), where
ν(A) := µ(U−1A) for each A∈ B f(X).

Proof. In view of Theorem 3.9 (and Lemma 3.23) there exists a compact operator
T : X → X such thatMµ ⊂ (TX)∼, consequently,(U − I) is a compact operator, whereI is
the identity operator. From the invertibility ofU it follows that(U−1− I) is also compact,
moreover, there existsdet(U) ∈ K. Let g be a continuous bounded function,g : H̃(n)→ R,
whence

∫

X
φ(x)ν(dx) =

∫

H̃(n)
g(x)[ fH(n)(U

−1x)/ fH̃(n)(x)]|det(Un)|K µH̃(n)(dx),

for φ(x) = g(P̃nx), where subspaces exist such thatH̃(n) ⊂ X, (U−1 − I)H̃(n) ⊂ H̃(n),
cl(
⋃

n H̃(n)) = X, Un := r̂n(U), rn = P̃n : X → H̃(n) (see §§ 3.8 and 3.21),̃H(n)⊂ H̃(n+
1) ⊂ ·· · due to compactness of(U − I). In view of the Fatou theoremJm ≥ Jm,ρ, where
Jm :=

∫

X g(P̃mx)ν(dx) andJm,ρ :=
∫

X g(P̃mx)ρ̃(x−U−1x,x)|det(U)|K µ(dx). Indeed, there
existsn0 such that|u(i, j)− δi, j | ≤ 1/p for eachi and j > n0, consequently,|det(Un)|K =
|det(U)|K for eachn > n0, whereδi, j is the Kronecker delta-symbol.

This implies that for each non-negativeB f(X)-measurable functionφ(x) the inequality
∫

X
φ(x)ν(dx) ≥

∫

X
φ(x)ρ̃(x−U−1x,x)|det(U)|K µ(dx)

is satisfied, consequently,µ≪ ν.
Then due to the Fubini Theorem there exists

lim
n→∞

[µH̃(n)(dP̃nx)/νH̃(n)(dP̃nx)] = µ(dx)/ν(dx) (modν).

Therefore,
dµ(x)/dν(x) = 1/[ρ̃µ(x−U−1x,x)|det(U)|K ] (mod µ). (1)

This means that the density of the absolute continuous component ofν relative toµ is:

dν(x)/dµ(x) = ρ̃µ(x−U−1x,x)|det(U)|K . (2)

Consider the measureλ obtained fromµ by the mappingU−1, then µ ≪ λ as soon as
ρ̃µ(x−Ux,x) > 0 (mod µ). Under the mappingU the measureµ transforms intoν, while λ
into µ. Thusν ≪ µ as well and inevitablyµ∼ ν.

3.25. Let X be a Banach space overK, | ∗ |K = modK (∗) with a probability quasi-
invariant measureµ : B f(X) → R, also letU fulfils the following conditions:

(i) U(x) andU−1(x) ∈C1(X,X) (see § A.3);

(ii) (U ′(x)− I) is compact for eachx∈ X;
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(iii) (x−U−1(x)) and(x−U(x)) ∈ Jµ for µ−a.e.x∈ X;

(iv) for µ-a.e.x pairs(x−U(x);x) and(x−U−1(x);x)

are contained in a domain ofρ(z,x) such thatρ(x−U−1(x),x) 6= 0, ρ(x−U(x),x) 6= 0 (mod
µ);

(v) µ(S′) = 1,

whereS′ := ([x : ρ(z,x) is defined and continuous byz∈ L]) for each finite-dimensional
L ⊂ Jµ;

(vi) there existsSwith µ(S) = 0 and for each

x ∈ X \S and for eachz for which there existsρ(z,x) satisfying the following condition:
limn→∞ ρ(Pnz,x) = ρ(z,x) and the convergence is uniform for each finite-dimensionalL ⊂
Jµ by z in L∩ [x ∈ Jµ : | x |≤ c], wherec > 0, Pn : X → H(n) are projectors onto finite-
dimensional subspacesH(n) over K such thatH(n)⊂ H(n+ 1) for eachn ∈ N andcl ∪
{H(n) : n}= X;

(vii) there existsn for which for all j > n andx∈ X mappings

V( j,x) := x+ Pj(U−1(x)− x) andU( j,x) := x+ Pj(U(x)− x) are invertible and limj |
detU ′( j,x) |=| detU ′(x) |, lim j | detV ′( j,x) |= 1/ | detU ′(x) |.

Theorem. The measureν(A) := µ(U−1(A)) is equivalent to µ and

(i) ν(dx)/µ(dx) =| detU ′(U−1(x)) |K ρ(x−U−1(x),x).

Proof. I. Let at firstU be linear. In general, for a linear operatorU with compact
B = U − I there is the following decompositionU = SCDE, whereCt and E are upper
triangular infinite matrices,D = diag{d( j) : j ∈ N}, operatorsC− I , D− I andE− I are
compact in the corresponding orthonormal basis{ej : j} in X, S transposes a finite number
of vectors in orthonormal basis (see § A.2). Moreover, there aredet(C) = det(E) = 1,
det(U) = det(D) 6= 0.

II. Let Vn be a diagonal (or upper or lower triangular) operator onX such that(Vn−
I)(X) = PnL, wheredimK L = k < ℵ0, limn→∞‖Vn−U1‖ = 0, U1 is a diagonal (or lower
or upper triangular) operator, there existsn0 such that‖ej −Pnej‖ ≤ 1/p for (ej) in L,
consequently,‖∑ j λ jPnej‖= maxj |λ j | for λ j ∈ K anddimK PnL = k for n> n0, in addition,
limn→∞ supx∈L,‖x‖≤1‖x−Pnx‖ = 0. Then limn P̃−1

n (x−V−1
n x) = x−U−1

1 x, whereP̃nx =

Pnx ∈ PnL for eachx ∈ L. Due to Conditions (vi, vii) we get limn ρ(x−V−1
n x,x) = ρ(x−

U−1
1 x,x) (mod µ).

From the Fatou theorem and § 3.21 it follows that,J1≥ J1,ρ, whereJ1 =
∫

X f (U1x)µ(dx),
J1,ρ:=

∫

X f (x)ρ(x−U−1
1 x,x)|detU1|K µ(dx) for continuous bounded functionf : X → [0,∞).

Analogously we proceed for the operatorU−1
1 instead ofU1. Using instead off the function

Φ(U−1
1 x) := f (x)ρµ(x−U−1

1 x,x) and Properties 3.7 we get thatρµ(U1x− x,U1x)ρµ(x−
U1x,x) = 1 (mod µ). Therefore, forU = U1U2 with diagonalU1 and upper triangularU2

and lower triangularU3 operators with finite-dimensional overK subspaces(U j − I)X, j =
1,2,3, the following equation is accomplished

∫

X
f (Ux)µ(dx) =

∫

X
f (x)ρµ(x−U−1x,x)|detU|K µ(dx).
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If (S−1U − I)X = L, then from the decomposition given in (I)U = SU2U1U3, we have
(U j − I)X = L, j = 1,2,3 due to formulas from § A.1 (see Appendix), since corresponding
non-major minors are equal to zero.

(III). If U is an arbitrary linear operator satisfying the conditions of this theorem, then
from (iv-vi) and (I, II) for each continuous bounded functionf : X → [0,∞) we haveJ≥ Jρ,
where J :=

∫

X f (U(x))µ(dx) and Jρ :=
∫

X f (x)ρµ(x−U−1(x),x)|detU|K µ(dx). Analo-
gously forU−1, moreover,ρ(x−U−1(x),x)|detU|K =: h(x) ∈ L1(X,µ,R), h(x) > 0 (mod
µ), since there existsdetU.

(IV). Now let U be linear and(U − I)(X) = L, dimK L = k < ℵ0, L ⊂ Jµ. SupposeU
is polygonal, which means that there exists a partitionX = ∪{Y(i) : i = 1, . . . ,l}, U(x) =
a(i) +V(i)x for x ∈ Y(i), whereY(i) are closed subsets,IntY(i) ∩ IntY( j) = /0 for each
i 6= j, a(i) ∈ X andV(i) are linear operators. ThenU−1 is also polygonal,U ′(x) = V( j) for
x∈Y( j) and

∫

X f (a(i)+V(i)x)µ(dx) =
∫

f (a(i)+x)ρµ(x−V−1(i)x,x)×|det(V(i))|K µ(dx)
for each real Borel measurable functionf and eachi. From a( j) ∈ Mµ and § 3.7 we get
∫

X f (a( j)+V( j)x)µ(dx) =
∫

X f (x)ρ(x−V( j)−1(x−a( j)),x)|detV( j)|K µ(dx). Let Hk, j :=
[x∈ X : V(k)−1x = V( j)−1x], assume without loss of generality thatV(k) 6= V( j) or a(k) 6=
a( j) for eachk 6= j, sinceY(k) 6=Y( j) (otherwise they may be united). Therefore,Hk, j 6= X.
If µ(Hk, j) > 0, then fromX ⊖Hk, j ⊃ K it follows thatMµ ⊂ Hk, j , but cl(Hk, j) = Hk, j and
cl(Mµ) = X. This contradiction means thatµ(A) = 0, whereA = [x : V(k)−1(x−a(k)) =
V( j)−1(x−a( j))]. Then

∫

X f (U(x))µ(dx) =
∫

X f (x)ρ(x−U−1(x),x) |detU′(x)|−1
K µ(dx).

(V). The field K is spherically complete. In view of the Hahn-Banach theorem for
the Banach spaceX over K [NB85, Roo78] there are linear continuous functionals ˜ej

such that there exists orthonormal basis(ej : j) in X with ẽi(ej) = δi, j . Let s(i, j;x) :=
ẽi(U( j,x)− x) and s(i;x) = ẽi(U(x)− x) = lim j s(i, j;x) (lim is taken inC(X,K)), con-
sequently, detU ′( j,x) = det(ds(i,j;x)e(k) : i, k = 1, . . . , j). Then for the construction of
the sequence{U( j,∗) : j} it is sufficient to construct a sequence of polygonal functions
{a(i, j;x)}, that isa(i, j;x) = lk(i, j)(x)+ak for x∈Y(k), wherelk(i, j) are linear function-
als,ak ∈ K, Y(k) are closed inX, Int(Y( j))∩ Int(Y(k)) = /0 for eachk 6= j,

⋃m
k=1Y(k) = X,

m< ℵ0. For eachc > 0 there existsVc ⊂ X with µ(X \Vc) < c, the functionss(i, j;x) and
(Φ̄1s(i, j;∗))(x,e(k), t) are equiuniformly continuous (byx ∈ Vc and byi, j,k ∈ N) on Vc.
Choosingc = c(n) =1/n and usingδ-nets inVc we get a sequence of polygonal mappings
(Wn : n) converging by its matrix elements inL1(X,µ,R), from Condition (i) follows that it
may be chosen equicontinuous for matrix elementss(i, j;x), ds(i, j;x) ands(i,Pjx) by i, j
(the same is true forU−1).

Indeed, forVc there isδ > 0 such that|s(i, j;x′)−s(i, j;x)| < c and

|(Φ̄1s(i, j;∗))(x,e(k), t)− (Φ̄1s(i, j;∗))(x′,e(k), t ′)| < c

(see also Theorem 2.11.I [Lud99t]) for eachx,x′ ∈Vc with |x−x′|< δ, |t−t ′| ≤1 andi, j,k∈
N. Then we can choose inVc a finite δ-net x1, . . . ,xr and definelq(i, j;x) = s(i, j;xq) +
(ds(i, j;xq))(x− xq) and apply the non-Archimedean variant of the Taylor theorem (see
§29.4[Sch84] and Theorem A.5 in the Appendix).

Then calculating integrals as above forWn with functions f , using the Fatou theorem
we get the inequalities analogous to written in (III) forJ andJρ of the general form. From
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ν(dx)/µ(dx) > 0 (mod µ) we get the statement of this theorem, since
∫

X
f (A( j,x))µ(dx) =

∫

X
f (x)ρµ(Pj(x−A(x)),x)|det(A( j,x)′)|−1

K µ(dx),

whereA = U , A( j,x) = U( j,x) or A = U−1, A( j,x) = V( j,x).
3.26. Note.For a linear invertible operatorU Condition 3.25(i) is satisfied automati-

cally, (ii) follows from (iii), hence from (iii) also follows (vii) (see the proof of Theorem
3.24).

3.27. Examples.Let X be a Banach space over the fieldK with the normalization group
ΓK = ΓQp . We consider a diagonal compact operatorT = diag(t j : j ∈ N) in a fixed or-
thonormal basis(ej) in X such thatkerT := T−10 = {0}. Letν j(dxj) = C(ξ j)exp(−|(x j −
x0

j )/ξ j |
q
p)v(dxj) for the Haar measurev : B f(K) → [0,∞). We choose constant functions

C(ξ j) andC′(ξ j) such thatν j be a probability measure, wherex0 = (x0
j : j) ∈ X, x = (x j :

j)∈X, x j ∈K. Particularly, forq= 2 :
∫

K [(χe(x j −x0
j )−χe(−x j +x0

j ))/(2i)]ν j(dxj) = 0,
since ν j is symmetric and[χe(x)− χe(−x)] is the odd function, whereχe is the same
character as in § 2.6. Then

∫

K |x j − x0
j |

2ν j(dxj) = |ξ j |
2 due to the formula of changing

variables in § 3.21 and differentiation by the real parameterb of the following integral
I(b) =

∫

K exp(−|x|2pb2)v(dx), then we take 1/|ξ|= b∈ ΓK . Therefore,x0
j and|ξ j |

2 have in
some respect a meaning looking like the mean value and the variance.

With the help of products
⊗∞

j=1 ν j(dxj) as in § 3.20 we can construct a probability
quasi-invariant measureµT on X with values in[0,1] or Cs, sincecl(TX) is compact inX
andspanK (ej : j) =: H ⊂ Jµ. From

⋂

λ∈B(K,0,1)\0cl(λTX) = {0}we may infer that for each
c > 0 there exists a compactVc(λ) ⊂ X such thatµ(X \Vc(λ)) < c and

⋂

λ6=0Vc(λ) = {0},
consequently, lim|λ|→0

∫

X f (x)µλT(dx) = f (0) = δ0( f ), henceµλT is weakly converging to
δ0 whilst |λ| → 0 for the space of bounded continuous functionsf : X → R.

From Theorem 3.4 we conclude that from∑∞
j=1 |y j/ξ j |

q
p < ∞ it follows y ∈ JµT . Then

for a linear transformationU : X → X from ∑ j |ẽj(x−U(x))/ξ j |
2
p < ∞ it follows thatx−

U(x) ∈ Jµ and a pair(x−U(x),x) ∈ dom(ρ(a,z)). Moreover, forρ corresponding toµT

conditions (v) and (vi) in § 3.25 are satisfied. Therefore, for suchy andS∈ A f(X,µ) a
quantity|µ(ty+S)−µ(S)| is of order of smallness|t|q whilst t → 0, hence they are pseudo-
differentiable of orderb for 0 < Re(b)< 2 (see also § 4 below).

Analogs of real-valued Wiener measures on spaces of functions from a non-
Archimedean Banach space intoC are given in [BV97, Sat94], that are quasi-invariant
under some suitable choice. Another examples of measures with particular properties are
given in § 1.6.

3.28. Theorem.Let A be a complete normed algebra over a locally compact infinite
fieldK with a non-trivial non-Archimedean multiplicative norm. If a nontrivial real-valued
measure µ on B f(A) is quasi-invariant relative to a dense subalgebra A′ (relative to linear
shifts and left(or right) multiplication), then A is finite dimensional overK.

Proof. If A is without a unity, then we can consider the algebraA1 with unity such that
A⊂ A1 andA1 is generated byA andK1. Therefore,µ can be extended to a measureµ′ on
A1 quasi-invariant relative toA′

1, whereA′
1 is generated byA′ andK1, µ′ = µ×m, wherem

is the nontrivial Haar measure onK. Therefore, without loss of generality considerA with
the unit element. In view of Lemma 3.23 there exists a compact operatorT on A such that
Mµ ⊂ (TA) . The measureµ is quasi-invariant relative to shiftsx∈ A′ ⊂ (TA) and relative
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to left (or right) multiplication on(1+y)∈ A′, wherey∈ A′, then this implies that 1 is the
compact operator onA (see also § 3.24). This is possible only whenA is finite dimensional
overK.

3.29. Theorem. Let A be a Banach space over a locally compact infinite fieldK
supplied with a non-trivial non-Archimedean multiplicative norm. If µ is a non-trivial real-
valued measure on B f(A) quasi-invariant relative to shifts from a denseK-linear subspace
L′ in A, then there exists a nontrivial topological group G ofK-linear automorphisms of A
such that µ is also quasi-invariant relative to G.

Proof. TakeG consisting ofK-linear operators satisfying conditions of Theorem 3.24.
They form a multiplicative group, since the conditions of Theorem 3.24 are satisfied for
the productUV of two operatorsU andV satisfying these conditions, alsodet(UV) =
det(U)det(V) for each pair of operators inG andρ̃ satisfies the co-cycle condition. In the
topology ofG inherited from the Banach spaceL(A) of boundedK-linear operators this
groupG is the topological group.

1.4. Pseudo-differentiable Measures

4.1. Definition and notes.A function f : K → R is called pseudo-differentiable of orderb,
if there exists the following integral:

PD(b, f (x)) :=
∫

K
[( f (x)− f (y))×g(x,y,b)]dv(y). (1)

We introduce the following notationPDc(b, f (x)) for such integral byB(K, 0,1) instead of
the entireK. Whereg(x,y,b) :=| x− y |−1−b with the corresponding Haar measurev with
values inR, whereb∈ C and|x|K = p−ordp(x).

Obviously, the definitions of differentiability of measures can not be transferred from
[BS90, DF91] onto the case considered here. This is the reason why the notion of pseudo-
differentiability is introduced here. A quasi-invariant measureµ on X is called pseudo-
differentiable forb ∈ C, if there existsPD(b,g(x)) for g(x) := µ(−xz+ S) for eachS∈
A f(X,µ) with |m|(S) < ∞ and eachz∈ Jb

µ, whereJb
µ is aK-linear subspace dense inX. For

a fixedz∈ X such measure is called pseudo-differentiable alongz.
For a one-parameter subfamily of operatorsB(K, 0,1)∋ t →Ut : X → X quasi-invariant

measureµ is called pseudo-differentiable forb ∈ C, if for each S the same as above
there existsPDc(b,g(t)) for a functiong(t) := µ(U−1

t (S), whereX may be also a topo-
logical group G with a measure quasi-invariant relative to a dense subgroupG′ (see
[Lud99t, Lud98s, Lud00a]).

4.2. Let µ, X, andρ be the same as in Theorem 3.24 andF be a non-Archimedean
Fourier transform defined in [VVZ94, Roo78].

Theorems. (1) g(t) := ρ(z+ tw,x) j(t) ∈ L1(v,K → C) := V, moreover, there exists
F(g)∈C0(K, C) andlim|t|→∞ F(g)(t) = 0 for µ and v with values inR, where z and w∈ Jµ,
t ∈ K, j (t) is the characteristic function of a compact subset W⊂ K. In general, may be
k(t) := ρ(z+ tw,x) /∈V.

(2) Let g(t) = ρ(z+ tw,x) j(t) with clopen subsets W inK. Then there are µ, for which
there exists PD(b,g(t)) for each b∈ C. If g(t) = ρ(z+ tw,x), then there are probability
measures µ, for which there exists PD(b,g(t)) for each b with0 < Re(b)or b = 0.
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(3) Let S∈ A f(X,y), |µ|(S) < ∞, then for each b∈U := {b′ : Re b′ > 0 or b′ = 0} there
is a pseudo-differentiable quasi-invariant measure µ .

Proof. We consider the following additive compact subgroupGT := {x∈ X|‖x( j)‖ ≤
pk( j) for eachj ∈ N} in X, whereT = diag{d( j) ∈ K : |d( j)| = p−k( j) for eachj ∈ N} is
a compact diagonal operator. Thenµ from Theorem 3.20 is quasi-invariant relative to the
following additive subgroupST := GT + H, whereH := spanK{e(j) : j ∈ N}. Moreover,
for eachz andw ∈ GT andR > 0 there isc > 0 such thatρ(z+ uw,x) = ρ(z+ sw,x) for
|u− s|< c andx ∈ B(X,0,R), if all functions f j in the proof of Theorem 3.20 are locally
constant (that is,f are defined onKe j ⊂ X). In general, for eachb ∈ C we can choose a
sequenceh j(x) with ∑∞

j=0supx∈K (|h j(x)/(h j(x)+ f j(x))|r j(x)) < c′ for suitable fixedc′ > 0
and functionsr j : K → [0,∞) with lim|x|→0 r j(x) = ∞. Carrying out calculations and using
the fact thatµ is the probability quasi-invariant measure we get the pseudo-differentiability
of µ. Using the Riemann-Lebesgue theorem (see it in [VVZ94]) we get the statement of
this theorem forF(g).

4.2.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fieldK and J be a dense properK-linear subspace in X such that the
embedding operator T: J →֒ X is compact and nondegenerate, ker(T) = {0}, b∈ C. Then
a setPb(X,J) of probability measures µ on B f(X) quasi-invariant and pseudo-differentiable
of order b relative to J is of cardinality2c. If J′, J′ ⊂ J, is also a denseK-linear subspace
in X, thenPb(X,J′) ⊃ Pb(X,J).

Proof. As in § 3.20.1 choose forT an orthonormal base inX in which T is diagonal
andX is isomorphic withc0 overK such that in its standard base{ej : j ∈ N} the operator
T has the formTej = a jej , 0 6= a j ∈ K for each j ∈ N, lim j→∞ a j = 0 (see Appendix).
Takegn from § 3.20.1, wheregn ∈ L1(K, B f(K), v(dx/an),R), satisfy conditions there and
such that there exists limm→∞PD(b,∏m

n=1gn(xz))∈ L1(X,B f(X),ν,C) by the variablex for
eachz∈ J, wherex∈ K. Evidently, P (X,J) ⊂M (X,J). The family of such sequences of
functions{gn : n∈ N} has the cardinality 2c, since inL1(ν) the subspace of step functions
is dense and the condition of pseudo-differentiability is the integral convergence condition
(see §§ 4.1 and 4.2). The latter statement of this theorem is evident, since the family of all
{gn : n} satisfying conditions above forJ also satisfies such conditions forJ′.

4.3. Let X be a Banach space overK, b0 ∈ R∪{+∞} and suppose that the following
conditions are satisfied:

(1) T : X → X is a compact operator withker(T) = {0};
(2) a mappingF̃ from B(K, 0,1) to CT(X) := {U : U ∈ C1(X,X) and(U ′(x)− I) is a

compact operator for eachx∈X, there isU−1 satisfying the same conditions asU} is given;
(3) F̃(t) =Ut(x) and Φ̄1Ut(x+ h,x) are continuous byt, that is, F̃ ∈C1(B(K, 0,1),

CT(X));
(4) there isc > 0 such that‖Ut(x)−Us(x)‖ ≤ ‖Tx‖ for eachx∈ X and|t −s|< c;
(5) for eachR> 0 there is a finite-dimensional overK subspaceH ⊂ X andc′ > 0 such

that‖Ut(x)−Us(x)‖ ≤ ‖Tx‖/R for eachx∈ X⊖H and|t −s|< c′ with (3−5) satisfying
also forU−1

t .
Theorem. On X there are probability quasi-invariant measures µ which are pseudo-

differentiable for each b∈ C with R ∋ Re(b)≤ b0 relative to a family Ut .
Proof. From Conditions (2,3) it follows that there isc > 0 such that|det(U ′

t (x))|
= |det(U ′

s(x))| for µ-a.e. x ∈ X and all |t − s|< c, where quasi-invariant and pseudo-
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differentiable measuresµ on X relative toST may be constructed as in the proof of The-
orems 3.20 and 4.2. From(1−5) it follows that conditions of Theorem 3.25 are satisfied
for eachUt . From(3,5) it follows that for eachR> 0 andb> 0 there existsc′ > 0 such that
|ρµ(x−U−1

t (x),x)−ρµ(x−U−1
t (x),x)| ≤ b for each|t −s|< c′ andx∈ B(X,0,R). If dur-

ing construction ofµ to use only locally constantf j(x j) with h j = 0, then we can take∞ ≥
b0 ≥ 0. Indeed, letT = SCDEbe a decomposition from the appendix andµA(S̃) = µ(ES̃)
with A = E−1 (or C), S̃∈ B f(X), thenρµA(x−U−1

t (x),x) = ρµ(Ex−U−1
t (Ex),Ex) and

c(x) := ‖U−1
t (Ex)−U−1

s (Ex)‖ ≤ ‖TEx‖ for x ∈ X andc(x) ≤ ‖TEx‖/R for x ∈ X ⊖H
(for eachR > 0 there isH ⊂ X with dimK H < ∞), due to compactness ofE − I and
C− I we can chooseH such thatA−1H = H, AH = H. We use also images of quasi-
invariant measure constructed with the help of compact diagonal operator(D′− I), where
|D j − 1| < |D′

j − 1|pk( j), lim j k( j) = −∞. Then sup{‖Ut(x)−Ut(0)‖ : x ∈ B(X,0,R)}

≤ ‖Φ̄1Ut‖B(X,0,R)×‖x‖. From the fact thatH is finite-dimensional and the existence of
the orthogonal projector (that is, corresponding to the decomposition into the direct sum)
πH : X → H it follows that ‖Ua

t (ej)−Ua
s (ej)‖ ≤ b j for each j ∈ N and each|t − s|< c′,

where limj→∞ b j = 0, a = 1 ora = −1. This guarantees pseudo-differentiability ofµ.
4.4.Let X be a Banach space of separable type overK, µbe a probability quasi-invariant

measureµ : B f(X) → R, that is pseudo-differentiable for a givenr with Re(r) > 0, Cb(X)
be a space of continuous bounded functionsf : X → R with ‖ f‖ := supx∈X | f (x)|.

Theorem. For each a∈ Jµ and f ∈Cb(X) is defined the following integral:

(i) l( f ) =
∫

K

[

∫

X
f (x)[µ(−λa+dx)−µ(dx)]

]

g(λ,0,r)v(dλ)

and there exists a measureν : B f(X) → C with a bounded variation. For0 < r ∈ R this ν
is a mapping from B f(X) into R such that

(ii) l( f ) =
∫

X
f (x)ν(dx),

where v is the Haar measure onK with values in[0,∞), moreover,ν is independent from f
and may be dependent on a∈ Jµ. We denoteν =: D̃r

aµ.
Proof. From Definition 4.1 and the Fubini and Lebesgue theorems it follows that there

exists

lim
j→∞

∫

K\B(K,0,p− j )

[

∫

X
( f (x+λa)− f (x))g(λ,0,r)µ(dx)

]

v(dλ) = l( f ),

that is(i) exists. Let

(iii) l j(V, f ) :=
∫

K\B(K,0,p− j )

[

∫

V
f (x)(µ(−λa+dx)−µ(dx))g(λ,0,r)

]

v(dλ),

whereV ∈ B f(X).
Consider the measureνλ,a := (µλa−µ)g(λ,0,r) for a∈ Jµ, λ ∈ K.
Let B be some subset inX andBh be anh-enlargement ofB so thatBh := {x ∈ X :

infy∈B‖x− y‖ ≤ h}, whereh > 0. We show that for eachb > 0 there exists a compactC
such that|νλ,a|(X \C) < b for eachλ 6= 0, where|ν| denotes the variation of a real-valued
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measureν. For demonstrating this it is sufficient to prove that for eachb > 0 andh > 0
there exists a compactC1 so that|νλ,a|(X \Ch

1) < b for eachλ 6= 0. Indeed, if the latter
is satisfied, then choosehn > 0 monotonously decreasing and converging to zero withn
tending to the infinity and take a compactCn so that|νλ,a|(X \Chn

n ) < b/2n for eachλ 6= 0.
ThenC =

⋂∞
n=1Chn

n is compact, since it is closed andC has a finitehn-net for eachn.
Moreover,|νλ,a|(X \C) ≤ ∑∞

n=1|νλ,a|(X \Chn
n ) ≤ ∑∞

n=1b/2n = b for eachλ ∈ K \{0}.
Suppose now the contrary that for someb> 0 andh> 0 there does not exist any compact

C so that|νλ,a|(X\Ch) < b for all λ∈K \{0}. The fieldK is locally compact and separable,
the Banach spaceX is of separable type overK, henceX is the Radon space, sinceX is the
separable complete metric space. Therefore, each measure|νλ,a| is Radon forλ 6= 0.

Choose a sequence of compactsCn andλn 6= 0 with |νλn,a|(X \Cn) > b/2, |νλn,a|(X \
⋃n

j=1Cj)≤ b/8 withCn ⊂ X \
⋃n−1

j=1Ch
j for eachn∈ N. The norm inX is non-Archimedean,

hence the setsCh
n are pairwise disjoint for differentn, sinceCn×Cj is compact and a con-

tinuous real-valued function on a compact achieves at some point in it its infimum, so that
infy∈Cn,x∈Cj ‖x−y‖> h for each 1≤ j < n.

For eachn there exists a continuous functionfn(x) equal to zero onX \Ch
n and such that

∫

X fn(x)νλn,a(dx) ≥ b/2 and supx∈X | fn(x)| ≤ 1.
For each subsequence{nk : k} the series∑k fnk(x) converges and is the continuous func-

tion with the norm‖ f‖C0
b

:= supx∈X | f (x)| ≤ 1.
For each prime numbers> 1 we construct a functiongs(x) := ∑ j fsnj (x), where a finite

or infinite set{n j : j} is chosen so that for each prime numbers> 1 the inequality

∣

∣

∣

∣

∫

X
∑

j

fsnj (x)νλsm,a(dx)

∣

∣

∣

∣

> b/8 (1)

for somem> nk is satisfied. We describe the inductive procedure of choice to achieve this.
Taken1 = 1 and ifn1 < n2 < · · · < nk are chosen, then put

nk+1 := inf

{

m : m> nk, and

∣

∣

∣

∣

∫

X

( k

∑
j=1

fsnj (x)+ fpm(x)

)

νλsm,a(dx)

∣

∣

∣

∣

≥ b/4

}

. (2)

If the set in the curled brackets is is void, then{n1, . . . ,nk} is the desired set of indices. In
accordance with the definition ofnk+1 for nk < m< nk+1 the inequality

∣

∣

∣

∣

∫

X

( k

∑
j=1

fsnj (x)+ fpm(x)

)

νλsm,a(dx)

∣

∣

∣

∣

< b/4

is fulfilled. Therefore,
∣

∣

∣

∣

∫

X

k

∑
j=1

fsnj (x)νλsm,a(dx)

∣

∣

∣

∣

≥ b/4 (3)

for eachmsuch that eithernk < m≤ nk+1 whennk+1 exists ornk < m if nk+1 does not exist.
Thus

∣

∣

∣

∣

∫

X
∑

j

fsnj (x)νλsm,a(dx)

∣

∣

∣

∣
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≥

∣

∣

∣

∣

∫

X
∑

n j≤m
fsnj (x)νλsm,a(dx)

∣

∣

∣

∣

−

∣

∣

∣

∣

∫

X
∑

n j>m
fsnj (x)νλsm,a(dx)

∣

∣

∣

∣

≥ b/4−|νλsm,a|
(

X \
sm
⋃

l=1

Cl

)

≥ b/8

and the desired set{nk : k} is constructed together with the functiongs(x).
We have that lim|λ|→∞ |νλ,a|(X) = 0, sincer > 0, |µ|(X) < ∞, |µλa|(X) = |µ|(X), while

lim |λ| → ∞g(λ,0,r) = 0 for r > 0. Therefore, due to|νλn,a|(X) ≥ b, whereb > 0, we can
without loss of generality take a bounded sequence ofλn. Then due to local compactness
of the fieldK this sequence has an accumulation point. So we can consider the case when
the sequenceλn converges withn tending to the infinity. Since

lim
n→∞

∫

X
gs(x)νλn,a(dx) = lim

n→∞

∫

X
gs(x)νλsm,a(dx),

then
∣

∣

∣

∣

lim
n→∞

∫

X
gs(x)νλn,a(dx)

∣

∣

∣

∣

≥ b/8.

Choose 0< bs ≤ 1 such that

lim
n→∞

∫

X
bsgs(x)νλn,a(dx) ≥ b/8,

then

lim
n→∞

∫

X

N

∑
s=2

bsgs(x)νλn,a(dx) ≥ k(N)b/8,

wherek(N) denotes the number of prime numbers in[2,N]. But ‖∑N
s=2bsgs(x)‖C0

b
≤ 1

for eachN, since‖gs‖C0
b
≤ 1 for eachs, while for differents the functionsgs can not be

sumultaneously non-zero.
The functionall( f ) is the limit of the convergent sequence ofC-linear and continuous

functionals on the space of continuous bounded complex-valued functionsf : X →C, hence
l( f ) is alsoC-linear and continuous. This means that there exists a constanty > 0 with
|l( f )| ≤ y‖ f‖C0

b
for eachf ∈C0

b(X,C). This implies that

k(N)b/8≤ lim
n→∞

∫

X

N

∑
s=2

bsgs(x)νλn,a(dx) ≤ y, (4)

but this is impossible fork(N) > 8y/b, since limN→∞ k(N) = ∞. This contradiction demon-
strates that the claimed above compact set exists.

Hence for eachc> 0 there exists a compactVc⊂X with |νλ|(X\Vc) < c for each|λ|> 0,
whereνλ(A) :=

∫

K\B(K,0,|λ|)[µ(−λ′a+A)−µ(A)]g(λ′,0,b)v(dλ′) for A∈B f(X). Also there
areδ > 0 andVc such that−λ′a+Vc ⊂Vc and‖[X \Vc)△ (−λ′a+(X \Vc))]‖µ = 0 for each
|λ′| < δ (see also Theorem 7.22 [Roo78]), whereA△B := (A\B)∪ (B\A).

Each continuous linear functional onCb(V) for compactV has the form(ii) (see
[Bou63-69], A.5 [Sch84]), that is, forl j(V, f ) there exists a measureνλ(c,∗). In view
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of the Alaoglu-Bourbaki theorem each bounded subsetW in [Cb(Vc)]
′ is precompact (i.e.,

cl(W) is compact) in the weak topology, whereCb(Vc) is separable. For eachc> 0 we have

l( f ) =
∫

Vc

f (x)ν(c,dx)+O(c× sup
x/∈Vc

| f (x)|)

such thatν(c,∗) are measures onB f(Vc). ChoosingVc ⊂ Vc′ for c > c′ and defining
ν(A) := limc→+0ν(c,A∩Vc) for eachA∈ B f(X) in view of the Radon-Nikodym theorem
about convergence of measures (see [Con84]) we get(i) with the help of the theorem about
extension of measures, since the minimalσ-field σBco(X) generated byBco(X) coincides
with B f(X).

4.5. Theorem. If µ is probability real-valued quasi-invariant measure on a Banach
space X overK = Qp, a ∈ Jµ and µ is pseudo-differentiable of order1, then for each
f ∈ L∞(X,µ,R) with supp(f ) ⊂ B(X,0,R), ∞ > R = R(f ) > 0 the following equality is
accomplished:

(i)
∫

X
[D−1

λ f (x+λa)]|
λ=β
λ=0(D̃

1
aµ)(dx) =

∫

X
[ f (x+βa)− f (x)]µ(dx),

moreover, pseudo-differential̃D1
aµ := ν in the direction a from Theorem4.4 given by for-

mula(ii) characterizes µ uniquely.
Proof. From the restrictions onf it follows that f (x+ λa) =: ψ(λ) ∈ E′, whereE′ is

the topologically dual space to the spaceE of basic locally constant functions [VVZ94].
By formula(1.5)§ 9[VVZ94] for them there is the following equalityDaDbψ = DbDaψ =
Da+bψ for a+b 6=−1, a,b∈ R ( Da

λ denotes a pseudo-differentiation of functions byλ). In
view of Theorem in § 6.3[VVZ94]E′ = [φ ∈ D′ : supp(φ)is compact], whereD = [φ ∈ E :

supp(φ)is compact]. Since[ξ]|
β
0 := ξ(β)− ξ(0) for ξ(λ) = D−1

λ ψ(λ) and(D−1Dψ)(λ) =

ψ(λ), hence due to the definition ofD−1
λ we have:

p2(p+1)−1
∫

X
[D−1

λ f (x+λa)]|
β
0(D̃

1
aµ)(dx) = lim

α→−1

∫

Qp

∫

Qp

(1− pα)

(1− p−1−α)−1p2(1+ p)−1
[

∫

X
(µ(−a(λ′ +λ”)+ dx)−µ(−aλ′ +dx))

|λ”|−2
p |λ−λ′|−1−α

p µ(dx)

]

v(dλ′)v(dλ”).

In view of the Fubini and Lebesgue theorems we establish Formula (i). Taking all different
f ∈ L∞(X,µ,R) such thatψ(λ) = f (x+aλ) are locally polynomial byλ and using the non-
Archimedean variant of the Stone-Weiestrass theorem by Kaplanski [Sch84] we get thatµ
is characterized by the left side of(i) uniquely.

4.6. (Properties ofD̃1
aµ for real-valued measuresµ (see also §§ 4.4. and 4.5), where

K = Qp.)
Proposition.1. If µ is pseudo-differentiable in a direction a∈ J1

µ, a 6= 0, then for each
d∈ J1

µ a measure µd(A) := µ(A−d), A∈B f(X), is also pseudo-differentiable in a direction
a, moreover,D̃1

a(µ
d) = (D̃1

aµ)d. If a∈ Jb
µ, thenD̃b

λaµ exists for eachλ ∈ K.
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Proof. From §§ 4.4 and 4.5 it follows that
∫

X
f (x)(D̃−1

a µ)d(dx) =
∫

K

∫

X
[ f (x+λa)− f (x)]|λ|−2

K µd(dx)v(dλ)

=
∫

X
f (x)(D̃1

a(µ
d))(dx).

The last statement follows from Definition 4.1 with the help of § 3.21.
Proposition.2. If a ∈ J1

µ, ν = D̃1
aµ and D−1

λ ρν(λa,x) =: φ(x) ∈ L1(X,ν,R) by x, then

µλa ≪ ν.
Proof. In view of Formula 4.5.(i)the following equality is accomplished:

∫

X
f (x)µλa(dx) =

∫

X
f (x)µ(dx)+

∫

X
f (x)[D−1

ξ ρν(λa,x)]|ξ=λ
ξ=0ν(dx).

Taking f (x) = χA(x), whereχA is a characteristic function ofA∈ B f(X) we getµλa(A) =
µ(A) for every|λ| > 0. Therefore, considering|λ| → ∞ we getµ(A) = 0, that is,µ≪ ν and
µλa ≪ ν.

3. If a non-negative measureµ is pseudo-differentiable in a directiona ∈ Jr
µ and

(D̃r
aµ) ≪ µ, then l r

µ(a,x) := (D̃r
aµ)(dx)/µ(dx) is called the logarithmic pseudo-derivative

of quasi-invariant measureµ in a directiona of orderr, wherer > 0. Define the sequence of
logarithmic pseudo-derivativesl r

n of µn, whereµn denotes the projection of the measureµon
finite dimensional overK subspacesH(n),Pn : X →H(n) is the projection,H(n)⊂H(n+1)
for eachn∈ N,

⋃

nH(n) is everywhere dense inX.
Theorem. The sequence of functions lr

n(Pna,Pnx) is the martingale. The logarithmic
pseudo-derivative lr

µ(a,x) in a direction a∈X of order r> 0exists if and only if the sequence
l r
n(Pna,Pnx) is uniformly integrable. Moreover,

l r
µ(a,x) = lim

n→∞
l r
n(Pna,Pnx) (mod µ) and forr = 1 there is the equality: (1)

∫

X
[ f (x+λa)− f (x)]µ(dx) =

∫

X

[

D̃−1
ξ f (x+ξa)

]

|
ξ=λ
ξ=0lµ(a,x)µ(dx). (2)

Proof. Let µbe pseudo-differentiable alonga1 anda2. Evidently,g(x,y, r) = g(y,x, r) =
g(x−y,0,r) for all x 6= y (see § 4.1). In view of 4.4(i,ii) we have

∫

X
f (x)D̃r

a1+a2
µ(dx)

=
∫

K

[

∫

X
f (x) [µ(−λ(a1 +a2)+dx)−µ(dx)]

]

g(λ,0,r)v(dλ)

=
∫

K

[

∫

X
[ f (x+λ(a1 +a2))− f (x)]µ(dx)

]

g(λ,0,r)v(dλ)

=
∫

K

[

∫

X
[ f (x+λ(a1 +a2))− f (x+λa1)]µ(dx)

]

g(λ,0,r)v(dλ)

+
∫

K

[

∫

X
[ f (x+λa1)− f (x)]µ(dx)

]

g(λ,0,r)v(dλ). (3)
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The Banach spaceX is totally disconnected. The integrals on the right side exist for each
continuous simple functionf , sinceχB(x+ y) = χB(x) for each clopen ballB(X,x0,R) :=
{x ∈ X : |x− x0| ≤ R} of radiusR > 0 with |y| < R, whereχA denotes the characteristic
function of a setA, χA(x) = 1 for eachx∈ A, χA(x) = 0 for eachx /∈ A. The space of con-
tinuous simple functions is dense inC0

b(X,C)∩L1(µ), consequently,(3) has the continuous
extension to theC-linear functional onC0

b(X,C). ThusD̃r
a1+a2

µ exists.
Suppose that̃Dr

aµ exists andξ ∈ K, ξ 6= 0, then

∫

X
f (x)D̃r

ξaµ(dx) =
∫

K

[

∫

X
f (x) [µ(−λξa+dx)−µ(dx)]

]

g(λ,0,r)v(dλ) (4)

=
∫

K

[

∫

X
[ f (x+λξa)− f (x)]µ(dx)

]

g(λ,0,r)v(dλ)

= [1/modK (ξ)]
∫

K

[

∫

X
[ f (x+za)− f (x)]µ(dx)

]

g(λ,0,r)v(dz)

= [1/modK (ξ)]
∫

X
f (x)D̃r

aµ(dx),

hencemodK (ξ)D̃r
ξaµ= D̃r

aµ exists for each 06= ξ ∈ K, whereD̃r
0µ= 0.

Thus we have demonstrated, that the setXr
µ of all vectorsa in X for which D̃r

aµ exists is
theK-linear subspace inX. If l r

µ(a,x) exists, then

∫

X
f (x)D̃r

aµ(dx) =
∫

K

[

∫

X
[ f (x+λa)− f (x)]µ(dx)

]

g(λ,0,r)v(dλ)

=
∫

X
f (x)l r

µ(a,x)µ(dx). (5)

This implies that the setLr
µ of all thosea∈ X for which the logarithmic pseudo-derivatives

of orderr exists is theK-linear subspace inX. Particularly, if f (x) = φ(PLx) is a cylindrical
function, wherePL : X → L is the projection operator, for example, forL = H(n), a ∈ Lr

µ
andz= PLa, then

∫

K

[

∫

L
[φ(x+zu)−φ(x)]µL(dx)

]

g(z,0,r)v(dz)

=
∫

K

[

∫

X
[ f (x+zu)− f (x)]µ(dx)

]

g(z,0,r)v(dz)

=
∫

X
f (x)D̃r

aµ(dx) =
∫

L
φ(x)D̃r

zµL(dx), (6)

henceD̃r
zµL(dx) ≪ µL and inevitablyµL has the logarithmic pseudo-derivative alongz of

orderr > 0.
In view of Theorem 3.2.4 we get:

d(D̃r
zµL(x))/dµL(x) =

∫

X
l r
µ(a,z)µ(dz,B L|P−1

L x), (7)
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where µ(dz,B L|P−1
L x) is the conditional measure corresponding toµ relative to theσ-

algebraB L of all setsP−1
L A, whereA∈ B f(L) is a Borel set inL.

Consider the sequence of logarithmic pseudo-derivativesl r
n of µn, whereµn denotes the

projection of the measureµ onH(n), n∈ N. In view of Formula(7)

d(D̃r
a(n)µH(n)(Pnx))/dµH(n)(Pnx) =

∫

H(m)
l r
µ(a(m),z)µH(m)(dz,B

H(n)
H(m)|x) (8)

for eachn < m, whereµH(m)(dz,B
H(n)
H(m)|x) is the conditional measure corresponding to

µH(m) relative to theσ-algebraB H(n)
H(m) of all setsH(m)∩P−1

n A, whereA ∈ B f(H(m)) is
a Borel set inH(m), Pn : X → H(n) is the projection operator,a(n) = Pna. Moreover,

µH(m)(A,B
H(n)
H(m)|x) = µ(P−1

m A,B H(m)|P−1
m x). Therefore,(8) takes the form

l r
n(a(n),x) =

∫

H(m)
l r
m(a(m),z)µ(dz,B H(n)|x). (9)

The functionl r
n is B H(n)-measurable, hence due to §§ 2.37 and 2.39

∫

X
l r
n(a(n),Pnx)ψ(x)µ(dx) =

∫

X

∫

H(m)
l r
m(a(m),z)µH(m)(dz,B

H(n)
H(m)|x)ψ(x)µ(dx)

=
∫

H(m)
l r
m(a(m),Pmx))ψ(x)µ(dx)

for eachB H(n)-measurable functionψ(x), wherex(m) = Pmx. This means thatl r
n is the

martingale. In accordance with Formula(7) we have

l r
n(a(n),Pnx) =

∫

X
l r
µ(a,z)µ(dz,B H(n)|x). (10)

Consider the functiongN(t) so thatgN(t) = 0 for t < N, gN(t) = t −N for reacht ≥ N. To
prove the uniform integrability it is sufficient to show that

lim
N→∞

sup
n

∫

X
gN(|ln(a(n),Pnx)|)µ(dx) = 0. (11)

The functiongN(t) is downward convex so by the Jensen inequality

gN(|l r
n(a(n),Pnx)|) ≤

∫

X
gN(|l r

µ(a,z)|)µ(dz,B H(n)|x), hence

∫

X
gN(|l r

n(a(n),Pnx)|)µ(dx) ≤
∫

X

∫

X
gN(|l r

µ(a,z)|)µ(dz,B H(n)|x)µ(dx)

=
∫

X
gN(|l r

µ(a,x)|)µ(dx). (12)

SincegN(t)≤ |t| for eacht ∈ R,
∫

X |lµ(a,x)|µ(dx) < ∞ and limN→∞ gN(|l r
µ(a,x)|) = 0 for

µ-almost allx, then limN→∞
∫

X gN(|l r
µ(a,x)|)µ(dx) = 0. Combining this with(12) we get

(11). In view of Theorem 2.42 the limit limn→∞ l r
n(Pna,Pnx) = l r

µ(a,x) exists forµ-almost
all x.
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Take an arbitrary continuous onH(n) functionφ and put f (x) = φ(Pnx), then due to
(5−7) we infer:

∫

X
[ f (x+a)− f (x)]µ(dx) =

∫

X

∫

K
f (x+za)lrn(Pna,Pnx)v(dz)µ(dx). (13)

The uniform integrability ofln permits to take the limit byn tending to the infinity, that
gives the equality:

∫

X
[ f (x+a)− f (x)]µ(dx) =

∫

X

∫

K
f (x+za)lrµ(a,x)v(dz)µ(dx). (14)

This functional isC-linear and continuous byf ∈C0
b(X,C), so(14) is satisfied for eachf ∈

C0
b(X,C) and inevitablyl r

µ(a,x) = d((D̃r
aµ)/dµ)(x). Applying §§ 4.2-4.4 we get Formula

(2).
4.7. Theorem. Let X be a Banach space overK, | ∗ | = modK (∗) with a probability

quasi-invariant measure µ: B f(X) → R and it is satisfied Condition3.21(i), suppose µ is
pseudo-differentiable and

(viii) Jbµ⊂ T”Jµ, (Ut : t ∈ B(K, 0,1)) is a one-parameter family of operators such that
Conditions3.25(i− vii) are satisfied with the substitution of Jµ onto Jbµ uniformly by t∈
B(K, 0,1), Jµ ⊃ T ′X, where T′,T” : X → X are compact operators, ker(T ′) = ker(T”) = 0.
Moreover, suppose that there are sequences

(ix) [k(i, j)] and[k′(i, j)] with i, j ∈N, lim i+ j→∞ k(i, j) = lim i+ j→∞ k′(i, j) =−∞ and n∈
N such that|T” i, j −δi, j |< |T ′

i, j −δi, j |pk(i, j), |Ui, j −δi, j |< |T” i, j −δi, j |pk′(i, j) and|(U−1)i, j −

δi, j | < |T” i, j − δi, j |pk′(i, j) for each i+ j > n, where Ui, j = ẽiU(ej), (ej : j) is orthonormal
basis in X. Then for each f∈Cb(X) there is defined

(i) l( f ) =
∫

B(K,0,1)

[

∫

X
f (x)[µ(U−1

t (dx))−µ(dx)]

]

g(t,0,b)v(dt)

and there exists a measureν : B f(X) → C with a bounded total variation [particularly, for
b∈ R it is such thatν : B f(X) → R] and

(ii) l( f ) =
∫

X
f (x)ν(dx),

whereν is independent from f and may be dependent on(Ut : t), ν =: D̃b
U∗

µ.
Proof. From the proof of Theorem 3.25 it follows that there exists a se-

quenceU (q)
t of polygonal operators converging uniformly byt ∈ B(K, 0,1) to Ut

and equicontinuously by indices of matrix elements inL1. Then there exists
limq→∞ lim j→∞

∫

B(K,0,1)\B(K,0,p− j [
∫

X f (U−1
t (x)) − f (x)]g(t,0,b)µ(dx)]v(dt) for each f ∈

Cb(X). From conditions(viii, ix), the Fubini and Lebesgue theorems it follows that for
νλ :=

∫

B(K,0,1)\B(K,0,|λ|)[µ(U−1
t (A))−µ(A)]g(t,0,b)v(dt) for A∈B f(X) for eachc> 0 there

exists a compactVc ⊂ X andδ > 0 such that|νλ|(X \Vc) < c. Indeed,Vc andδ > 0 may
be chosen due to pseudo-differentiability ofµ, §§ 2.35, 3.9, 3.23, Formula(i), 3.21(i) and
due to continuity and boundednessy (onB(K, 0,1)∋ t) of |det U′

t (U
−1
t )(x))|K satisfying the

following conditionsU−1
t (Vc) ⊂ Vc and‖(X \Vc)△ (U−1

t (X \Vc))‖µ = 0 for each|t| < δ,
sinceVc = Y( j)∩Vc are compact for everyj. At the same time closed subsetsY( j) ⊂ X for
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U (q)
t may be chosen independent fromt and in § 2.35 operatorSc may be chosen symmet-

ric, TX ⊃ Jµ ⊃ T ′X, whereT is a compact operator. Evidently, conditions of type(ix) are
carried out forV( j,x) andU( j,x) uniformly by j. Repeating proofs 3.25 and 4.4 with the
use of Lemma 2.5 for the family(Ut : t) we get formulas(i, ii).

1.5. Convergence of Measures

Different types of convergence of measures were considered in [BS90, Con84, SF76,
Top74, Top76]. The definitions and theorems given below are taking into account the prop-
erties of quasi-invariance and pseudo-differentiability of measures.

5.1. Definitions, notes and notations.Let S be a normal topological group with the
small inductive dimensionind(S) = 0, S′ be a dense subgroup, suppose their topologies
are τ and τ′ correspondingly,τ′ ⊃ τ|S′ . Let G be an additive Hausdorff left-R-module,
whereR is a topological ring,R ⊃ B f(S) be aσ-ring for real-valued measures,M(R,G)
be a family of measures with values inG, L(R,G,R) be a family of quasi-invariant mea-
sureµ : R → G with ρµ(g,x)× µ(dx) := µg−1

(dx) =: µ(gdx), R×G → G be a continu-
ous left action ofR on G such thatρµ(gh,x) = ρµ(g,hx)ρµ(h,x) for eachg,h ∈ S′ and
x ∈ S. Particularly, 1= ρµ(g,g−1x)ρµ(g−1,x), that is,ρµ(g,x) ∈ Ro, whereRo is a mul-
tiplicative subgroup ofR. Moreover,zy∈ L for z∈ R0 with ρzµ(g,x) = zρµ(g,x)z−1 and
z 6= 0. We suppose that topological characters and weightsS and S′ are countable and
each openW in S′ is precompact inS. Let P” be a family of pseudo-metrics inG gener-
ating the initial uniformity such that for eachc > 0 andd ∈ P” and{Un ∈ R : n∈ N} with
∩{Un : n∈ N} = {x} there ism∈ N such thatd(µg(Un),ρµ(g,x)µ(Un)) < cd(µ(Un),0) for
eachn > m, in addition, a limitρ is independentµ-a.e. on the choice of{Un : n} for each
x∈ Sandg∈ S′. Consider a subringR′ ⊂ R, R′ ⊃ B f(S) such that∪{An : n= 1, . . . ,N} ∈ R′

for An ∈ R′ with N ∈ N andS′R′ = R′. ThenL(R,G,R;R′) := {(µ,ρµ(∗,∗)) ∈ L(R,G,R) :
µ− R′− is regular and for eachs∈S there areAn ∈R′,n∈N with s=∩(An : n),{s} ∈R′}.

For pseudo-differentiable measuresµ let S” ⊂ S′, S” be a dense subgroup inS, τ′|S” is
not stronger thanτ” on S” and there exists a neighborhoodτ” ∋W” ∋ e in which are dense
elements lying on one-parameter subgroups(Ut : t ∈ B(K, 0,1)). We suppose thatµ is
induced from the Banach spaceX overK due to a local homeomorphism of neighborhoods
of e in S and 0 inX as for the case of groups of diffeomorphisms [Lud96] such that is
accomplished Theorem 4.7 for eachU∗ ⊂ S” inducing the corresponding transformations
on X. In the following caseS= X we considerS′ = Jµ andS” = Jb

µ with Re(b)> 0 such

that Mµ ⊃ Jµ ⊂ (TµX)∼, Jb
µ ⊂ (T(b)

µ X)∼ with compact operatorsTµ and T(b)
µ , ker(Tµ) =

ker(T(b)
µ ) = 0 and norms induced by the Minkowski functionalPE for E = TµB(X,0,1) and

E = T(b)
µ B(X,0,1) respectively. We suppose further that for pseudo-differentiable measures

G is equal toC or R. We denoteP(R,G,R,U∗;R′) := [(µ,ρµ,ηµ) : (µ,ρµ) ∈ L(R,G,R;R′),µ
is pseudo-differentiable andηµ(t,U∗,A)∈ L1(K, v,C)], where

ηµ(t,U∗,A) = j(t)g(t,0,b)[µh(U−1
t (A)−µh(A)],

j(t) = 1 for eacht ∈ K for S= X; j(t) = 1 for t ∈ B(K, 0,1), j(t) = 0 for |t|K > 1 for
a topological groupS that is not a Banach spaceX over K, v is the Haar measure onK
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with values in[0,∞), (Ut : t ∈ B(K, 0,1)) is an arbitrary one-parameter subgroup. On these
spacesL (or P) the additional conditions are imposed:

(a) for each neighborhood (implying that it is open)U ∋ 0 ∈ G there exists a neigh-
borhoodS⊃ V ∋ e and a compact subsetVU , e∈ VU ⊂ V, with µ(B) ∈ U (or in addition
D̃b

U∗
µ(B)∈U) for eachB, R ∋ B∈ B f(S\VU);
(b) for a givenU and a neighborhoodR⊃ D ∋ 0 there exists a neighborhoodW, S′ ⊃

W ∋ e, (pseudo)metricd ∈ P” and c > 0 such thatρµ(g,x)− ρµ(h,x′) ∈ D (or D̃b
U∗

(µg −

µh)(A)∈U for A∈ B f(VU) in addition forP) whilstg,h∈W, x,x′ ∈VU , d(x,x′) < c, where
(a,b) is satisfied for all(µ,ρµ)∈ L (or (µ,ρµ,ηµ)∈P) equicontinuously in (a) onV ∋Ut ,U

−1
t

and in (b) onW and on eachVU for ρµ(g,x)−ρµ(h,x′) andD̃b
U∗

(µg−µh)(A).
These conditions are justified, since for a Gaussian measureν on a Hilbert spaceZ over

C or R (or measures given above for a non-Archimedean Banach spaceZ over K) there
exists a subspaceZ′ dense inZ such thatν is quasi-invariant relative toZ′. Moreover, in
view of Theorem 26.2[Sko74] (or Theorems 3.20, 3.25, 4.3 and 4.7 in the non-Archimedean
case respectively) there exists a subspaceZ” dense inZ′ such that for eachε > 0 and each
∞ > R > 0 there arer > 0 andδ > 0 with |ρν(g,x)− ρν(h,y)| < ε for each‖g− h‖Z” +
‖x−y‖Z < δ, g,h∈ B(Z”, 0,r), x,y∈ B(Z,0,R), whereZ” is the Banach space overC or R
or K respectively. For a group of diffeomorphisms of a Hilbert manifold overR or over a
non-Archimedean Banach manifold we have an analogous continuity ofρµ for a subgroup
G” of the entire groupG (see [Lud96, Lud99t, Lud00a, Lud02b]).

By Mo we denote a subspace inM, satisfying (a). Henceforth, we imply thatR′ contains
all closed subsets fromSbelonging toR, whereG andR are complete.

For µ : B f(S) → G by L(S,µ,G) we denote the completion of a space of continuous
f : S→G such that‖ f‖d := suph∈Cb(S,G)d(

∫

S f (x)h(x) µ(dx),0)< ∞ for eachd∈P”, where
Cb(S,G) is a space of continuous bounded functionsh : S→ G. We suppose that for each
sequence( fn : n)⊂ L(S,µ,G) for which g∈ L(S,µ,G) exists withd( fn(x),0)≤ d(g(x),0)
for everyd ∈ P”, x andn, that fn converges uniformly on each compact subsetV ⊂ Swith
|µ|(V) > 0. In the casesG = C it coincides withL1(S,µ,C) correspondingly, hence this
supposition is the Lebesgue theorem. ByY(v) we denoteL1(K, v,C).

Now we may define topologies and uniformities with the help of corresponding bases
(see below) onL ⊂ GR ×RS′×S

o =: Y (or P ⊂ GR ×RS′×S
o ×GS′×K×R =: Y), Ro ⊂ R\ {0}.

There are the natural projectionsπ : L (orP)→ Mo, π(µ,ρµ(∗,∗) (∨ ,ηµ)) = µ, ξ : L (∨
P)→ RS′×S, ξ(µ,ρµ,(∨ ηµ)) = ρµ, ζ : P→ GS′×K×R, ζ(µ,ρµ,ηµ) = ηµ. Let H be a filter on
L or P, U = U ′×U” or U = U ′×U” ×U” ′, U ′ andU” be elements of uniformities onG,
RandY(v) correspondingly,τ′ ∋W ∋ e,τ ∋V ⊃VU ′ ∋ e,VU ′ is compact. By[µ] we denote
(µ,ρµ) for L or (µ,ρµ,ηµ) for P, Ω := L ∨ P, [µ](A,W,V) := [µg(A),ρµ(g,x), ∨ ηµg(t,U∗,A)|
g∈W,x∈V, ∨ t ∈ K]. We considerA ⊂ R, then

W(A,W,VU ′ ;U) := {([µ], [ν]) ∈ Ω2|([µ], [ν])(A,W,VU ′) ⊂U}; (1)

W(S;U) := {([µ], [ν]) ∈ Ω2|{(B,g,x) : ([µ], [ν])(B,g,x)) ∈U} ∈ S}, (2)

whereS is a filter onR×S′×Sc, Sc is a family of compact subsetsV ′ ∋ e.

W(F,W,V;U) := {([µ], [ν])∈Ω2|{B : ([µ], [ν])(B,g,x)∈U,g∈W,x∈V} ∈ F}, (3)
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whereF is a filter onR (compare with § 2.1 and 4.1[Con84]);

W(A,G;U) := {([µ], [ν]) ∈ Ω2| {(g,x) : ([µ], [ν])(B,g,x) ∈U,B∈ A} ∈ G}, (4)

whereG is a filter onS′×Sc; supposeU ⊂ R×τ′e×Sc, Φ is a family of filters onR×S′×Sc

or R×S′×Sc×Y(v) (generated by products of filtersΦR×ΦS′ ×ΦSc on the corresponding
spaces),U′ be a uniformity on(G,R)or (G,R,Y(v)), F⊂Y. A family of finite intersections
of setsW(A,U)∩ (F×F) (see (1)), where(A,U) ∈ U×U′ (or W(F,U)∩ (F×F) (see (2)),
where(F,U) ∈ (Φ×U′) generate by the definition a base of uniformity ofU-convergence
(Φ-convergence respectively) onF and generate the corresponding topologies. For these
uniformities are used notations

(i) FU andFΦ; FR×W×V is for F with the uniformity of uniform convergence

onR×W×V, whereW ∈ τ′e, V ∈ Sc, analogously for the entire spaceY;

(ii) FA denotes the uniformity (or topology) of pointwise convergence for

A ⊂ R× τ′e×Sc =: Z, for A = Z we omit the index (see formula (1)). Henceforward, we
useH′ instead of H in 4.1.24[Con84], that is,H′(A,R̃)-filter on R generated by the base
[(L ∈ R : L ⊂ A\K′) : K′ ∈ R̃, K′ ⊂ A], whereR̃ ⊂ R andR̃ is closed relative to the finite
unions.

For example, letSbe a locallyK-convex space,S′ be a dense subspace,G be a locally
L-convex space, whereK, L are fields,R= B(G) be a space of bounded linear operators
on G, Ro = GL(G) be a multiplicative group of invertible linear operators. Then others
possibilities are:S= X be a Banach space overK, S′ = Jµ, S” = Jb

µ as above;S= G(t),
S′ ⊃ S” are dense subgroups,G = R be the fieldR, M be an analytic Banach manifold over
K ⊃ Qp (see [Lud96]). The rest of the necessary standard definitions are recalled further
when they are used.

5.2. Lemma. Let R be a quasi-δ-ring with the weakest uniformity in which
each µ∈ M is uniformly continuous andΦ ⊂ Φ̂C(R,S′ ×Sc). ThenL(R,G,R,R′)Φ (or
P(R,G,R,U∗;R′)Φ) is a topological space on which Ro acts continuously from the right.

Proof. We recall thatΦ̂ := Φ̂(X) denotes a family of filtersF on X such that for each
mapping f : Φ → B(X) with f (Σ) ⊂ Σ for eachΣ ∈ Φ there exists a finite subsetΨ ⊂ Φ
such that

⋃

Σ∈Ψ f (Σ)∈ F , whereB(X) denotes a family of all subsets inX, ΦC(X) =: ΦC be
a family of Cauchy filters onX. In view of proposition 4.2.2[Con84] the space of measures
M(R,G;R′)Φ is a topological left-R-module. On the other hand,ρλµ(a,x) = λρµ(a,x)λ−1

for λ∈Ro, from the continuity of the inversionλ 7→ λ−1 in Ro and the multiplication inR for
each entourage of the diagonalU” in R there exists an entourage of a diagonalU”1 in Rand
an open neighborhoodU4 ∋ λ in Ro such thatβU”1β−1⊂U” for eachβ∈U4. ChoosingΨ⊂
Φ for a givenF we findU”1(Σ) andU4(Σ) for eachΣ ∈ Ψ, then

⋂

Σ∈ΨU”1(Σ) =: Ũ” and
Ũ4 =

⋂

Σ∈ΨU4(Σ) are entourages of the diagonal and generate a neighborhood ofλ. This
shows the continuity byλ for L andP, since forP is satisfied:PD(b,λ f (x)) = λPD(b, f (x))
due to definition 4.1 for pseudo-differentiablef .

5.3. Proposition. (1). LetT be aΦ̂4-filter on Mo(R,G;R′), {An} be a disjointΘ(R)-
sequence,Σ be the elementary filter onR generated by{An : n∈ N} andφ : Mo×R → G
with φ(µ,A) = µ(A). Thenφ(T×Σ) converges to0.
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(2). Moreover, letU be a base of neighborhoods of e∈ S′, φ : L → G×R,φ(µ,A,g) :=
(µg(A),ρµ(g,x)), where x∈ A. Then(0,1)∈ lim φ(T×Σ×U).

(3). If T is aΦ4-filter on P(R,G,R,U∗;R′),
ψ(µ,B,g, t,U∗) = [µ(B);ρµ(g,x);ηµg(t,U∗,B)],
then(0,1,0)∈ lim ψ(T×Σ×U) for each given U∗ ∈ S”, whereΣ andU as in(1,2).

Proof. We recall that for a setX, Θ-net in X is a net(I , f ) in X such that for each
increasing sequence(in : n∈N)⊂ I is satisfied( f (in) : n)∈ Θ. A sequence(xn : n∈N)⊂X
is called aΘ-sequence, iff : N → X, f (n) = xn, (N, f ) is aΘ-net. ThenΦ(Θ,X) =: Φ(Θ)
denotes a family of filters onX of the form f (F), where(I , f ) is aΘ-net inX, F is a filter
of sections[(λ ∈ I : λ ≥ i) : i ∈ I ] for a directed setI , Φ̂(Θ) := Φ(Θ)ˆ. For a topological
spaceX, Θ j(X) denotes a family of sequences having converging subsequences forj = 1
or having limit points whilstj = 2. For a uniform spaceX, Θ3(X) denotes a family of
sequences having Cauchy subsequencesΘ4 := Θ2∪Θ3, Φ j(X) := Φ(Θ j(X)).

Then (1) follows from 4.2.6[Con84]. (2) From the restrictions (a,b) in 5.1 it follows that
µg(A) =

∫

A ρµ(g,x)µ(dx). If in addition limµ(F(A;R′)) = µ(A), then limµ(F(X \A,R′)) =
µ(X \A), since by the definition 4.1.24[Con84] for eachτG ∋ D ∋ 0 for A∈ R there exists
τS∋V ⊃ A with µ(V)−µ(A)∈ D, whereF(A,R′) is a filter generated byA andR′. Due to
the Radonian property ofµ andµg we get limT×Σ µg(A) = 0.

(3). Additionally to (1,2) it remains to verify thatηµ converges. In view of Theorems
4.4 and 4.7 (or §5.1) a pseudo-differential of orderb : D̃b

U∗
µ = ν is a measure for pseudo-

differentiableµ. Due to (1) and thêΦ4-condition we get(0,1,0)∈ lim ψ(T×Σ×U) for a
givenU∗, since in §§ 4.1 and 5.1 the integral is byt ∈ K for the Banach spaceX overK and
by B(K, 0,1) correspondingly forS that is not the Banach space.

5.4. Proposition.Let H be aΦ̂4-filter on L (or P) with the topologyF (see§ 5.1.(ii)),
A ∈ R, τG ∋ U ∋ 0, H′(A,R′) ∈ Ψ f (R). Then there are L∈ H, K̃ ∈ R′ and an element
of the uniformityU for LR′ or PR′ such thatK̃ ⊂ A, L = [(µ,ρµ(g,x)) : M := πMo

(L) ∋
µ,πτ′e(L) =:W ∋ g (or (µ,ρµ,ηµ(∗,∗,U∗)) and additionallyD̃b

U∗
µ= PD(b,ηµ))], e∈W ∈ τ′,

µg(B)−νh(C)∈U (or in addition(D̃b
U∗

µg(B))−(D̃b
U∗

νh(C))∈U) for K̃ ⊂B⊂A,K̃ ⊂C⊂A

for each([µ], [ν]) ∈ ¯̄L2∩U, where¯̄L := cl(L,LR′) (or cl(L,PR′)), πMo
is a projector from L

into Mo.
Proof. We recall thatΨ(R) := Φ̂(Θ(R)), whereΘ(R) is a family of sequences(An :

n ∈ N) ⊂ R for which there existsΩ ∈ Σ(R) with (n ∈ N : An ∈ Ω) is infinite, Σ(R) :=
[(
⋃

n∈J An : J ∈ B(N)) : (An : n∈ N) ∈ Γ(R)], Γ(R) is a family of disjoint sequences(An :
n∈ N) ⊂ R for which [

⋃

n∈J An : J ⊂ N] ⊂ R]. A ring of setsZ is called a quasi-δ-ring, if
each disjoint sequence(An : n∈ N) from R the union of which

⋃

nAn = A is contained in a
setB∈ R, A⊂ B, has a subsequence(An j : j ∈ N) ∈ Γ(R).

From Proposition 4.2.7[Con84] and the Radonian property of measures we haveµ(B)−

ν(C) ∈U ′ for each(µ,ν) ∈ ( ¯̄
M×M)∩πM0

(U). Then for each elementD′ of the uniformity
onR there ared ∈ P”, c> 0 andL such thatρµ(g,x)−ρν(h,x′) ∈ D′ for g,g′ ∈W, µ,ν ∈ M,
d(x,x′) < c, sinceH∈ Φ̂4, where ¯̄

M := cl(M,E(R,G;R′)R′) is the closure ofM⊂E(R,G;R′)
in E(R,G;R′)R′ , E(R,G;R′) := [µ∈E(R,G) : µ is R′-regular], that is,µ(F(A,R′)) converges
to µ(A) for eachA ∈ R (simply regular, ifR′ consists of closed subsets and conditions in
definition 11.34[HR79] are satisfied). ThenF(A,R′) is a filter onR generated by a base
[(B∈ R : K̃ ⊂ B⊂ A) : K̃ ⊂ A,K̃ ∈ R′], E(R,G) is a set of exhaustive additive mapsµ, that
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is, µ(An) converges to 0 for each(An : n∈ N) ∈ Γ(R).
Thenµg(B)−µ(B)∈U ′, νh(C)−ν(C)∈U ′ and for 3U ′⊂U we get 5.4 forL. From The-

orems 4.4 and 4.7 (or § 5.1), the Egorov conditions and the Lebesgue theorem we get 5.4 for
P, sinceµ are probability measures andLR′ (or PR′) correspond to uniformity from § 5.1.(ii)
with A = R′× τ′e×Sc. Indeed,µg(A)−νh(A) = (µg(A)−µg(VU ′))+(µg(VU ′)−νh(VU ′))+
(νh(VU ′)−νh(A)), µg(A) =

∫

A ρµ(g,x)µ(dx) for eachA∈ B f(S), for eachτG ∋U ′ ∋ 0 there
exists a compact subsetV ′

U ⊂ A with µg(B)∈U ′ for eachB∈ B f(A\VU ′) and the same for
νh (due to the Condition in 5.1 thatR′ containsB f(S)). From the separability ofS, S′ and
the equality of their topological weights toℵ0, restrictions 5.1(a,b) it follows that there ex-
ists a sequence of partitionsZn = [(xm,Am) : m,xm∈Am] for eachA∈B f(S), Ai ∩A j = /0 for
eachi 6= j,

⋃

mAm = A, Am ∈ B f(S), such that limn→∞(µg(A)−∑ j ρµ(g,x j)µ(A j)) = 0 and
the same forν, moreover, forVU ′ eachZn may be chosen finite. Then there existsW ∈ τ′e
with W× (S\V2) ⊂ (S\V), τe ∋ V ⊂ V2, νg(B) andµg(B)∈ U ′ for eachB∈ B f(S\V2)
(for G = R) andg ∈ W (see 5.1.(a)). Then fromA = [A∩ (S\V2)]∪ [A∩V2] and the ex-
istence of compactV ′

U ′ ⊂ V with µ(E) ∈ U ′ for eachE ∈ B f(V \V ′
U ′) and the same forν,

moreover,(V ′
U ′)2 is also compact, it follows thatµg(B)− νh(C) ∈ U for 9U ′ ⊂ U , since

R′ ⊃ B f(S), whereW satisfies the following conditionµg(V ′
U ′)−νh(V ′

U ′) ∈U ′ for V ′
U ′ ⊂V2

due to 5.1.(b),µ(B)−ν(C) ∈ U ′, WV′
U ′ ⊂ (V ′

U ′)2 due to precompactness ofW in S. Since
pseudo-differentiable measures are also quasi-invariant, hence for them Proposition 5.4 is
true.

Now let [µ] ∈ lim H, A ∈ B f(S), then ηµ ∈ lim ζ(H) in Y(v) and there exists a se-
quenceηµn such that

∫

K ηµn(λ,U∗,A)v(dλ) = D̃b
U∗

µn(A) due to §§ 4.4, 4.7 or 5.1 and
limn→∞ D̃b

U∗
µn(A) =

∫

K ηµ(λ,U∗,A)v(dλ) =: κ(A) due to the Lebesgue theorem. From
ηµ(λ,U∗,A∪B) = η(λ,U∗,A) +η(λ,U∗,B) for A∩B = /0, B ∈ B f(S) and the Nikodym
theorem [Con84] it follows thatν(A) is the measure onB f(S), moreover,κ(A) = D̃b

U∗
µ(A).

Sinceµg(A) =
∫

A ρµ(g,x)µ(dx) for A∈ B f(S) for g∈ S′, then

ηµg(λ,U∗,A) = j(λ)g(λ,0,b)[µg(A)−µg(U−1
λ A)]

= j(λ)g(λ,0,b)
∫

A
ρµ(g,x)[µ(dx)−µUλ(dx)]

and in view of the Fubini theorem there exists

D̃b
U∗

µg(A) =
∫

A

[

∫

K
ρµ(g,x) j(λ)g(λ,0,b)[µ(dx)−µUλ(dx)

]

v(dλ),

where j(t) = 1 for S= X and j(t) is the characteristic function ofB(K, 0,1) for S that is
not the Banach spaceX. Thenµ-a.e. D̃b

U∗
µg(dx)/D̃b

U∗
µ(dx) coincides withρµ(g,x) due to

5.1.(a,b), hence,(D̃b
U∗

µg,ρµg) generate theΦ4-filter in L arising from theΦ̂4-filter in P. Then
we estimateD̃b

U∗
(µg−νh)(A) as aboveµg(A)−νh(A). Therefore, we find for theΦ4-filter

correspondingL, since there existsδ > 0 such thatUλ ∈W for each|λ| < δ. For Φ4-filter
we use the corresponding finite intersectionsW1∩ ·· · ∩Wn = W, whereWj correspond to
theΦ4-filtersH j .

5.5. Corollary. If {H′(A,R′) : A∈ R} ⊂ Ψ f (R), T is a Φ̂4-filter in L, U is an element
of uniformity inL (or P), then there are L∈ T and an elementV of the uniformity inLR′ (or
PR′) such that¯̄L2∩V ⊂ ¯̄L2∩U.



72 Sergey V. Ludkovsky

Proof. In view of Corollary 4.2.8[Con84] and Theorem 5.4 above forUM = πM×πMU

there exists an entourage of the diagonal (see about uniform spaces in [Eng86]),VM in
E(R,G;R′)R′ , such that ¯̄M2∩VM ⊂ ¯̄M2∩UM, whereπM : L → M (or P→ M) is a projector,
M(R,G) is a set of measures onR with values inG, M(R,G;R′) := [µ∈ M(R,G) : µ is R′-
regular]. SinceM(R,G;R′)R′ ⊂E(R,G;R′)R′ , then there exists an entourage of the diagonal,
V in LR′ (or PR′), such thatπM×πMV ⊂VM∩ ¯̄M2.

5.6. Lemma. Let R be a quasi-σ-ring directed by the inclusion,U be an upper di-
rected subset inR, H be aΦ̂4-filter in L (or P), 0∈U ∋ τG. Then there are M∈ H, A∈ U,
an element of the uniformity U′ in LR′ (or PR′) such that µg(B)− νh(C) ∈ U (or in addi-
tion D̃b

U∗
µg(B)− D̃b

U∗
νh(C) ∈ U) for each([µ], [ν]) ∈ ¯̄L2∩U ′, g,h ∈ W, W is defined by a

projection of U′ onto S′, B,C∈ U with A≤ B, A≤C.
Proof. For eachC andE ∈ U by the definition there areF ∈ U with C≤ F andE ≤ F .

There are open subsetsP andV in SandW ∈ τ′e with WP⊂P2 ⊂V such that(µ−ν)(B)∈U

for eachB⊂ S\P and(µ,ν) ∈
¯̄2M∩πMo

(U ′). Indeed,πMo
H is a base of a filterT in Mo.

Therefore,g(B∩S\P2) ⊂ S\P for g ∈ W, consequently,[µg − νg](B∩S\P2) ∈ U . In
view of § 5.1.(a,b) forD,V there areW, c > 0, d ∈ P” such thatρµ(g,x)−ρν(h,x′) ∈ D for
g,h ∈ W andd(x,x′) < c, x,x′ ∈ Vc, consequently,µg(B)− νh(C) = [µg(B∩P2)− νh(C∩
P2)]+ [µg(B\P2)−νh(C\P2)] ∈ 3(DU +U). Modifying the proof of § 4.2.9 [Con84] we
get the statement of this lemma forL. For P an estimate of̃Db

U∗
µg(B)− D̃b

U∗
νh(C) may be

done analogously to the proof of Proposition 5.4.
5.7. Theorem.LetH be aΦ̂4-filter in L (or P), {An : n∈ N} ∈ Γ(R), τG ∋U ∋ 0. Then

there are L∈ H, M ∈ B(N) and an elementU of the uniformity inL such that µg(∪(An : n∈
M′)−νh(∪(An : n∈ M”) ∈U (or in addition(D̃b

U∗
µg(
⋃

n∈M′)− D̃b
U∗

νh(
⋃

n∈M” An)) ∈U for
each([µ], [ν])∈ L̄2∩U and M′,M” ∈B(N) with M∩M′ = M∩M”. If {H′(A,R′)} ⊂ Ψ f (R),
thenU may be chosen as an element of the uniformity inLR′ (or PR′), whereL̄ := cl(L,L)
(or L̄ := cl(L,P)).

Proof. We recall thatB f (N) denotes the family of finite subsets inN, Ψ f (R) :=
Φ̂(Θ f (R)), Θ f (R) is a family of sequences(An : n ∈ N) ⊂ R for which there exists
Ω ∈ Σ f (R) with card[n ∈ N : An ∈ Ω] = ℵ0, Σ f (R) := [(

⋃

n∈M An : M ∈ B f (N)) : (An :
n∈ N) ∈ Γ(R)]. Let φ(M) := ∪{An : n∈ M}, M ⊂ B f (N), Σ be a filter of neighborhoods
of /0 in B f (N), thenφ(Σ) ∈ Ψ f (R). In view of § 4.1.14 [Con84] we haveµ(φ(Σ)) → 0
for eachµ∈ M(R,G,R′). We take a symmetric neighborhoodV ′ ∋ 0 in G with 3V ′ ⊂ U .
Then there areL ∈ H andM ∈ B f (N) such thatµg(φ(M′))−νh(φ(M”)) ∈V ′ (or in addition
D̃b

U∗
µg(φ(M′))− D̃b

U∗
νh(φ(M”)) ∈ V ′) for each([µ], [ν]) ∈ L̄2∩U andM′,M” ∈ B(N \M)

(see Lemma 5.6). We chooseU such thatµg(φ(Mo))− νh(φ(Mo)) ∈ V ′ (or in addition
D̃b

U∗
µg(φ(Mo))− D̃b

U∗
νh(φ(Mo)) ∈ V ′) for each([µ], [ν]) ∈ U and Mo ⊂ M, consequently,

µg(φ(M′))−νh(φ(M”)) ∈ 3V ′ ⊂U (or additionallyD̃b
U∗

µg(φ(M′))− D̃b
U∗

νh(φ(M”)) ∈ 3V ′)
for M∩M′ = M∩M”, the last statement follows from Corollary 5.5.

5.8. Corollary. Let (An : n ∈ N) ∈ (R), H be a Φ̂4-filter in L (or P), τG ∋ U ∋ 0,
then there are(L,M) ∈ H×B f (N) such that µg(∪(An : n ∈ M′)) ∈ U (or additionally
D̃b

U∗
µg(
⋃

n∈M′ An) ∈U) for [µ] ∈ L̄ and M′ ∈ B(N\M).
Proof. Let us take a fixedν andW from § 5.7 withν(

⋃

n∈M′ An) ∈ Ũ (or additionally
D̃b

U∗
ν(
⋃

n∈M′ An) ∈ Ũ) and(µg−ν)(
⋃

n∈M′ An) ∈ Ũ), where 2̃U ⊂U , 0∈ Ũ ∈ τG, g∈W.
5.9. Theorem.Let U ⊂ R× τ′e×Sc =: Z be such that id: LU → L (or id : PU → P) be
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uniformlyΦ4-continuous,{H′(A,R′) : A∈ R} ⊂ Ψ f (R). Then
(a)L (or P) is Φ4-closed in GR×RS′×S

o (or GR×RS′×S
o ×GS′×K×R), Mo is Φ4-closed in

GR;
(b) if G and R areΦi-compact, thenLU (or PU) is Φi-compact, where i∈ (1,2,3,4);
(c) if G×Ro is sequentially complete, thenLU (or PU) is also;
(d) if (0,0) is the Gδ-subset in G×R, thenLU ( or PU) is Φ2-compact; if additionally

G×R is sequentially complete, thenLU (or PU) is Φ4-compact;
(e)LU (or PU) is Hausdorff.
Proof. We recall that a subsetA⊂ E of a topological or of a uniform spaceE is called

Φi-closed (or compact), if for eachΦi(A)-filter F is satisfied limF ⊂A (or limF 6= /0 respec-
tively, that is, this definition of compactness differs from the usual). In view of Theorem
4.2.14[Con84] and Proposition 5.4 is accomplished 5.9(a).

From §§ 2.1.14, 1.8.11[Con84] and Theorem 5.7,Φi-compactness ofM andMo, also
from the completeness ofRo, L1(K,v,C) it follows (b).

Then (c) follows from (a) and § 1.8.7[Con84];
(d) follows from (c) and § 1.6.4[Con84], sinceG×R is Φ2-compact. FromM(R,G;R′)U

(see §4.2.14[Con84]),RS′×S
o andL1(K,v,C) being Hausdorff it follows (d).

5.10. Theorem. Let Φ be a set of Φ̂4-filters on L (or P), also let φ :
L×R×S′ ×S(∨×K) → G×Ro(∨ ×Y(v)) be such that(φ(µ,ρµ(∗,∗)(∨ ηµ),A,g,x) :=
(µ(A),ρµ(g,x)(∨ ηµg(t,U∗,A))). If {H′(A,R′)|A ∈ R} ⊂ Ψ f (R), then a mappingφ : R×

S′×S(∨×K) → GMo(R),G;R′

Φ′ ×RS′×S
o (∨ ×Y(v)) gives R′-regular quasi-invariant measure

(or in addition a pseudo-differentiable measure) (A,g,x) → φ(∗,A,g,x) (or (A,g,x, t) →
φ(∗,A,g,x, t)), satisfying Conditions5.1.(a,b), whereΦ′ := πMo

(Φ), in RS′×S
o the topology

corresponds to the topology inL.
Proof follows from §§ 5.4 and 5.8.
5.11. Note.Let it be a sequence{[µn] : n∈ N} of quasi-invariant measures (or pseudo-

differentiable measures) converging uniformly in uniformity 5.1.(ii) and fulfilling Condi-
tions 5.1.(a,b) then in accordance with Corollary 5.8{(µn)

g : n∈ N} (or also[D̃b
U∗

µg
n : n]) is

uniformly σ-additive for each fixedg∈ S′. Moreover, it is uniformlyσ-additive byg∈W
for each givenB ∈ R such thatgB⊂ V for suitable openW in S′ andV in S. For L this
means that for each 0∈ D ∈ τR ande∈U ∈ τG there areW ∋ e,d ∈ P”, c > 0, n andV ∋ e,
a compact subsetVU , e∈VU ⊂V with µm(C) ∈U (or D̃b

U∗
µm(C) ∈U in addition forP) for

C ∈ R andC ⊂ S\VU , with ρµm(g,x)−ρµj (h,x′) ∈ D (or in additionD̃b
U∗

(µg
m−µh

j )(A)∈U
for A∈ B f(VU) for P) whilst g,h∈W for eachx,x′ ∈VU with d(x,x′) < c andm, j > n. In
view of Theorem 5.9 there exists limn→∞(µn,ρµn(g,x)) = (y,d(y;g,x) ∈ L, that is, a quasi-
invariant measure (or pseudo-differentiable measure limn[µ]n = [µ] ∈ P). Therefore, they
are analogs of the Radon theorem for quasi-invariant measure and pseudo-differentiable
measures.

1.6. Measures with Particular Properties

1. Note. In [Lud00f, Lud99s] non-Archimedean polyhedral expansions of ultra-uniform
spaces were investigated and the following theorem was proved (see also Appendix B).
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2. Theorem.Let X be a complete ultra-uniform space andK be a locally compact field.
Then there exists an irreducible normal expansion of X into the limit of the inverse system
S= {Pn, f m

n ,E} of uniform polyhedra overK, moreover,lim S is uniformly isomorphic with
X, where E is an ordered set, fm

n : Pm → Pn is a continuous mapping for each m≥ n;
particularly for the ultra-metric space(X,d) with the ultra-metric d the inverse system S is
the inverse sequence.

3. Theorem. Let X be a complete separable ultra-uniform space and letK be
a locally compact field. Then for each marked b∈ C there exists a nontrivial mea-
sure µ on X which is a restriction of a measureν in a measure space(Y,B f(Y),ν) =
lim{(Ym,B f(Ym),νm), f̄ m

n ,E} on X andνm is quasi-invariant and pseudo-differentiable for
b∈ C relative to a dense subspace Y′

m for each m, where Yn := c0(K, αn), f̄ m
n : Ym →Yn is

a normal(that is,K-simplicial non-expanding)mapping for each m≥ n∈ E, f̄ m
n |Pm = f m

n .
Moreover, if X is not locally compact, then the familyF of all such µ contains a subfamily
G of pairwise orthogonal measures with the cardinality card(G ) = 2c, wherec := card(R).

Proof. Choose a polyhedral expansion ofX in accordance with Theorem 2.
Each mapping f m

n is K-simplicial, that is, f m
n is affine on each simplexs of

a polyhedra Pm and f m
n (s) is a simplex in Pn, also each f m

n is non-expanding:
ρPn( f m

n (x), f m
n (y))≤ ρPm(x,y) for eachx,y ∈ Pm. SinceYn is totally disconnected normed

space and each simplex inPm is the corresponding ball inYm and eachPm is the uniform
polyhedra, that is,

(i) sup{diam(si : i)} < ∞, and
(ii) inf{dist(si ,sj) : i 6= j} > 0,

then f m
n can be extended to a normal mappinḡf m

n : Ym → Yn and such thatYm can be
supplied with the corresponding uniform polyhedral structure (that is, partition into dis-
joint union of simplices satisfying Conditions(i, ii) above). SinceX is separable andK
is a locally compact field, then each spaceYn is of countable type overK andE can be
chosen countable. On eachXn take a probability measureνn such thatνn(Xn \Pn) < εn,
∑n∈E εn < 1/5. In accordance with § 3.20.1 and § 4.2.1 eachνn can be chosen quasi-
invariant and pseudo-differentiable forb ∈ C relative to a denseK-linear subspaceY′

n.
SinceE is countable and ordered and eachYm is supplied with the uniform polyhedral
structure and the mappinḡf m

n is normal for eachm≥ n, then a familyνn can be chosen by
transfinite induction consistent, that is,̄f m

n (νm) = νn for eachm≥ n in E, f̄ m
n (Y′

m) = Y′
n.

ThenX = lim{Pn, f m
n ,E} →֒Y. Since f̄ m

n areK-linear, then( f̄ m
n )−1(B f(Yn)) ⊂ B f(Ym) for

eachm≥ n∈ E. Therefore,ν is correctly defined on the algebra
⋃

n∈E f−1
n (B f(Yn)) of sub-

sets ofY, wherefn : X → Xn areK-linear continuous epimorphisms. Sinceν is nonnegative
and bounded by 1, then by the Kolmogorov theoremν has an extension on theσ-algebra
B f(Y) and hence on its completionA f(Y,ν). PutY′ := lim{Y′

m, f̄ m
n ,E}. Thenνm on Ym

is quasi-invariant and pseudo-differentiable forb∈ C relative toY′
m. From∑n εn < 1/5 it

follows, that 1≥ µ(X) ≥ ∏n(1− εn) > 1/2, henceµ is nontrivial.
To prove the latter statement use the Kakutani theorem for∏nYn and then consider the

embeddingsX →֒Y →֒ ∏nYn such that projection and subsequent restriction of the measure
∏n νn onY andX are nontrivial, which is possible due to the proof given above. If∏n νn

and∏n ν′
n are orthogonal on∏nYn, then they give measuresν andν′ which are orthogonal

onX.
4. Notes.In [Lud00a] and in [BV97, Eva89, Eva91, Eva93, Koc95, Koc96, Lud0341,
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Sat94] analogs of a Gaussian measure and of a Wiener measure were considered. That
construction is generalized below and additional properties are proved concerning moments
of a Gaussian measure and an analog of the It ˆo formula. Others constructions are discussed
in comments (see §1.7).

Let X be a locallyK-convex space equal to a projective limit lim{Xj ,φ
j
l ,ϒ} of Banach

spaces over a local fieldK such thatXj = c0(α j ,K), where the latter space consists of
vectorsx = (xk : k ∈ α j), xk ∈ K, ‖x‖ := supk |xk|K < ∞ and such that for eachε > 0 the
set{k : |xk|K > ε} is finite, α j is a set, that is convenient to consider as an ordinal due to
Kuratowski-Zorn lemma [Eng86, Roo78];ϒ is an ordered set,φ j

l : Xj → Xl is a K-linear
continuous mapping for eachj ≥ l ∈ ϒ, φ j : X → Xj is a projection onXj , φl ◦φ j

l = φ j for
each j ≥ l ∈ ϒ, φl

k ◦ φ j
l = φ j

k for each j ≥ l ≥ k in ϒ. Consider also a locallyR-convex
space, that is a projective limitY = lim{l2(α j ,R),ψ j

l ,ϒ}, wherel2(α j ,R) is the real Hilbert
space of the topological weightw(l2(α j ,R)) = card(α j)ℵ0. SupposeB is a symmetric
non-negative definite (bilinear) nonzero functionalB : Y2 → R.

5. Definitions and Notes. A measureµ = µq,B,γ on X with values inR is called a
q-Gaussian measure, if its characteristic functional ˆµ has the form

µ̂(z) =exp[−B(vq(z),vq(z))]χγ(z)

on a denseK-linear subspaceDq,B,X in X∗ of all continuousK-linear functionalsz : X → K
of the formz(x) = zj(φ j(x)) for eachx ∈ X with vq(z)∈ DB,Y, whereB is a nonnegative
definite bilinearR-valued symmetric functional on a denseR-linear subspaceDB,Y in Y∗,
B : D2

B,Y → R, j ∈ ϒ may depend onz,zj : Xj → K is a continuousK-linear functional such
thatzj = ∑k∈α j

ek
jzk, j is a countable convergent series such thatzk, j ∈ K, ek

j is a continuous

K-linear functional onXj such thatek
j(el , j) = δk

l is the Kroneker delta symbol,el , j is the
standard orthonormal (in the non-Archimedean sense) basis inc0(α j ,K), vq(z) =vq(zj) :=

{|zk, j |
q/2
K : k∈ α j}. It is supposed thatz is such thatvq(z)∈ l2(α j ,R), whereq is a positive

constant,χγ(z) : X → S1 is a continuous character such thatχγ(z) =χ(z(γ)), γ ∈ X, χ : K →
S1 is a character ofK as an additive group (about a character see, for example, § VI.25
[HR79] and § III.1 [VVZ94]).

If Y is a Hilbert space with a scalar product(∗,∗), then due to the Riesz theorem there
existsE ∈ L(Y) such thatB(y1,y2) = (Ey1,y2) for eachy1, y2 ∈ Y. A symmetric non-
negative definite operatorE (or sometimes the correspondingB) is called a correlation
operator of a measureµ.

6. Proposition. A q-Gaussian measure on X isσ-additive on someσ-algebraA of
subsets of X. Moreover, a correlation operator B is of class L1, that is, Tr(B) < ∞, if and
only if each finite dimensional overK projection of µ is aσ-additive q-Gaussian Borel
measure.

Proof. From Definition 5 it follows, that each one dimensional overK pro-
jection µxK of a measureµ is σ-additive on the Borelσ-algebra B f(K), where
0 6= x = ek,l ∈ Xl . Therefore, µ is defined and finite additive on a cylindri-
cal algebraU :=

⋃

k1,...,kn;l φ−1
l [(φl

k1,...,kn
)−1(B f(spanK{ek1,l , . . . ,ekn,l}))], where φl

k1,...,kn
:

Xl → spanK (ek1,l , . . . ,ekn,l ) is a projection on aK-linear span of vectorsek1,l , . . . ,
ekn,l . This means thatµ is a bounded quasi-measure onU. Sinceµ̂ is the positive definite
function, thenµ is real-valued. In view of the non-Archimedean analog of the Bochner-
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Kolmogorov theorem (see § 2.27 above)µ has an extension to aσ-additive probability
measure on aσ-algebraσU, that is, a minimalσ-algebra of subsets ofX containingU.
If J : Xj → Xj is a K-linear operator diagonal in the basis{ek, j : k}, then forz such that
z(x) = zj(φ j(x)) for eachx∈ X and a symmetric non-negative definite operatorF as in § 5

(i) F(vq(z◦J),vq(z◦J)) = E(vq(z),vq(z)), where
(ii) Ek,l = Fk,l |Jk,k|

q/2|Jl ,l |
q/2 for eachk, l ∈ α j . If F ∈ La (that is,Fa ∈ L1) andJ ∈ Lq

(that is,diag(v1(Jl ,l ) : l) ∈ Lq), then
(iii) E ∈ Laq/(a+q) for eacha > 0 (see Theorem 8.2.7 [Pie65]). In particular, takinga

tending to∞ andF = I we getE ∈ Lq, sinceL∞ is the space of bounded linear operators.
Using the orthonormal bases inXj for each j we get the embedding ofXj into its topolog-
ically dual spaceX∗

j of all continuousK-linear functionals onXj . For eachz∈ X∗ there
exists a non-Archimedean direct sum decompositionX = Xz⊕ ker(z), whereXz is a one
dimensional overK subspace inX. Therefore, the setDq,B,X of functionalsz on X from §
5 separates points ofX. More generally consider in eachXj a sequence of projection oper-
atorsPVn, j on subspacesVn, j := { i, jz : i = 1, . . . ,n}, where{ i, jz : i ∈ N} is the orthonormal
basis inXj . Then considerJ in this new basis and the transition operator from the standard
basis to the new one. The composition of these two operators generates the corresponding
operatorC on Y which is in general non-diagonal. If for a given one dimensional overK
subspaceW in X it is the equalityB(vq(z),vq(z)) =0 for eachz∈W, then the projectionµW

of µ is the atomic measure with one atom being a singleton. IfB∈ L1, thenB(vq(z),vq(z))
and hence ˆµ(z) is correctly defined for eachz∈ Dq,B,X.

It remains to establish thatµ is σ-additive if and only ifJ ∈ Lq(c0(ω0,K)) and γ ∈
c0(ω0,K).

We have

µj(K \B(K, 0,r)) ≤C
∫

x∈K,|x|>r
exp(−|x/ζ j |

q)|ζ j |
−1v(dx)

≤C1

∫

y∈R,|y|>r
exp(−|y|q|ζ j |

−q)|ζ j |
−1dy,

whereC > 0 andC1 > 0 are constants independent fromζ j for b0 > p3 and eachr > b0,
1 ≤ q < ∞ is fixed (see also the proof of Lemma 2.8 above and Theorem II.2.1 [DF91]).
Evidently,g(γ) is correctly defined for eachg∈ c0(ω0,K) ∗ if and only if γ ∈ c0(ω0,K). In
this case the characterχg(γ) : K → C is defined andχg(γ) = ∏∞

j=1 χg j γ j . Due to Lemma 2.3
above, ifJ ∈ Lq(c0) andγ ∈ c0(ω0,K), thenµ is σ-additive.

Let 0 6= g∈ c∗0. SinceK is the local field there existsx0 ∈ c0 such that|g(x0)|= ‖g‖ and
‖x0‖ = 1. Putg j := g(ej). Then‖g‖ ≤ supj |g j |, sinceg(x) = ∑ j x

jg j , wherex = x jej :=

∑ j x
jej with x j ∈K. Consequently,‖g‖= supj |g j |. We enumerate the standard orthonormal

basis{ej : j ∈ N} such that|g1| = ‖g‖. There exists an operatorE on c0 with matrix
elementsEi, j = δi, j for eachi, j > 1, E1, j = g j for each j ∈ N. Then |det PnEPn| = ‖g‖
for eachn∈ N, wherePn are the standard projectors onspanK{e1, . . . ,en} [LD02] (see also
Appendix and comments to it). Wheng ∈ {e∗j : j ∈ ω0}, then evidently,µg has the form
given by Equation(iii), sinceµi(K) = 1 for eachi ∈ ω0, wheree∗j (ei) = δi, j for eachi, j.

Suppose now thatJ /∈ Lq(c0). For this we considerµg(K \ B(K, 0,r)) ≥

∑ j
∫

x∈K,|x|>r C exp(−|x/ζ j |
q)|ζ j |

−1v(dx), whereg = (1,1,1, . . .) ∈ c∗0 = l∞(ω0,K). On the

other hand, there exists a constantC2 > 0 such that forb0 > p3 and eachr > b0 there is the
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following inequality:
∫

x∈K,|x|>r C exp(−|x/ζ j |
q)|ζ j |

−1v(dx) ≥

C2[
∫ ∞

r exp(−|y|q|ζ j |
−q)|ζ j |

−1dy+
∫ −r
−∞ exp(−|y|q|ζ j |

−q)|ζ j |
−1dy]. From the estimates of

Lemma II.1.1 [DF91] and using the substitutionz= y1/2q for y > 0 andz= (−y)1/2q for
y < 0 we get thatµg is notσ-additive, consequently,µ is notσ-additive, sinceP−1

g (A) are
cylindrical Borel subsets for eachA ∈ B f(K), wherePgz= g(z) is the induced projection
onK for eachz∈ c0.

7. Corollary. A q-Gaussian measure µ from Proposition 6 with Tr(B) < ∞ is quasi-
invariant and pseudo-differentiable for some b∈ C relative to a dense subspace Jµ ⊂ Mµ =
{a∈X : vq(a)∈E1/2(Y)}. Moreover, if B is diagonal, then each one-dimensional projection
µg has the following characteristic functional:

(i) µ̂g(h) = exp
(

−
(

∑
j

β j |g j |
q
)

|h|q
)

χg(γ)(h),

where g= (g j : j ∈ ω0) ∈ c0(ω0,K) ∗.
Proof. Using the projective limit reduce consideration to the Banach spaceX. The first

statement follows from Theorems 3.12, 4.2 and 4.4 (see also [Lud00a]). To findMµ consider
a∈X and theq-Gaussian measuresµ(dz)andµa(dz):= µ(−a+dz).Each Hellinger integral
H(µa,n,µn) has a value in[0,1], hence∏∞

n=1H(µa,n,µn) either diverges to zero andµa ⊥ µ
or converges to a number 0< β ≤ 1 andµa ∼ µ (see Theorem 3.3.1). Suppose thatµa is not
orthogonal toµ, thenµa ∼ µ and there existsµa(dx)/µ(dx) = limn→∞ µVn

a (dxn)/µVn(dxn) ∈
L1(X,B ,µ,C), whereVn := spanK (e1, . . . ,en), n∈ N, µVn is the projection ofµ onVn, xn :=
( 1x, . . . , nx), jx∈ K for eachj, xn ∈Vn. But

µa(dx)/µ(dx) = lim
n→∞

[µa(dxn)/λn(dxn)][µVn(dxn)/λn(dxn)]−1,

where λn is the Haar nonnegative measure, henceµVn
a (dxn)/λ(dxn) ∈ L1(Vn,Bn,

λn,C) for eachn. Choose an orthonormal basis( jz: j ∈N) in X and an operatorG : X →X
such thatG jz= ja jz, ja 6= 0 for eachj, henceµ(G−1dy)has the correlation operatorCEC,
wherey∈ G(X), G−1 : G(X) → X, C is defined byG and the transition operator from the
standard orthonormal basis(ej : j) to ( jz : j) (see also § II.6.21).

It is possible to takeG such thatCEC is the bounded continuous operator onY and there
exists the bounded continuous operator(CEC)−1 onY. The Fourier operator is unitary on
L2(X,B ,µ,C). Therefore, the existence of ˆµa relative to the measureµ implies vq(a) ∈
E1/2(Y). Sincevq(ξa) = vq(ξ)vq(a) andvq(a j +b j) ≤ max(vq(a j),vq(b j)) for eachξ ∈ K
anda,b ∈ X, a = ∑ j a jej , then the family of all sucha ∈ X with vq(a) ∈ E1/2(Y) is the
K-linear subspace.

Vice versa, ifvq(a)∈ E1/2(Y), then the proof above shows that there exists ˆµa relative
to µ and hence there exists the limit
limn→∞[µVn

a (dxn)/λn(dxn)][µVn(dxn)/λn(dxn)]−1 = µa(dx)/µ(dx).
For the verification of Formula(i) it is sufficient at first to consider the measureµ

on the algebraUP of cylindrical subsets inc0. Then for each projectionµg, whereg ∈
spanK (e1, . . . ,em)∗, we have:

µ̂g(h) =
∫

K
· · ·
∫

K
χe(hz)µ1(dx1) · · ·µm(dxm),
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where e = (1, . . . ,1) ∈ Qn
p, h ∈ K, n := dimQpK, xi ∈ Kei , z = g(x), x = (x1, . . . ,xm),

consequently, ˆµg(h) = ∏m
i=1 µ̂i(hgi), since χe(hg(x)) = ∏m

i=1 χe(higixi) for each x ∈
spanK (e1, . . . ,em). Let J be a subspace of allx∈X such thatvq(x)∈B1/2(DB,Y). SinceDB,Y

is R-linear andvq(az) =|a|q/2vq(z) for eacha∈ K, vq(y+z)≤ max(vq(y),vq(z)), thenJ is
K-linear andµ is quasi-invariant relative toJ. In view of the Parceval-Steklov equality and
definition of pseudo-differentiabilty and convergence of

∫

K exp(−a(vq(x))2)|x|mv(dx) < ∞
for eachm≥ 0 and eacha > 0, wherev is a nonnegative nontrivial Haar measure onK it
follows, thatµ is pseudo-differentiable for eachb∈ C with Re(b)> 0.

SinceB ∈ Lq, thenµ is the Radon measure, consequently, the continuation ofµ from
UP producesµ on the Borelσ-algebra ofc0, hence limm→∞µ̂Qmg(h) = µ̂g(h), whereQm is
the natural projection onspanK (e1, . . . ,em)∗ for eachm∈N such thatQm(g) = (g1, . . . ,gm).
Using expressions of ˆµi we get Formula(i). From this it follows, that ifB∈ Lq, thenµ̂(g)
exists for eachg∈ c∗0 if and only if γ ∈ c0, sinceµ̂g(h) = µ̂(gh) for eachh∈ K andg∈ c∗0.

8. Corollary. Let X be a complete locallyK-convex space of separable type over a
local fieldK, then for each constant q> 0 there exists a nondegenerate symmetric positive
definite operator B∈ L1 such that a q-Gaussian measure isσ-additive on B f(X) and each
its one dimensional overK projection is absolutely continuous relative to the nonnegative
Haar measure onK.

Proof. A spaceY from § 4 corresponding toX is a separable locallyR-convex space.
Therefore,Y in a weak topology is isomorphic withRℵ0 from which the existence ofB
follows. For eachK-linear finite dimensional overK subspaceS a projectionµS of µ on
S⊂ X exists and its densityµS(dx)/w(dx) relative to the non-negative nondegenerate Haar
measurew on S is the inverse Fourier transformF−1(µ̂|S∗) of the restriction of ˆµ on S∗

(see about the Fourier transform on non-Archimedean spaces § VII [VVZ94]). For suchB
each one dimensional projection ofµ corresponding to ˆµ has a density that is a continuous
function belonging toL1(K, w,B f(K), R), wherew denotes the nonnegative Haar measure
onK.

9. Proposition. Let µq,B,γ and µq,E,δ be two q-Gaussian measures with correlation
operators B and E of class L1, then there exists a convolution of these measures µq,B,γ∗
µq,E,δ, which is a q-Gaussian measure µq,B+E,γ+δ.

Proof. SinceB andE are nonnegative, then(B+ E)(y,y) = B(y,y) +E(y,y) ≥ 0 for
eachy ∈ Y, that is, B+ E is nonnegative. Evidently,B+ E is symmetric. In view of
[Pie65] B+ E is of classL1. Therefore,µq,B+E,γ+δ is theσ-additiveq-Gaussian measure
together withµq,B,γ andµq,E,δ in accordance with Proposition 6. Moreover,µq,B+E,γ+δ is
defined on theσ-algebraσUB+E containing the union ofσ-algebrasσUB andσUE on which
µq,B,γ andµq,E,δ are defined correspondingly, sinceker(B+ E) ⊂ ker(B)∩ ker(E). Since
µ̂q,B+E,γ+δ = µ̂q,B,γµ̂q,E,δ, thenµq,B+E,γ+δ = µq,B,γ∗µq,E,δ (see Proposition A.12 in Appendix
and use projective limits).

9.1. Remark and Definition.A measurable space(Ω,F) with a probability real-valued
measureλ on a coveringσ-algebraF of a setΩ is called a probability space and it is denoted
by (Ω,F,λ).

The random variableξ induces a normalized measureνξ(A) := λ(ξ−1(A)) in X and a
new probability space(X,B,νξ).

Let T be a set with a coveringσ-algebraR and a measureη : R → R. Denote by
Lq(T,R ,η,H) the completion of the set of allR -step functionsf : T → H relative to the
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following norm:
(1) ‖ f‖η,q := (

∫

t∈T ‖ f (t)‖q
Hη(dt))1/q for 1≤ q < ∞ and

(2) ‖ f‖η,∞ := ess− supη,t∈T ‖ f (t)‖H , whereH is a Banach space overK. For 0 <
q < 1 this is the metric space with the metric

(3) ρq( f ,g) := (
∫

t∈T ‖ f (t)−g(t)‖q
Hη(dt))1/q.

If H is a complete locallyK-convex space, thenH is a projective limit of Banach spaces
H = lim{Hα,πα

β ,ϒ}, whereϒ is a directed set,πα
β : Hα → Hβ is a K-linear continuous

mapping for eachα ≥ β, πα : H →Hα is aK-linear continuous mapping such thatπα
β ◦πα =

πβ for eachα ≥ β (see § 6.205 [NB85]). Each normpα on Hα induces a pre-norm ˜pα on
H. If f : T → H, thenπα ◦ f =: fα : T → Hα. In this caseLq(T,R ,η,H) is defined as a
completion of a family of all step functionsf : T → H relative to the family of pre-norms

(1′) ‖ f‖η,q,α := (
∫

t∈T p̃α( f (t))qη(dt))1/q, α ∈ ϒ, for 1≤ q < ∞ and
(2′) ‖ f‖η,∞,α := ess−supη,t∈T p̃α( f (t)), α ∈ ϒ, or pseudo-metrics

(3′) ρq,α( f ,g) := (
∫

t∈T [p̃α( f (t)−g(t))]qη(dt))1/q, α ∈ ϒ, for 0 < q < 1. Therefore,
Lq(T,R ,η,H) is isomorphic with the projective limit
lim{Lq(T,R ,η,Hα),πα

β ,ϒ}. For example,T may be a subset ofR. If T ⊂ F with a non-
Archimedean fieldF, then we can consider the non-Archimedean time parameter also.

If T is a zero-dimensionalT1-space, then denote byC0
b(T,H) the Banach space of all

continuous bounded functionsf : T → H supplied with the norm:
(4) ‖ f‖C0 := supt∈T ‖ f (t)‖H < ∞.
For a setT and a complete locallyK-convex spaceH over K consider the product

K-convex spaceHT := ∏t∈T Ht in the product topology, whereHt := H for eacht ∈ T.
Then take on eitherX := X(T,H) = Lq(T,R ,η,H) or X := X(T,H) = C0

b(T,H) or
on X = X(T,H) = HT a coveringσ-algebraB such thatB ⊃ B f(X). Consider a random
variableξ : ω 7→ ξ(t,ω) with values in(X,B), wheret ∈ T.

Consider T such that card(T) > n. For X = C0
b(T,H) or X = HT define

X(T,H;(t1, . . . , tn);(z1, . . . ,zn)) as a closed sub-manifold inX of all f : T → H,
f ∈ X such that f (t1) = z1, . . . , f (tn) = zn, where t1, . . . , tn are pairwise distinct
points in T and z1, . . . ,zn are points inH. For X = Lq(T,R ,η,H) and pairwise
distinct points t1, . . . , tn in T with supp(η)⊃ {t1, . . . , tn} define X(T,H;(t1, . . . , tn);
(z1, . . . ,zn)) as a closed sub-manifold which is the completion relative to the norm‖ f‖η,q of
a family ofR -step functionsf : T → H such thatf (t1) = z1, . . . , f (tn) = zn. In these cases
X(T,H;(t1, . . . , tn);(0, . . . ,0)) is the properK-linear subspace ofX(T,H) such thatX(T,H)
is isomorphic withX(T,H;(t1, . . . , tn);(0, . . . ,0))⊕Hn, since if f ∈ X, then f (t)− f (t1) =:
g(t) ∈ X(T,H; t1;0) (in the third case we use thatT ∈ R and hence there exists the embed-
dingH →֒ X). Forn = 1 andt0 ∈ T andz1 = 0 we denoteX0 := X0(T,H) := X(T,H; t0;0).

9.2. Definitions.We define a (non-Archimedean) stochastic processw(t,ω) with values
in H as a random variable such that:

(i) the differencesw(t4,ω)−w(t3,ω) andw(t2,ω)−w(t1,ω) are independent for each
chosen(t1, t2) and (t3, t4) with t1 6= t2, t3 6= t4, such that eithert1 or t2 is not in the two-
element set{t3, t4}, whereω ∈ Ω;

(ii) the random variableω(t,ω)−ω(u,ω) has a distributionµFt,u, whereµ is a probabil-
ity real-valued measure on(X(T,H),B) from § 9.1,µg(A) := µ(g−1(A)) for g : X → H such
thatg−1(RH)⊂B and eachA∈ RH , Ft,u(w) := w(t,ω)−w(u,ω) for eachw∈ Lq(Ω,F,λ;X),
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where 1≤ q≤ ∞, RH is a coveringσ-algebra ofH such thatF−1
t,u (RH) ⊂ B for eacht 6= u

in T;
(iii) we also putw(0,ω) = 0, that is, we consider aK-linear subspaceLq(Ω,F,

λ;X0) of Lq(Ω,F,λ;X), whereΩ 6= /0, X0 is the closed subspace ofX as in § 9.1.
10. Definitions. Let B and q be as in § 6 and denote byµq,B,γ,a the corresponding

q-Gaussian measure onH. Let ξ be a stochastic process with a real timet ∈ T ⊂ R (see
Definition 9.2), then it is called a non-Archimedeanq-Wiener process with real time, if

(ii) ′ the random variableξ(t,ω)−ξ(u,ω) has a distributionµq,(t−u)B,γ for eacht 6= u∈T.
Let ξ be a stochastic process with a non-Archimedean timet ∈ T ⊂ F, whereF is a local

field, thenξ is called a non-Archimedeanq-Wiener process withF-time, if
(ii)” the random variableξ(t,ω)− ξ(u,ω) has a distributionµq,ln[χF(t−u)]B,γ for each

t 6= u∈ T, whereχF : F → S1 is a continuous character ofF as the additive group.
11. Proposition. For each given q-Gaussian measure a non-Archimedean q-Wiener

process with real(F respectively)time exists.
Proof. In view of Proposition 9 for eacht > u > b a random variableξ(t,ω)−ξ(b,ω)

has a distributionµq,(t−b)B,γ for real time parameter. Ift, u, b are pairwise different points
in F, thenξ(t,ω)−ξ(b,ω) has a distributionµq,ln[χF(t−b)]B,γ, sinceln[χF(t−u)]+ ln[χF(u−

b)] = ln[χF(t −b)]. This induces the Markov quasi-measureµ(q)
x0,τ on (∏t∈T(Ht ,Ut)), where

Ht = H andUt = B f(H) for eacht ∈ T (see § VI.1.1 [DF91] and § 3 in [Lud0321]). There-
fore, the Chapman-Kolmogorov equation is accomplished:

P(b,x, t,A) =
∫

H
P(b,x,u,dy)P(u,y, t,A)

for eachA∈ B f(H). An abstract probability space(Ω,F,λ) exists due to the Kolmogorov
theorem, hence the corresponding spaceLr exists. Therefore, conditions of Definitions 10
are satisfied (see also 4.1 [Lud0321]).

12. Proposition. Let ξ be a q-Gaussian process with values in a Banach space H=
c0(α,K) a time parameter t∈ T and a positive definite correlation operator B of trace class
andγ = 0, where card(α) ≤ ℵ0, either T⊂ R or T ⊂ F. Then either

(i) lim
N∈α

Mt‖(vq(e
1(ξ(t,ω)), . . . ,vq(e

N(ξ(t,ω)))‖2
l2 = tTr(B) or

(ii) lim
N∈α

Mt‖(vq(e
1(ξ(t,ω)), . . . ,vq(e

N(ξ(t,ω))‖2
l2 = [ln(χF(t))]Tr(B) respectively.

Proof. At first we consider moments of aq-Gaussian measureµq,B,γ. We define mo-
mentsmq

k(e
j1, . . . ,ejk) :=

∫

H v2q(ej1(x)) · · ·v2q(ejk(x))µq,B,γ(dx) for linear continuous func-
tionalsej1, . . . ,ejk onH such thatel (ej) = δl

j , where in our previous notation{ej : j ∈ α} is
the standard orthonormal base inH.

Consider partial pseudo-differential operatorsP∂u
j given by the equation

(iii) P∂u
j ψ(x) := F

−1
j (|x̃ j |

u
K ψ̂(x̃))(x),

where the norm|b|K = modK (b) on K is chosen coinciding with the modular function as-
sociated with the nonnegative nondegenerate Haar measurew on K (about the modular
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function see [Wei73]),u ∈ C \ {−1}, ψ̂ := F j(ψ) is the Fourier transform ofψ by a vari-
ablex j ∈ K such thatF j is defined relative to the Haar measurew on K [VVZ94]. From
the change of variables formula

∫

K f (ax+ b)g(x)w(dx) =
∫

K f (y)g((y−b)/a)|a|−1
K w(dy)

for each f and g ∈ L2(K, B f(K), w,C), a 6= 0 andb ∈ K, also the Fubini theorem and
the Fourier transform onK it follows that f−α ∗ fu+1 = fu+1−α for u 6= α and ΓK (u+
1)|ξ j |

−u−1
K = F(|x j |

u), where fu(x j) := |x j |
u−1/ΓK (u), ΓK is the non-Archimedean gamma

function, ΓK (u) :=
∫

K |z|u−1
K χ(z)w(dz),χ : K → S1 is the character ofK as the additive

group such thatχ(z) := ∏m
j=1 χp(z′ j), z′ j ∈ Qp, z= (z′1, . . . ,z′m) ∈ K for K considered as

the Qp-linear space,m∈ N, dimQpK = m, χp : Qp → S1 is the standard character such
that χp(y) := exp(2πi{y}p), {y}p := ∑l<0al pl for |y|Qp > 1 and{y}p = 0 for |y|Qp ≤ 1,
y = ∑l al pl , al ∈ {0,1, . . . ,p− 1}, l ∈ Z, min(l : al 6= 0) =: ordp(y) > −∞. Therefore,
P∂u

j |x j |
n = |x j |

n−uΓK (n)/ΓK (n−u), wheren ∈ C \ {−1}. A functionψ for which P∂u
j ψ

exists is called pseudo-differentiable of orderu by variablex j .

Frommq/2
k (ej1, . . . ,ejk) = F−1(|x j1|

q/2· · · |x jk|
q/2F(µ))(0), sinceF(hg) =F(h)∗F(g) for

functionshandg in the Hilbert spaceL2(K, B f(K), w,C) it follows thatmq/2
2k (ej1, . . . ,ej2k)=

P∂q/2
j1 · · · P∂q/2

j2k
µ̂(0) = ([ PDq/2]2kµ̂(0)).(ej1, . . . ,ej2k), where PDq/2 is a K-linear pseudo-

differential operator byx∈ H such that

(PDq/2ψ(x)).ej := P∂q/2
j ψ(x).

Then
(iv) mq/2

2n (ej1, . . . ,ej2n) = (−1)n(n!)−1[ PDq/2]2n[B(vq(z),vq(z)]n.(ej1, . . . ,ej2n)
= (n!)−1 ∑σ∈Σ2n

Bσ( j1),σ( j2) · · ·Bσ( j2n−1),σ( j2n),
since γ = 0 and χγ(z) = 1, where Σk is the symmetric group of all bijective map-
pings σ of the set {1, . . . ,k} onto itself, Bl , j := B(ej ,el ), since Y∗ = Y for Y =
l2(α,R). Therefore, for eachB ∈ L1 andA ∈ L∞ we have

∫

H A(vq(x),vq(x))µq,B,0(dx) =

limN∈α ∑N
j=1 ∑N

k=1A j,km
q/2
2 (ej ,ek) = Tr(AB).

In particular forA = I andµq,tB,0 corresponding to the transition measure ofξ(t,ω) we
get Formula(i) for a real time parameter, usingµq,ln[χF(t)]B,0 we get Formula(ii) for a time
parameter belonging toF, sinceξ(t0,ω) = 0 for eachω.

13. Corollary. Let H = K andξ, B= 1, γ be as in Proposition12, then

(i) M

(

∫

t∈[a,b]
φ(t,ω)|dξ(t,ω)|

q
K

)

= M

[

∫ b

a
φ(t,ω)dt

]

for each a < b ∈ T with real time, whereφ(t,ω) ∈ L2(Ω,U,λ,C0
0(T,R)) ξ ∈

Lq(Ω,U,λ,X0(T,K)) , (Ω,U,λ) is a probability measure space.
Proof. Since

∫

t∈[a,b]φ(t,ω)|dξ(t,ω)|
q
K

= limmaxj (t j+1−t j )→0 ∑N
j=1 φ(t j ,ω)|ξ(t j+1,ω)−ξ(t j ,ω)|

q
K for λ-almost allω ∈ Ω, then apply-

ing Formula 12.(i)to each|ξ(t j+1,ω)− ξ(t j ,ω)|
q
K and taking the limit by finite partitions

a = t1 < t2 < · · · < tN+1 = b of the segment[a,b] we get Formula 13.(i).
14. Remarks. In the classical case withq = 2 andR instead ofK there is analo-

gous formulaM([
∫

t∈[a,b]φ(t,ω)dBt(ω)]2) = M[
∫ b

a φ(t,ω)2dt] known as the It ˆo formula (see
the classical case in [Bou63-69, DF91]). Another analogs of the It ˆo formula were given
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in [Lud0341] (see also comments in § 1.7). Certainly it is impossible to get in the non-
Archimedean case all the same properties of Gaussian measures and Wiener process (Brow-
nian motion) as in the classical case. Therefore, there are different possibilities for seeking
non-Archimedean analogs of Gaussian measures and Wiener processes depending on a set
of properties supplied with these objects. Giving our definitions we had the intention to
take into account the most important properties.

SinceF(χγ)(y) =δ(y−γ) and[δ(y−γ)∗h(y)](x) = h(x−γ) for any continuous function
h, then

∫

H |x j1− γ j1|
q/2· · · |x jk− γ jk|

q/2dµq,B,γ=
∫

H |x j1|
q/2· · · |x jk|

q/2dµq,B,0, consequently,γ
plays in some sense the mean value role.

If A > 0 onY = l2(α,K), then
µq,B,0{x : A(vq(x),vq(x)) ≥ 1} ≤Tr(AB)and
µq,B,0{x : |A(vq(x),vq(x))−Tr(AB)| ≤c(Tr(AB))1/2} ≥ 1−2‖AB‖/c2 for eachc > 0

due to the Chebyshev inequality and Formula 12.(iv).
15. Definitions and Notes.Consider a pseudo-differential operator onH = c0(α,K)

such that
(i) A = ∑

0≤k∈Z; j1,..., jk∈α
(−i)kbk

j1,..., jk P∂ j1 · · · P∂ jk,

wherebk
j1,..., jk ∈ R, P∂ jk := P∂1

jk. If there existsn := max{k: bk
j1,..., jk 6= 0, j1, . . . , jk ∈ α},

thenn is called an order ofA, Ord(A). If A = 0, then by definitionOrd(A) = 0. If there
is not any such finiten, thenOrd(A) = ∞. We suppose that the corresponding formÃ on
⊕

kYk is continuous intoC, where

(ii) Ã(y) =− ∑
0≤k∈Z; j1,..., jk∈α

(−i)kbk
j1,..., jky j1 · · ·y jk,

y∈ l2(α,R) =: Y. If Ã(y)> 0 for eachy 6= 0 in Y, thenA is called strictly elliptic pseudo-
differential operator. The phase multiplier(−i)k is inserted into the definition ofA for in
the definition of P∂ j it was omitted in comparison with the classical case.

Let X be a complete locallyK-convex space, letZ be a complete locallyC-
convex space. For 0≤ n ∈ R a space of all functionsf : X → Z such that f (x)
and ( PDk f (x)).(y1, . . . ,yl(k)) are continuous functions onX for each y1, . . . ,yl(k) ∈
{e1,e2,e3, . . .} ⊂ X∗, l(k) := [k] + sign{k} for eachk ∈ N such thatk ≤ [n] and also for
k = n is denoted byPC

n(X,Z) and f ∈ PC
n(X,Z) is calledn times continuously pseudo-

differentiable, where[n] ≤ n is an integer part ofn, 1 > {n} := n− [n] ≥ 0 is a frac-
tional part ofn, sign(b) =1 for eachb > 0, sign(0) =0, sign(b) =−1 for b < 0. Then
PC

∞(X,Z) :=
⋂∞

n=1 PC
n(X,Z) denotes a space of all infinitely pseudo-differentiable func-

tions.
16. Theorem. Let A be a strictly elliptic pseudo-differential operator on H=

c0(α,K), card(α) ≤ ℵ0, and let t ∈ T = [0,b] ⊂ R. Suppose also that u0(x −
y) ∈ L2(H,B f(H),µtÃ,C) for each marked y∈ H as a function by x∈ H, u0(x) ∈

PC
Ord(A)(H,C). Then the non-Archimedean analog of the Cauchy problem

(i) ∂u(t,x)/∂t = Au, u(0,x) = u0(x)

has a solution given by

(ii) u(t,x) =
∫

H
u0(x−y)µtÃ(dy),
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where µtÃ is a σ-additive Borel measure on H with a characteristic functionalµ̂tÃ(z) :=
exp[−tÃ(v2(z))].

Proof. In accordance with § § 4 and 15 we haveY = l2(α,R). In view of the condi-
tions of this theorem the function exp[−tÃ(v2(z))] is continuous onH →֒ H∗ for eacht ∈ R
such that the familyH of continuousK-linear functionals onH separates points inH. In
view of the Minlos-Sazonov theorem 2.35 above it defines aσ-additive Borel measure on
H for eacht > 0 and hence for eacht ∈ (0,b]. The functionalÃ on each ball of radius
0 < R < ∞ in Y is a uniform limit of its restrictionsÃ|⊕

k[spanK (e1,...,en)]k, whenn tends to
the infinity, sinceÃ is continuous on

⊕

kYk. Sinceu0(x−y)∈ L2(H,B f(H),µtÃ,C) and a
space of cylindrical functions is dense in the latter Hilbert space, then due to the Parceval-
Steklov equality and the Fubini theorem it follows that limP→I FPxu0(Px))µ̂tÃ(y+Px) con-
verges inL2(H,B f(H),µtÃ,C) for eacht, sinceµt1Ã ∗ µt2Ã = µ(t1+t2)Ã for eacht1, t2 and
t1 + t2 ∈ T, whereP is a projection on a finite dimensional overK subspaceHP := P(H) in
H, HP →֒ H, P tends to the unit operatorI in the strong operator topology,FPxu0(Px)
denotes a Fourier transform by the variablePx ∈ HP. Consider a functionv := Fx(u),
then ∂v(t,x)/∂t = −Ã(v2(x))v(t,x), consequently,v(t,x) = v0(x)exp[−tÃ(v2(x))]. From
u(t,x) = F−1

x (v(t,x)), where as aboveFx(u) denotes the Fourier transform by the variable
x∈ H such thatFx(u(t,x)) = limn→∞Fx1,...,xnu(t,x). Therefore,u(t,x) = u0(x)∗F−1

x (µ̂tÃ) =
∫

H u0(x−y)µtÃ(dy), sinceu0(x−y)∈ L2(H,B f(H),µtÃ,C) andµtÃ is the bounded measure
onB f(H) and|

∫

H u0(x−y)µtÃ(dy)| ≤ (
∫

H |u0(x−y)|2µtÃ(dy))µtÃ(H) < ∞.
17. Note. In the particular case ofOrd(A) = 2 andÃ corresponding to the Laplace

operator, that is,̃A(y) =∑l , j gl , jyl y j , Equation 12.(i)is (the non-Archimedean analog of)
the heat equation onH. This provides the interpretation of the 2-Gaussian measureµtÃ =
µ2,tÃ,0. FordimK H < ∞ the densityµtÃ(dx)/w(dx) is called the heat kernel, wherew is the
nonnegative nondegenerate Haar measure onH.

For Ord(A) < ∞ the form Ã0(y) corresponding to sum of terms withk = Ord(A) in
Formula 15.(ii)is called the principal symbol of operatorA. If Ã0(y) > 0 for eachy 6= 0,
thenA is called an elliptic pseudo-differential operator. Evidently, Theorem 16 is true for
elliptic A of Ord(A) < ∞, since exp[−tÃ(v2(z))] is the bounded continuous real-valued
positive definite function.

18. Remark and Definitions. Let linear spacesX over K andY over R be as in § 4
andB be a symmetric nonnegative definite (bilinear) operator on a denseR-linear subspace
DB,Y in Y∗. A quasi-measureµ with a characteristic functional

µ̂(ζ,x) := exp[−ζB(vq(z),vq(z))]χγ(z)

for a parameterζ∈C with Re(ζ)≥ 0 defined onDq,B,X is called a complex-valued Gaussian
measure and is denoted byµq,ζB,γ also, whereDq,B,X := {z∈X∗ : there existsj ∈ϒ such that
z(x) = zj(φ j(x)) ∀x∈ X, vq(z)∈ DB,Y}.

19. Proposition. Let X = Dq,B,X and B be positive definite, then for each function
f (z):=

∫

X χz(x)ν(dx) with a complex-valued measureν of finite variation and each Re(ζ)>
0 there exists

(i)
∫

X
f (z)µζB(dz) = lim

P→I

∫

X
f (Pz)µ(P)

ζB (dz)

=
∫

X
exp(−ζB(vq(z),vq(z)))χγ(z)ν(dz),
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where µ(P)(P−1(A)) := µ(P−1(A)) for each A∈ B f(XP), P : X → XP is a projection on a
K-linear subspace XP, a convergence P→ I is considered relative to a strong operator
topology.

Proof. A complex-valued measureν can be presented asν = ν1−ν2+ iν3− iν4, where
ν j are nonnegative measures,j = 1, . . . ,4, i = (−1)1/2. Using the projective limit decom-
position ofX and § 2.27 above we get that

(ii)
∫

X
f (z)µζB(dz) = lim

P→I

∫

X
f (Pz)µ(P)

ζB (dz).

On the other hand, for each finite dimensional overK subspaceXP

(iii)
∫

X
f (Pz)µ(P)

ζB (dz) =
∫

XP

{exp(−ζB(vq(z),vq(z)))χγ(z)}|XPνXP(dz).

Since each measureν j is non-negative and finite, then due to Lemma 2.3 and § 2.5 above
there exists the limit

lim
P→I

∫

XP

{exp[−ζB(vq(z),vq(z))]χγ(z)}|XPνXP(dz)

=
∫

X
exp(−ζB(vq(z),vq(z)))χγ(z)ν(dz).

20. Proposition. If conditions of Proposition19are satisfied and

(i)
∫

XP

| f (Px)|wXP(dx) < ∞

for each finite dimensional overK subspace XP in X, then Formula19.(i) is accomplished
for ζ with Re(ζ) =0, where wXP is a non-negative nondegenerate Haar measure on XP.

Proof. The finite dimensional overK distribution

µXP
q,iB,γ/wXP(dx) = F

−1(µ̂q,iB,γ|XP)

is locally wXP-integrable, but does not belong to the spaceL1(XP,B f(XP),wXP,C). In view
of Condition 20.(i)above and the Fubini theorem and using the Fourier transform of gen-
eralized functions (see § VII.3 [VVZ94]) we get Formulas 19.(ii,iii). Taking the limit by
P→ I we get Formula 19.(i)in the sense of distributions.

21. Remark. A measureµq,iB,γ is the non-Archimedean analog of the Feynman quasi-
measure. Put

(i) F

∫

X
f (x)µq,iB,γ(dx) := lim

ζ→i

∫

X
f (x)µq,ζB,γ(dx)

if such limit exists. If conditions of Proposition 19 are satisfied, thenψ(ζ) :=
∫

X f (x)µq,ζB,γ(dx) is the holomorphic function on{ζ ∈ C : Re(ζ)> 0} and it is continu-
ous on{ζ ∈ C : Re(ζ)≥ 0}, consequently,

(ii) F

∫

X
f (x)µq,iB,γ(dx) =

∫

X
exp{−iB(vq(x),vq(x))}χγ(x)ν(dx).
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Above were defined non-Archimedean analogs of Gaussian measures withspecific
properties, but usual Gaussian measures does not exist on non-Archimedean spaces as the
following theorem shows.

22. Theorem.Let X be a Banach space of separable type over a locally compact field
K. If on B f(X) there exists a nontrivial real-valued (probability) usual Gaussian measure,
thenK = R.

Proof. Let µ be a nontrivial usual Gaussian real-valued measure onB f(X). Then by the
definition its characteristic functional ˆµ must be positive definite complex-valued function
such that ˆµ(0) =1, lim|y|→∞ µ̂(y) =0 for eachy∈X∗ \{0}, whereX∗ is the topological con-
jugate space toX of all continuousK-linear functionalsf : X → K. Moreover, there exist a
K-bilinear functionalg and a compact non-degenerateK-linear operatorT : X∗ → X∗ with
ker(T) = {0} and a marked vectorx0 ∈ X such that ˆµx0(y) = f (g(Ty,Ty)) for eachy∈ X∗,
whereµx0(dx) := µ(−x0+dx), x∈ X. SinceK is locally compact, thenX∗ is nontrivial and
separates points ofX (see [NB85, Roo78]). Each one-dimensional overK projection of a
Gaussian measure is a Gaussian measure and products of Gaussian measures are Gaussian
measures, hence convolutions of Gaussian measures are also Gaussian measures. There-
fore, µ̂x0 : X∗ → C is a nontrivial character: ˆµx0(y1 + y2) = µ̂x0(y1)µ̂x0(y2) for eachy1 and
y2 in X∗. If char(K) = 0 andK is a non-Archimedean field, then there exists a prime
numberp such thatQp is the subfield ofK. Then µ̂(pny) = (µ̂(y))pn

for eachn ∈ Z and
y ∈ X∗ \ {0}, particularly, forn ∈ N tending to the infinity we have limn→∞ pny = 0 and
limn→∞ µ̂x0(pny) = 1, limn→∞(µ̂x0(y))pn

= 0, since limn→∞ µ̂x0(p−ny) = 0 and|µ̂x0(y)|< 1
for y 6= 0. This gives the contradiction, henceK can not be a non-Archimedean field of zero
characteristic. Suppose thatK is a non-Archimedean field of characteristicchar(K) = p >
0, thenK is isomorphic with the field of formal power series in variablet over a finite field
Fp. Therefore, ˆµx0(py) =1, but µ̂x0(y)p 6= 1 for y 6= 0, since limn→∞ µ̂x0(t

−ny) = 0. This
contradicts the fact that ˆµx0 need to be the nontrivial character, consequently,K can not be
a non-Archimedean field of nonzero characteristic as well. It remains the classical case of
X overR or C, but the latter case reduces toX overR with the help of the isomorphism of
C as theR-linear space withR2.

23. Theorem.Let µq,B,γ and µq,B,δ be two q-Gaussian measures. Then µq,B,γ is equiva-
lent to µq,B,δ or µq,B,γ⊥ µq,B,δ according to vq(γ−δ)∈B1/2(DB,Y) or not. The measure µq,B,γ
is orthogonal to µg,B,δ, when q6= g. Two measures µq,B,γ and µg,A,δ are either equivalent or
orthogonal.

24. Theorem. The measures µq,B,γ and µq,A,γ are equivalent if and only if there exists
a positive definite bounded invertible operator T such that A= B1/2TB1/2 and T− I ∈
L2(Y∗).

Proof. Using the projective limit reduce consideration to the Banach spaceX. Then
proof of theorems 23,24 follows from the consideration of characteristic functionals of
measures, the Kakutani theorem 3.3.1 and the fact that the Fourier transformF is the uni-
tary operator onL2(K, B f(K), v,C) due to the Parceval-Steklov equality, wherev denotes
the Haar normalized nonnegative measure onK. Therefore, it is possible to proceed with
the characteristic functionals ˆµq,B,δ andµ̂g,A,γ instead of measures. Ifg 6= q then the measure
µq,B,γ is orthogonal toµg,B,δ, since limR>0,R+n→∞(µq,B,γ)Xn(X

c
R,n)/(µg,B,δ)Xn(X

c
R,n) = 0,

for eachq > g, whereXc
R,n := Xn \ B(Xn,0,R), Xn := spanK (em : m = n,n+ 1, . . . ,2n),

(µq,B,γ)Xn is the projection of the measureµq,B,γ onXn. Each Hellinger integral in the Kaku-
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tani theorem is in[0,1]⊂ R, consequently, the product in the Kakutani theorem is either
converging to a positive constant or diverges to zero, hence two measuresµq,B,γ andµg,A,δ
are either equivalent or orthogonal (see also the classical case in § II.3 [Kuo75]).

1.7. Comments

Real-valued Haar measures on locally compact topological groups are described in details,
for example, in [Bou63-69, HR79, FD88].

S.N. Evans had used stochastic approach to study non-Archimedean analogs of Gaus-
sian measures [Eva89, Eva91].

1. Definition. Consider a normed space(Y,‖ ∗ ‖Y) over a non-Archimedean fieldF.
A subsetX in Y is called orthogonal if for each finite subset{x1, . . . ,xn}⊂X and each
a1, . . . ,an is satisfied the equality:‖∑n

j=1a jx j‖Y = max1≤ j≤n‖a j‖‖x j‖Y. An orthogonal
subsetX is called orthonormal, if‖x‖Y = 1 for eachx∈ X.

2. Definition. Let (E,E ) be a measurable vector space over a local fieldF. A random
variableξ ∈ L2(E,P,R) is called a Gaussian random variable (is distributed by a Gaussian
probability measure) if for each two independent copiesξ1 andξ2 of ξ and each orthonormal
vectors(a1,a2) and (b1,b2) ∈ F2 the pair(ξ1,ξ2) has the same distribution as(a1ξ1 +
a2ξ2,b1ξ1 +b2ξ2).

3. Theorem. A random variableξ ∈ L2(E,P,R) that is not almost surely zero is
Gaussian if and only if its distribution is a cutoff of the Haar measureλ: P({ξ ∈ dx}) =
π−nψ(π−n‖x‖)λ(dx) for some n∈ Z, whereψ is the characteristic function of[0,1]⊂ R,
|π| < 1 is the generator of the normalization groupΓF, E is locally compact.

4. Theorem. Suppose(E,‖ ∗ ‖E) is a separable Banach space with topological dual
space E∗ and P is aF-Gaussian measure on E. Put S:= {x∈E : |T(x)| ≤ ‖T(X)‖∞ ∀T ∈
E∗}. Then

(i) the group S is the closed support of P;
(ii) the group S is compact;
(iii) if M is a measurable vector subspace of E, then P(M) is either1 or 0, depending

on whether S⊂ M or not.
5. Remark. A random variableξ ∈ L2(E,P,R) was called also a random variable

with values inE in terminology of S.N. Evans (see also [DF91, Eva88, Eva89, Eva91]).
Gaussian random fields with values inQp and controlled by real-valued measures were
also constructed in [AK91] with the help of forward and backward Kolmogorov equations.
The property of invariance of the Gaussian distribution under orthogonal non-Archimedean
transformations leads to a measure with compact support and equivalent to the Haar mea-
sure up to a constant multiplier. Together with results above this gives another proof of the
fact that in the non-Archimedean case there does not exist a measure having all the same
properties as the Gaussian measure in a real Banach space. On the other hand, it shows
that the orthogonality condition being too strong in the non-Archimedean case leads to a
measure, which is a restriction of the Haar measure on a compact subset in the case of lo-
cally compactE. Theorem 4 shows, that S.N. Evans has considered measures with compact
support also in a non-locally compactF-linear spaceE. This means, that such measures
of Theorems 3,4 are not quasi-invariant, but in the classical case Gaussian measures are
quasi-invariant.
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V.S. Vladimirov (see [Vla89, VVZ94] and references therein) and A.N. Kochubei
[Koc95] also have considered integrals overQp of the function f (x) := χp(ax2 +bx) with
parametersa,b∈ Qp as analogs of Gaussian integrals and they evaluated them, whereχp is
the complex valued character ofQp as the additive group. Certainly, because of|χp(z)|= 1
for eachz∈ Qp, the functionχp(ax2 + bx) has not characteristic graph of the Gaussian
distribution tending to zero while|x| tends to the infinity.

All this terminology Gaussian integrals and Gaussian measures is very conditional and
optional, since in the times of K.F. Gauss no any non-Archimedean fields were studied and
non-Archimedean analysis was not existent, because non-Archimedean fields had begun to
be investigated only in the end of the 19-th century and the non-Archimedean normalization
comes back from the Ostrowski’s theorem (see [Roo78, Wei73]). Any use of suitable non-
Archimedean measures or integrals depends on concrete problems.

Pseudo-differential operators considered in this chapter were first studied by V.S.
Vladimirov [Vla89] and also were used in non-Archimedean quantum mechanics [VV89,
VVZ94]. They were used for solutions of the non-Archimedean analog of the heat equation
(see, for example, [Koc96]). It was proved [VVZ94], for example, forp 6= 2 anda 6= 0,
that

∫

B(Qp,0,pN) χp(ax2+bx)dx=: I(p,N,a,b) has valuesI(p,N,a,b) = pNω(pN|b|p), when

|a|pp2N ≤ 1,

I(p,N,a,b) = λp(a)|a|−1/2
p χp(−b2/(4a))ω(p−N|b/a|p),

when |a|pp2N > 1, whereλp(a) = 1 for even ν, λp(a) =
(a0

p

)

, if ν is odd andp =

1 (mod 4), λp(a) = i
(a0

p

)

, if ν is odd andp = 3 (mod 4), whereν is such that

a = pν(a0 + a1p+ · · ·), ν ∈ Z, a j ∈ {0,1, . . . ,p− 1}, a ∈ Qp, a0 6= 0,
(n

p

)

is the Legen-

dre symbol for each primep andn an integer prime top, such that
(n

p

)

= 1 for n being a

quadratic residue modulop, and
(n

p

)

= −1 otherwise,ω(y) = 1 for 0≤ y≤ 1, ω(y) = 0 for
y > 1, dx denotes the Haar nonnegative measure onQp. Taking the limit whileN tends to
infinity gives

∫

Qp

χp(ax2 +bx)dx := lim
N→∞

I(p,N,a,b) = λp(a)|a|−1/2
p χp(−b2/(4a)).

For a local fieldK and the characterχ of rank zero ofK as the additive group and a radial
function f (x) := g(‖x‖) it was also evaluated the integral

∫

K
χ(xξ) f (x)dx= (1−q−1)‖ξ‖−1

∞

∑
n=0

q−ng(q−n‖ξ‖−1)−‖ξ‖−1g(q‖ξ‖−1)

for eachξ 6= 0, whereK is the finite algebraic extension ofQp andq := pf , f ≥ 1 is the index
of inertia,e f = (K : Qp), e≥ 1 is the ramification index,B(K, 0,1)/{x∈ K : |x| < 1}= Fq

is the finite field consisting ofq elements.
There is a generalization of the Minlos theorem on locallyK-convex spaces. In the

case ofK = R it states, that there exists a bijective correspondence between continuous
positive definite functions on a nuclear locally convex topological vector space and Radon
probability measures on the Borelσ-algebra of the topological conjugate spaceE∗ supplied
with the weak topologyσ(E∗,E) provided by the Fourier transform. For properties of
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measures to be quasi-invariant or pseudo-differentiable it does not playany role. This
theorem only permits to get an information about a measure by its characteristic functional,
that is also very important. Ma̧drecki has proved its non-Archimedean analog in [Mad91c].

6. Theorem. Let E be a Hausdorff locallyK-convex space, whereK is a local field.
Then any continuous positive definite function on E is the Fourier transform of a Radon
probability measure on the Borelσ-field B f(E∗) of the topological conjugate space E∗

supplied with the∗-weak topologyσ(E∗,E). Conversely, if E is barreled, then the Fourier
transform of a Radon probability measure on B f(E∗) is a continuous positive definite func-
tion on E.

7. Remark. In [Sat94] an analog of a Wiener measure in a Banach space with a
measurable norm was studied by T. Satoh. It was further development of some results of
S.N. Evans.

8. Definitions.A countable subset{ei : i ∈N} is called an orthogonal Schauder base in a
normed spaceH over a non-Archimedean fieldK if it satisfies the following two conditions:

(1) for eachv∈ H there is the unique sequence{ci : ci ∈ K, i ∈ N} such thatv= ∑i ciei ;
(2) for any converging series∑i ciei , we have|∑∞

i=1 ciei | = maxi |ciei |.
If in addition to the above conditions|ei | = 1 for eachi, then{ei : i} is called an or-

thonormal Schauder basis.
A K-linear mapP∈ L(H) is called an orthogonal projection, ifP2 = P andIm(P) :=

P(H) is orthogonal toKer(P) := P−1(0).
A probability real-valued measureν onK is said to be admissible, if:
(1) the measureν is isometry invariant absolute continuous with respect to the Haar

measureµ and
(2) the value of the Radon-Nykodim derivativedν/dµ(x) atx = πn is a non-decreasing

function ofn, where|π| < 1 is generator of the normalization groupΓK .
The cylinder measureGν with parameterν is the function onCyl(H) defined by the fol-

lowing formula:Gν(P−1(F)) := νP(H)(F), whereCyl(H) denotes the algebra of all cylinder
subsets defined with the help of orthogonal projections on finite dimensional overK sub-
spaces inH, dimK P(H) < ∞, P−1(F) ∈Cyl(H), F ∈ B f(P(H)).

A semi-norm‖∗‖ in H is called measurable if for everyε > 0 there existsP∈ FOP(H)
satisfying‖x‖ ≤ ε‖x‖ for eachx ∈ Ker(P), whereFOP(H) denotes the family of all or-
thogonal projection operators with finite-dimensional ranges overK.

SupposeB is a completion ofH relative to the measurable norm‖ ∗ ‖ in H andB∗ be
the topological dual space of all continuousK-linear functionalsf : B→ K.

9. Proposition. The measure Gν is notσ-additive.
10. Definitions. Let Cyl∗(B) be the family of all cylinder subsets inB of the form:

T := {x∈ B : (P1(x), . . . ,Pn(x)) ∈ E}, whereE ∈ A f(Kn,µn), P1, . . . ,Pn ∈Cyl(H).
The Wiener measureWν with parameterν is defined onCyl∗(B) of the form:Wν(T) :=

Gν(T ∩H) for eachT ∈Cyl∗(H).
11. Theorem. The Wiener measure Wν extends to aσ-additive measure on the sigma

algebraσ(Cyl∗(B)) generated by Cyl∗(B).
12. Remark.Relations between topologies and Borel structures are given, for example,

in [Chr74, Kur66] and references therein.
13. Definitions. By a Borel structureB (X) on a setX there is understood a system

(a particular subfamily) of subsets ofX which is closed with respect to the operations of
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complement and countable union, and which is nonempty. ThusB (X) is the paving ofX,
it is also called aσ-field.

A (Borel) measurable mappingf of (X,B (X)) into (Y,B (Y)) is a mappingf : X →Y
such thatf−1(B)∈ B (X) for eachB∈ B (Y). A Borel isomorphism is a bijective mapping
f of X ontoY such that bothf and f−1 are (Borel) measurable.

A measurable space(X,B (X)) is called separated, if for allx 6= y ∈ X there exists
A∈ B (X) such thatx∈ A, buty /∈ A.

A measurable space(X,B (X)) is called separable, if there exists a sequence{An ∈
B (X) : n ∈ N} which generatesB (X). It is called countably separated, if there exists a
separable subfield which is separated.

14. Theorem. A measurable space(X,B (X)) is Borel isomorphic with a subset of
the real segment[0,1] equipped with the subspace Borel structure(induced from the Borel
structure generated by the usual topology on[0,1]) if and only if it is separable and sepa-
rated.

15. Definitions. A Polish spaceX is a Hausdorff topological space which can be
equipped with a metricd generating its topology and(X,d) is complete.

An analytic topological spaceY is a Hausdorff space which is the continuous image of
a Polish spaceX.

If the Hausdorff topological spaceY is an injective continuous image of a Polish space,
it is called a standard topological space.

16. Theorem. If X is an analytic topological space, then there exists a surjective
continuous mapping f fromNℵ0 onto X, whereNℵ0 is supplied with the product topology.

17. Definitions.Let (X,τX) be a topological space with a Hausdorff topologyτY, then
A ⊂ X is called of the first category (inX), if A is a countable union of closed nowhere
dense subsets inX. SubsetsA of X which can not be so represented are called of the second
category. The BP-field is theσ-field of subsetsA of X for which there existsU ∈ τX such
that A△U := (A\U)∪ (U \A) is of the first category. A Hausdorff topological space is
called a Baire space, if every its open subset is of the second category.

A topological groupG is called analytic, ifG is analytic as a topological space. A
topological groupG is calledσ-bounded, ifG can be covered with countably many left
translations of every neighborhood.

18. Theorem. Let G be a topological group and A be a BP-measurable subset of the
second category. Then A◦A−1 is a neighborhood.

19. Theorem.Any BP-measurable homomorphism f from a topological group G which
is of the second category in itself to aσ-bounded topological group H is continuous. If both
G and H are analytic and G is of the second category, then each homomorphism f: G→ H
with analytic graph is continuous.

20. Theorem. Let (G,τG) be a Baire topological group with a quasi-invariant non-
trivial nonnegative measure µ relative to a dense Baire subgroup(G′,τG′) (in itself)with a
BP-measurable quasi-invariance factorρµ(h,g) : G′×G→ R, thenρµ(h,g) is continuous
in (h,g)∈ G′×G.

Proof. It follows from Theorems 18,19 using the co-cycle property of a quasi-
invariance factorρµ(hv,g) =ρµ(v,h−1g)ρµ(h,g) on a topological groupG relative to the left
action of a dense subgroupG′, whereρµ(h,g) := µ(h−1dg)/µ(dg),µ is a measure onG. Let
B be a Borel subset inR, thenρ−1

µ (B) =: A is a BP-measurable subset in(G′×G,τG′ ×τG).
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In particular, takeB open inR. In view of the co-cycle condition and Definition 17 there
existsV of the second category inG′×G such thatV is BP-measurable andA△V is of
the first category. Since(G′×G,τG′ × τG) is the Baire topological group, thenA◦A−1 is a
neighborhood of the unit element inG′×G.

21. Note. The latter theorem shows, that the supposition of continuity of the quasi-
invariance factor of this chapter is not very restrictive. Moreover, it is implied also un-
der milder conditions. In details relations between Borel measurability and continuity
of functionsφ : (G′ ×X) ∋ (h,x) 7→ hx := φ(h,x) ∈ X satisfying conditionsφ(e,x) = x,
φ(v,φ(h,x)) = φ(vh,x) for eachv,h∈ G′ and eachx∈ X were given in [Fid00], whereX is
a Polish topological space andG′ is a Polish topological group.



Chapter 2

Non-Archimedean Valued Measures

2.1. Introduction

This Chapter is the continuation of the first one and treats the case of measures with values
in non-Archimedean fields of zero characteristic, for example, the fieldQp of p-adic num-
bers. There are specific features with formulations of definitions and theorems and their
proofs, because of differences in the notions ofσ-additivity of real-valued andQp-valued
measures, differences in the notions of spaces of integrable functions, quasi-invariance
and pseudo-differentiability. For thes-free groupG a measurem with values in a non-
Archimedean fieldK s satisfy ConditionI .1.(H) only for an algebra of clopen (closed and
open) subsetsA, where a fieldK s is a finite algebraic extension ofQs. Indeed, in the last
case if a measure is locally finite andσ-additive on the Borel algebra ofG, then it is purely
atomic with atoms being singletons, so it can not be invariant relative to the entire Borel
algebra (see Chapters 7-9 [Roo78]). The Lebesque convergence theorem has quite another
meaning, the Radon-Nikodym theorem in its classical form is not applicable to the consid-
ered here case. A lot of definitions and theorems given below are the non-Archimedean
analogs of results for real-valued measures of Chapter I. Frequently their formulations and
proofs differ strongly. If proofs differ slightly from the case of real-valued measures of
Chapter I, only general circumstances are given in for non-Archimedean-valued measures.

In § 2 sequences of weak distributions, characteristic functions of measures and their
properties are defined and investigated. The non-Archimedean analogs of the Minlos-
Sazonov and Bochner-Kolmogorov theorems are given. Quasi-measures also are consid-
ered. In § 3 products of measures are considered together with their density functions.
The non-Archimedean analog of the Kakutani theorem is investigated. In the present
chapter broad classes of quasi-invariant measures are defined and constructed. Theorems
about quasi-invariance of measures under definite linear and non-linear transformations
U : X → X are proved. § 4 contains a notion of pseudo-differentiability of measures. This
is necessary, because for functionsf : K → Qs with s 6= p there is not any notion of differ-
entiability (there is not such non-linear non-trivialf ), whereK is a field such thatK ⊃ Qp.
There are given criteria for the pseudo-differentiability. In § 5 there are given theorems
about convergence of measures with taking into account their quasi-invariance and pseudo-
differentiability, that is, in the corresponding spaces of measures. The main results are
Theorems 2.21, 2.30, 3.5, 3.6, 3.15, 3.19, 3.20, 4.2, 4.3, 4.5, 5.7-5.10.
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In this chapter notations of Chapter I are used also.
Notations. Henceforth,K denotes a locally compact infinite field with a non-trivial

norm, then the Banach spaceX is overK. In the present chapter measures onX have values
in the fieldK s, whereK s is a non-Archimedean field complete relative to its uniformity
and such thatQs ⊂ K s, whereQs is thes-adic field with the certain prime numbers. In
all theorems of this chapter and Chapter IV measures can be realized, whenK s is a local
field, that is, a finite algebraic extension ofQs, but also they are true, whenK s is a broader
field, for example,Cs ⊂ K s or Us ⊂ K s (see below). Henceforth,Cs denotes the uniform
completion of the union of all local fieldsK s with the multiplicative ultra-norm extending
that ofQs. Let Us be a field obtained fromCs with the help of procedures of ultra-products
and spherical completion such that its normalization groupΓUs = (0,∞) (see [Dia84, Esc95]
and references therein and comments below). We assume thatK is s-free as the additive
group, for example, eitherchar(K) = 0, K is a finite algebraic extension of the field of
p-adic numbersQp or char(K) = p andK is isomorphic with a fieldFp(θ) of formal power
series consisting of elementsx = ∑ j a jθ j , wherea j ∈ Fp, |θ| = p−1, Fp is a finite field of
p elements,p is a prime number andp 6= s. These imply thatK has the Haar measures
with values inK s [Roo78]. If X is a Hausdorff topological space with a small inductive
dimensionind(X) = 0, thenE denotes an algebra of subsets ofX, as a ruleE ⊃ Bco(X) for
K s-valued measures, whereBco(X) denotes an algebra of clopen (closed and open) subsets
of X, B f(X) is a Borelσ-field of X, A f(X,µ) is the completion ofE by a measureµ in §
2.1.

2.2. Non-Archimedean Valued Distributions

2.1. For a Hausdorff topological spaceX with a small inductive dimensionind(X) = 0
[Eng86], henceforth, measuresµ are given on a measurable space(X,E), whereE is an
algebra such thatE ⊃ Bco(X), Bco(X) is an algebra of closed and at the same time open
(clopen) subsets inX.

We recall that a mappingµ : E→K s for an algebraE of subsets ofX is called a measure,
if the following conditions are accomplished:

(i) µ is additive andµ( /0) = 0,

(ii) for eachA∈ E there exists the following norm

‖A‖µ := sup{|µ(B)|Ks : B⊂ A,B∈ E} < ∞,

(iii) if there is a shrinking familyF, that is, for each

A,B ∈ F there existF ∋ C ⊂ (A∩B) and∩{A : A ∈ F} = /0, then limA∈F µ(A) = 0 (see
also Chapter 7 [Roo78] and also about the completionA f(X,µ) of the algebraE by the
measureµ). A measure with values inK s is called a probability measure if‖X‖µ = 1 and
µ(X) = 1. For functionsf : X → K s andφ : X → [0,∞) there are used notations‖ f‖φ :=
supx∈X(| f (x)|φ(x)), Nµ(x) := inf(‖U‖µ : U ∈ Bco(X), x ∈ X). Tight measures (that is,
measures defined onE ⊃ Bco(X)) compose the Banach spaceM(X) with a norm‖µ‖ :=
‖X‖µ. Everywhere below there are considered measures with‖X‖µ < ∞ for µ with values
in K s, if it is not specified another.
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A measureµ on E is called Radon, if for eachε > 0 there exists a compact subsetC⊂ X
such that‖µ|(X\C)‖ < ε. Henceforth,M(X) denotes the space of norm-bounded measures,
Mt(X) is its subspace of Radon norm-bounded measures.

2.1.1. Definition. Suppose thatS is a subfamily of a covering ringR of X such that
for eachA andB in S there existsC ∈ S with C ⊂ A∩B, thenS is called shrinking. For a
function f : R → K or f : R → R the notation limA∈S f (A) = 0 means that for eachε > 0
there existsB∈ S such that| f (A)| ≤ ε for eachA∈ S with A⊂ B.

2.1.2. Notes. Put ‖ f‖µ := ‖ f‖Nµ. Then for eachA ⊂ X the function‖A‖µ :=
supx∈ANµ(x) is defined such that its restriction onR coincides with that of given by Equa-
tion 2.1.(ii) (see also Chapter 7 [Roo78]). AR -step functionf is a function f : X → K
such that it is a finite linear combination overK of characteristic functionsChU of U ∈ R .
A function f is calledµ-integrable if there exists a sequence{ fn : n∈ N} of step functions
such that limn→∞‖ f − fn‖Nµ = 0. The Banach space ofµ-integrable functions is denoted by
L(µ) := L(X,R ,µ,K). There exists a ringRµ of subsetsA in X for whichChA ∈ L(µ). The
ring Rµ is the extension of the ringR such thatRµ ⊃ R .

For example, ifK is locally compact, then the normalization groupΓK := {|x| : x ∈
K, x 6= 0} is discrete in(0,∞)⊂R. If µ is a measure such that 0< ‖µ‖< ∞, then there exists
a∈ K such that|a|= ‖µ‖−1, since‖µ‖ ∈ ΓK for discreteΓK , henceaµ is also the measure
with ‖µ‖ = 1. If ‖µ‖ = 1, thenµ is the nonzero measure. For suchµ with µ(X) =: bX ∈ K
if bX 6= 1 we can take a non-void new setY and define onX0 := Y∪X a minimal ringR0

generated byR and{Y}, that is,R0∩Y = { /0,{Y}} andR0 ⊃ R ∪{Y}. Since‖µ‖ = 1,
then|bX| ≤ 1. Putµ(Y) := 1−bX, then there exists the extension ofµ from R onR0 such
that‖µ‖ = 1 andµ(X0) = 1, since|1−bX| ≤ max(1,|bX|) = 1. In particular, we can take a
singletonY = {y}. Therefore, probability measures are rather naturally related with nonzero
bounded measures. This also shows that from‖µ‖= 1 in general does not followµ(X) = 1.
Evidently, fromµ(X) = 1 in general does not follow‖µ‖ = 1, for example,X = {0,1},
R = { /0,{0},{1},X}, µ({0}) = a, µ({1}) = 1−a, where|a|> 1, hence‖µ‖ = |a|> 1.

Consider a non-void topological spaceX. A topological space is called zero-
dimensional if it has a base of its topology consisting of clopen subsets. A topological
spaceX is called aT0-space if for each two distinct pointsx andy in X there exists an open
subsetU in X such that eitherx∈U andy∈ X \U or y∈U andx∈ X \U .

A covering ringR of a spaceX defines on it a base of zero-dimensional topology
τR such that each element ofR is considered as a clopen subset inX. If π : X → Y is a
mapping such thatπ−1(RY)⊂ RX, then a measureµon(X,RX) induces a measureν := π(µ)
on (Y,RY) such thatν(A) = µ(π−1(A)) for eachA∈ RY.

2.2. If A∈ Bco(L), thenP−1
L (A) is called a cylindrical subset inX with a baseA, BL :=

P−1
L (Bco(L)), B0 := ∪(BL : L ⊂ X,L is a Banach subspace, dimK X < ℵ0) (see §I.2.2). Let

an increasing sequence of Banach subspacesLn ⊂ Ln+1 ⊂ ·· · such thatcl(∪[Ln : n]) = X,
dimK Ln = κn for eachn be chosen, wherecl(A) = Ā denotes a closure ofA in X for A⊂ X.
We fix a family of projectionsPLm

Ln
: Lm → Ln such thatPLm

Ln
PLn

Lk
= PLm

Lk
for eachm≥ n≥ k.

A projection of the measureµ ontoL denoted byµL(A) := µ(P−1
L (A)) for eachA∈ Bco(L)

compose the consistent family:

µLn(A) = µLm(P−1
Ln

(A)∩Lm) (1)

for eachm≥ n, since there are projectorsPLm
Ln

, whereκn ≤ ℵ0 and there may be chosen
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κn < ℵ0 for eachn.
An arbitrary family of measures{µLn : n∈ N} having property(1) is called a sequence

of weak distributions (see also [DF91, Sko74]).
2.3. Lemma.A sequence of weak distributions{µLn : n} is generated by some measure

µ on Bco(X) if and only if for each c> 0 there exists b> 0 such that‖Ln\B(X,0,r)‖µLn
≤ c

for each n∈ N andsupn‖Ln‖µLn
< ∞ for µ with values inK s, where r≥ b.

Proof. For µ with values inK s the necessity is evident.
Recall Theorem 7.6 [Roo78]:
(Ri). If µ is a measure onR , thenNµ is R -upper semi-continuous and for eachA∈ Rµ

andb > 0 the set{x∈ A : Nµ(x) ≥ b} is Rµ-compact (henceR -compact);
(Rii). Conversely, letµ : R → K be additive. Assume that there exists anR -upper

semi-continuous functionφ : X → [0,∞) such that|µ(A)| ≤ supx∈A φ(x) for eachA∈ R and
{x∈ A : φ(x) ≥ b} is compact for everyb > 0. Thenµ is a measure andNµ ≤ φ.

To prove the sufficiency it remains only to verify property (2.1.iii), since then‖X‖µ =
supn‖Ln‖µLn

< ∞. Let B(n) ∈ E(Ln), A(n) = P−1
Ln

(B(n)), by the cited above Theorem
7.6 [Roo78] for eachc > 0 there is a compact subsetC(n) ⊂ B(n) such that‖B(n)\
C(n)‖µLn

< c, where‖B(n)\D(n)‖µ ≤ max(‖B(m)\C(m)‖µL(m)
: m = 1, . . . ,n) < c and

D(n) :=
⋂n

m=1PL(m)
−1(C(m))∩Ln), P−1

Ln
(E(Ln) ⊂ E = E(X). If A(n)⊃ A(n+1)⊃ ·· · and

⋂

nA(n) = /0, thenA′(n+ 1)⊂ A′(n) and
⋂

nA′(n) = /0, whereA′(n) := P−1
Ln

(D(n)), hence
‖A(n)‖µ ≤ ‖A′(n)‖µ+c. There may be takenB(n)as closed subsets inX.

Remind the Hahn-Banach Theorem 4.8 [Roo78]: letE andF be normed spaces,D a
linear subspace ofE; assume that eitherD or F is spherically complete; then everyS∈
L(D,F) has an extension̄S∈ L(E,F) such that‖S̄‖ = ‖S‖.

In accordance with the Alaouglu-Bourbaki theorem (see Exer. 9.202(a.3) [NB85])
if K is a locally compact field with a non-Archimedean multiplicative norm,X is a lo-
cally K-convex space andU is a neighborhood of zero inX, then its polarUo := { f ∈
X′ : supx∈U | f (x)| ≤ 1} is σ(X′,X)-compact.

In view of the Alaoglu-Bourbaki theorem and the Hahn-Banach theorem setsA(n)
and B(X,0,r) are weakly compact inX, hence, for eachr > 0 there existsn with
B(X,0,r)∩A(n) = /0. Therefore,‖A(n)‖µ = ‖B(n)‖µLn

≤ ‖Ln\B(X,0,r)‖µLn
≤ c and there

exists limn→∞ µ(A(n)) =0, sincec is arbitrary.
2.4. Definition and notations. A function φ : X → K s of the formφ(x) = φS(PSx) is

called a cylindrical function ifφS is a E(S)-measurable function on a finite-dimensional
overK spaceS in X. ForφS∈ L(S,µS,K s) := L(µS) for µ with values inK s we may define
an integral by a sequence of weak distributions{µS(n)}:

∫

X
φ(x)µ∗(dx) :=

∫

φS(n)(x)µS(n)(dx),

whereL(µ) is the Banach space of classes ofµ-integrable functions (f = g µ-almost every-
where, that is,‖A‖µ = 0, A := {x : f (x) 6= g(x)} is µ-negligible) with the following norm
‖ f‖ := ‖g‖Nµ.

2.5. Remarks and definitions. In the notation of § I.2.6 all continuous characters
χ : K → Cs have the form

χξ(x) = εz−1η((ξ,x)) (1)
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for eachη((ξ,x)) 6= 0, χξ(x) := 1 for η((ξ,x)) = 0, where ε = 1z is a root of unity,
z= pord(η((ξ,x))), π j : K → R, η(x) := {x}p andξ ∈ Qn

p
∗ = Qn

p for char(K) = 0, η(x) :=
π−1(x)/p andξ ∈ K ∗ = K for char(K) = p > 0, x∈ K, (see also § 25 [HR79]). Eachχ is
locally constant, henceχ : K → Ts is also continuous, whereT denotes the discrete group
of all roots of 1,Ts denotes its subgroup of elements with orders that are not degreessm of
s,m∈ N.

For a measureµ with values inK s there exists a characteristic functional (that is, called
the Fourier-Stieltjes transformation)θ = θµ : C(X,K) → Us:

θ( f ) :=
∫

X
χe( f (x))µ(dx), (2)

whereK s∪Cs⊂Us, eithere= (1, . . . ,1)∈Qn
p for char(K) = 0 ore= 1∈K ∗ for char(K) =

p> 0, x∈ X, f is in the spaceC(X,K) of continuous functions fromX into K, in particular
for z= f in the topologically conjugated spaceX∗ overK, z : X → K, z∈ X∗, θ(z) =: µ̂(z).
It has the following properties:

θ(0) = 1 for µ(X) = 1 (3a)

andθ( f ) is bounded onC(X,K);

sup
f
|θ( f )| = 1 for probability measures ; (3b)

θ(z) is weakly continuous, that is,(X∗,σ(X∗,X))-continuous, (4)

σ(X∗,X) denotes a weak topology onX∗, induced by the Banach spaceX overK. To each
x∈X there corresponds a continuous linear functionalx∗ : X∗ →K, x∗(z):= z(x), moreover,
θ( f ) is uniformly continuous relative to the norm on

Cb(X,K) := { f ∈C(X,K) : ‖ f‖ := sup
x∈X

| f (x)|K < ∞}.

Recall the non-Archimedean analog of the Lebesgue theorem (see Exer. 7.F [Roo78])
for µ with values inK s. Let µ be a measure onR , let g∈ L(µ) and let{ f j : j} be a net of
µ-integrable functions fromX into K s converging to a functionf uniformly onRµ-compact
subsets and such that| f j | ≤ |g| for every j. Then f ∈ L(µ) and limj ‖ f j − f‖µ = 0 and
lim j

∫

X f j(x)µ(dx) =
∫

X f (x)µ(dx).
Remind also the equicontinuity theorem: letX be a topological vector space and letX′

be its topologically dual; a subsetH of X′ is equicontinuous if and only ifH is contained in
a polarVo of some neighborhoodV of 0 in X (see (9.5.4) and Exer. 9.202 [NB85]).

Property (4) follows from Lemma 2.3, boundedness and continuity ofχe and the fact
that due to the Hahn-Banach theorem there isxz ∈ X with z(xz) = 1 for z 6= 0 such that
z|(X⊖L) = 0 and

θ(z) =
∫

X
χe(PL(x))µ(dx) =

∫

L
χe(y)µL(dy),

whereL = Kxz, also due to the Lebesgue theorem.
Indeed, for eachc > 0 there exists a compact subsetS⊂ X such that‖X \S‖µ < c,

each bounded subsetA⊂ X∗ is uniformly equicontinuous onS, that is,{χe(z(x)) : z∈ A} is
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the uniformly equicontinuous family (byx∈ S). On the other hand,χe( f (x)) is uniformly
equicontinuous on a boundedA⊂Cb(X,K) by x∈ S.

We call a functionalθ finite-dimensionally concentrated, if there existsL⊂X, dimK L <
ℵ0, such thatθ|(X\L) = µ(X). For eachc > 0 andδ > 0 in view of Theorem 7.6[Roo78]
recalled above there exists a finite-dimensional overK subspaceL and compactS⊂ Lδ such
that‖X \S‖µ < c. LetθL(z) := θ(PLz).

This definition is correct, sinceL ⊂ X, X has the isometrical embedding intoX∗ as
the normed space associated with the fixed basis ofX, such that functionalsz∈ X sep-
arate points inX. If z ∈ L, then |θ(z)− θL(z)| ≤ c× b× q, whereb = ‖X‖µ, q is in-
dependent ofc and b. Each characteristic functionalθL(z) is uniformly continuous by
z∈ L relative to the norm‖ ∗ ‖ on L, since|θL(z)− θL(y)| ≤ |

∫

S′∩L[χe(z(x))− χe(y(x))]
µL(dx)| +|

∫

L\S′ [χe(z(x))−χe(y(x))] µL(dx)|, where the second term does not exceed 2C′

for ‖L\S′‖µL < c′ for a suitable compact subsetS′⊂X andχe(z(x)) is an uniformly equicon-
tinuous byx∈ S′ family relative toz∈ B(L,0,1).

For a fieldK denote byTK the group of all those roots of unity ofK whose orders are
not divisible by the characteristicp of the residue class fieldk of K. A K-valued character
of a point-wise torsional groupG is a continuous homomorphismG→ TK . TheK-valued
characters form a groupG.̂

K .
Remind the basic theorem about the Fourier-Stieltjes transform (see also Theorem 9.20

[Roo78]): letG be a torsional group compatible withK s, then the Fourier-Stieltjes trans-
form is an isomorphism of Banach algebrasM(G)≃ BUC(G.̂

Ks
).

A group G is supplied with a subgroup topology, if there exists a familyU of its
subgroups so that

⋂

H∈U H = {1} and the co-sets ofH ∈ U form a subbase for a zero-
dimensional Hausdorff topology onG that rendersG a topological group. Remind also that
a topological groupG with a subgroup topology is called torsional if every compact subset
of G is contained in a compact subgroup ofG.

Therefore,
θ(z) = lim

n→∞
θn(z) (5)

for each finite-dimensional overK subspaceL, whereθn(z) is uniformly equicontinuous and
finite-dimensionally concentrated onLn ⊂ X, z∈ X, cl(

⋃

nLn) = X, Ln ⊂ Ln+1 for everyn,
for eachc > 0 there aren andq > 0 such that|θ(z)− θ j(z)| ≤cbq for z∈ L j and j > n,
q = const> 0 is independent ofj, c andb. Let {ej : j ∈ N} be the standard orthonormal
basis inX, ej = (0, . . . ,0,1,0, . . .) with 1 in j-th place. Using Property 2.1.(iii) ofµ, local
constantness ofχe, considering allz= bej andb∈ K, we get thatθ(z) on X is non-trivial,
whilst µ is a non-zero measure, since due to Lemma 2.3µ is characterized uniquely by
{µLn : n}. Indeed, forµ with values inK s a measureµV on V, dimKV < ℵ0, this follows
from the basic theorem about the Fourier-Stieltjes transform, where

F(g)(z) := lim
r→∞

∫

B(V,0,r)
χe(z(x))g(x)m(dx),

z∈ V, g ∈ L(V,µV ,Us), m is the Haar measure onV with values inK s. Therefore, the
mappingµ 7→ θµ is injective.

2.6. Theorem.Let µ1 and µ2 be measures inM(X) on the same algebra E, where
Bco(X) ⊂ E ⊂ B f(X) such thatµ̂1( f ) = µ̂2( f ) for each f∈ Γ. Then µ1 = µ2, where
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X = c0(α,K), α ≤ ω0, Γ is a vector subspace in a space of continuous functions f: X → K
separating points in X.

Proof. Let at firstα < ω0, then due to § 2.5µ1 = µ2, since the familyΓ generatesE.
Now letα = ω0, A = {x∈ X : ( f1(x), . . . , fn(x)) ∈ S}, ν j be an image of a measureµj for a
mappingx 7→ ( f1(x), . . . , fn(x)), whereS∈ E(Kn), f j ∈ X →֒ X∗. Thenν̂1(y) = µ̂1(y1 f1 +
· · ·+ yn fn) = µ̂2(y1 f1 + · · ·+ yn fn) = ν̂2(y) for eachy = (y1, . . . ,yn) ∈ Kn, consequently,
ν1 = ν2 onE. Further compositions off ∈ Γ with continuous functionsg : K →K s generate
a family ofK s-valued functions correspondingly separating points ofX (see also Chapter 9
in [Roo78]).

2.7. Proposition. Let µl and µ be measures inM(Xl ) and M(X) respectively, where
Xl = c0(αl ,K), αl ≤ ω0, X = ∏n

1Xl , n∈ N. Then the condition̂µ(z1, . . . ,zn) = ∏n
l=1 µ̂l (zl )

for each(z1, . . . ,zn) ∈ X →֒ X∗ is equivalent to µ= ∏n
l=1µl .

Proof. Let µ = ∏n
l=1µl , then µ̂(z1, . . . ,zn) =

∫

X χe(∑zl (xl ))∏n
l=1µl (dxl ) =

∏n
l=1

∫

Xl
χe(zl (xl ))µl (dxl ). The reverse statement follows from Theorem 2.6.

2.8. Proposition.Let X be a Banach space overK; suppose µ, µ1 and µ2 are probability
measures on X. Then the following conditions are equivalent: µ is the convolution of two
measures µj , µ= µ1∗µ2, andµ̂(z) = µ̂1(z)µ̂2(z) for each z∈ X.

Proof. Let µ = µ1∗µ2. This means by the definition thatµ is the image of the measure
µ1⊗µ2 for the mapping(x1,x2) 7→ x1+x2, x j ∈X, consequently, ˆµ(z) =

∫

X×X χe(z(x1+x2))
(µ1⊗µ2)(d(x1,x2)) = ∏2

l=1
∫

X χe(z(xl ))µl (dxl ) = µ̂1(z)µ̂2(z).On the other hand, if ˆµ1µ̂2 = µ,
thenµ̂ = (µ1 ∗µ2)

∧ and due to the basic theorem about the Fourier-Stieltjes transform (see
above) for measures with values inK s, we haveµ= µ1∗µ2.

2.9. Corollary. Let ν be a probability measure on B f(X) and µ∗ν = µ for each µ with
values in the same field, thenν = δ0.

Proof. If z0 ∈ X →֒ X∗ and µ̂(z0) 6= 0, then from µ̂(z0)ν̂(z0) = µ̂(z0) it follows that
ν̂0(z0) = 1. From Property 2.6(5) we get that there existsm∈ N with µ̂(z) 6= 0 for eachz
with ‖z‖= p−m, sinceµ̂(0) = 1. Thenν̂(z+z0) = 1, that is,ν̂|(B(X,z0,p−m)) = 1. Sinceµ are
arbitrary we get̂ν|X = 1, that is,ν = δ0 due to § 2.5.

2.10. Corollary. Let X and Y be Banach spaces overK, µ andν be probability measures
on X and Y respectively, suppose T: X →Y is a continuous linear operator. A measureν
is an image of µ for T if and only if̂ν = µ̂◦T∗, where T∗ : Y∗ → X∗ is an adjoint operator.

Proof. It follows immediately from § 2.5 and § 2.6.
2.11. Proposition. For a completely regular space X with the zero small inductive

dimension ind(X) = 0 the following statements are accomplished:
(a). if (µβ) is a bounded net of measures inM(X) that weakly converges to a mea-

sure µ inM(X), then(µ̂β( f )) converges tôµ( f ) for each continuous f: X → K; if X is
separable and metrizable then(µ̂β) converges tôµ uniformly on subsets that are uniformly
equicontinuous in C(X,K);

(b). if M is a bounded dense family in a ball of the spaceM(X) for measures inM(X),
then a family(µ̂ : µ ∈ M) is equicontinuous on a locallyK-convex space C(X,K) in a
topology of uniform convergence on compact subsets S⊂ X.

Proof. (a). Functionsχe( f (x)) are continuous and bounded onX, where µ̂( f ) =
∫

X χe( f (x))µ(dx). Then (a) follows from the definition of the weak convergence, since
spanUs{χe( f (x)) : f ∈C(X,K} is dense inC(X,Us).

(b). For eachc > 0 there exists a compact subsetS⊂ X such that‖µ|(X\S)‖ < c/4 for
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K s-valued measures. Therefore, forµ∈ M and f ∈C(X,K) with | f (x)|K < c < 1 for x∈ S
we get|µ(X)− µ̂( f )| = |

∫

X(1−χe( f (x))µ(dx)| < c/2 for K s-valuedµ, since forc < 1 and
x∈ Swe haveχe( f (x))−χe(− f (x)) = 0.

2.12. Theorem.Let X be a Banach space overK, γ : Γ → Cs be a continuous positive
definite function,(µβ) be a bounded weakly relatively compact net in the spaceMt(X)
of Radon norm-bounded measures and there existslimβ µ̂β( f ) = γ( f ) for each f∈ Γ and
uniformly on compact subsets of the completionΓ̃, whereΓ ⊂C(X,K) is a vector subspace
separating points in X. Then(µβ) weakly converges to µ∈ Mt(X) with µ̂|Γ = γ.

Proof. Is analogous to the proof of Theorem I.2.17 and follows from Theorem 2.6 and
using the non-Archimedean Lebesgue convergence theorem recalled above.

2.13. Theorem. (a). A bounded family of measures inM(Kn) is weakly relatively
compact if and only if a family(µ̂ : µ∈ M) is equicontinuous onKn.

(b). If (µj : j ∈ N) is a bounded sequence of measures inMt(Kn), γ : Kn → Us is a
continuous function,̂µj(y) → γ(y) for each y∈ Kn uniformly on compact subsets inKn,
then(µj) weakly converges to a measure µ withµ̂= γ.

(c). A bounded sequence of measures(µj) in Mt(Kn) weakly convereges to a measure
µ in Mt(Kn) if and only if for each y∈ Kn there existslim j→∞ µ̂j(y) = µ̂(y).

(d). If a bounded net(µβ) in Mt(Kn) converges uniformly on each bounded subset in
Kn, then(µβ) converges weakly to a measure µ inMt(Kn), where n∈ N.

Proof. (a). This follows from Proposition 2.11.
(b). Due to the non-Archimedean Fourier transform and the Lebesgue con-

vergence theorem forK s-valued measures formulated above and from the condition
limR→∞sup|y|>R|γ(y)|Rn = 0 it follows, that for eachε > 0 there existsR0 > 0 such that
limmsupj>m‖µj |{x∈Kn:|x|>R}‖ ≤ 2sup|y|>R|γ(y)|R< ε for eachR> R0. In view of Theorem
2.12 (µj) converges weakly toµ with µ̂ = γ. (c,d). These can be proved analogously to
I.2.18.

2.14. Corollary. If (µ̂β)→ 1 uniformly on some neighborhood of0 in Kn for a bounded
net of measures µβ in Mt(Kn), then(µβ) converges weakly toδ0.

2.15. Definition. A family of probability measuresM ⊂ Mt(X) for a Banach space
X overK is called planely concentrated if for eachc > 0 there exists aK-linear subspace
S⊂X with dimK S= n< ℵ0 such that inf(‖Sc‖µ : µ∈M) > 1−c. The Banach spaceMt(X)
is supplied with the following norm‖µ‖

2.16. Theorem. Let X be a Banach space overK with a familyΓ ⊂ X∗ separating
points in M⊂ Mt(X). Then M is weakly relatively compact if and only if a family{µz :
µ∈ M} is weakly relatively compact for each z∈ Γ and M is planely concentrated, where
µz is an image measure onK of a measure µ induced by z.

Proof. It follows from the Alaoglu-Bourbaki theorem recalled above and Lemmas I.2.5
and I.2.21.

2.17. Theorem. For X and Γ the same as in Theorem2.16 a sequence{µj : j ∈
N} ⊂ Mt(X) is weakly convergent to µ∈ Mt(X) if and only if for each z∈ Γ there exists
lim j→∞ µ̂j(z) = µ̂(z)and a family{µj} is planely concentrated.

Proof. It follows immediately from Theorems 2.12,13,16.
2.18. Proposition.Let X be a weakly regular space with ind(X) = 0, Γ ⊂C(X,K) be a

vector subspace separating points in X,(µn : n∈ N) ⊂ Mt(X), µ∈ Mt(X), limn→∞ µ̂n( f ) =
µ̂( f ) for each f∈ Γ. Then(µn) is weakly convergent to µ relative to the weakest topology



Non-Archimedean Valued Measures 99

σ(X,Γ) in X relative to which all f∈ Γ are continuous.
Proof. It follows from Theorem 2.13.
2.19. Let (X,U) = ∏λ(Xλ,Uλ) be a product of measurable completely regular Radon

spaces(Xλ,Uλ) = (Xλ,Uλ,Kλ), whereKλ are compact classes approximating from below
each measureµλ on (Xλ,Uλ), that is, for eachc > 0 and elementsA of an algebraUλ there
is S∈ Kλ, S⊂ A with ‖A\S‖µλ < c.

Theorem. Each bounded quasi-measure µ with values inK s on (X,U) (that is, µ|Uλ

is a bounded measure for eachλ) is extendible to a measure on an algebra A f(X,µ) ⊃ U,
where an algebraU is generated by a family(Uλ : λ ∈ Λ).

Proof. We have 2.1(i) by the condition and‖X‖µ < ∞, if 2.1(iii) is satisfied. It remains
to prove 2.1(iii). For each sequence(An)⊂U with

⋂

nAn = /0 and eachc> 0 for eachj ∈ N
we chooseK j ∈ K, where the compact classK is generated by(Kλ) (see also Proposition
1.1.8[DF91]), such thatK j ⊂ A j and‖A j \K j‖µ < c. Since

⋂∞
n=1Kn ⊂

⋂

nAn = /0, then there
exists l ∈ N with

⋂l
n=1Kn = /0, henceAl = Al \

⋂l
n=1Kn ⊂

⋃l
n=1(An \Kn), consequently,

‖Al‖µ ≤ maxn=1,...,l (‖An\Kn‖µ) < c.
Remind a theorem about uniqueness of extensions of measures (see also Theorem

7.8[Roo78]). Letµ be a measure onR . Let S be a separating covering ring ofX such
thatS is a sub-ring inRµ and letν be a restriction ofµ on S . ThenSν = Rµ andν̄ = µ̄.

To finish the proof of this theorem it remains to use the theorem about uniqueness of an
extension of a measure.

2.19.1. Note.More general theorem is given in § 2.37, since products are particular
cases of projective limits (see also § § 2.36 and 2.38).

2.20. Definition. Let X be a Banach space overK, then a mappingf : X → Us is
called pseudo-continuous, if its restrictionf |L is uniformly continuous for eachK-linear
subspaceL ⊂ X with dimK L < ℵ0. Let Γ be a family of mappingsf : Y → K of a setY
into a fieldK. We denote byC(Y,Γ) an algebra of subsets of the formCf1,..., fn;E := {x∈ X :
( f1(x), . . . , fn(x)) ∈ S}, whereS∈ Bco(Kn), f j ∈ Γ. We supplyY with a topologyτ(Y)
which is generated by a base(Cf1,..., fn;E : f j ∈ Γ, E is open inKn).

2.21. Theorem. Non-Archimedean analog of the Bochner-Kolmogorov theorem.
Let X be a Banach space overK, X a be its algebraically dualK-linear space(that is, of
all linear mappings f: X → K not necessarily continuous). A mappingθ : Xa → Us is
a characteristic functional of a probability measure µ with values inK s and it is defined
on C(Xa,X) if and only if θ satisfies Conditions2.5(3,5) for (Xa,τ(Xa) and is pseudo-
continuous on Xa, whereK s∪Cs ⊂ Us.

Proof. (I). For dimK X = card(α) < ℵ0 a spaceXa is isomorphic withKα, hence the
statement of this theorem for a measureµ with values inK s follows from the basic theorem
about the Fourier-Stieltjes transform reminded above and Theorems 2.6 and 2.13, since
θ(0) = 1 and|θ(z)| ≤1 for eachz.

(II). Now let α = ω0. It remains to show that the conditions imposed onθ are sufficient,
because their necessity follows from the modification of § 2.5 (sinceX has an algebraic
embedding intoXa). The spaceXa is isomorphic withKΛ which is the space of allK-valued
functions defined on the Hamel basisΛ in X. Let J be a family of all non-void subsets in
Λ. For eachA ∈ J there exists a functionalθA : KA → C such thatθA(t) = θ(∑y∈A t(y)y)
for t ∈ KA. From the conditions imposed onθ it follows that θA(0) = 1, θA is uniformly
continuous and bounded onKA, moreover, due to 2.5(5) for eachc> 0 there aren andq> 0
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such that for eachj > n andz∈ KA the following inequality is satisfied:

(i) |θA(z)−θ j(z)| ≤cbq,

moreover,L j ⊃ KA, q is independent fromj, c andb. From (I) it follows that onB f(KA)
there exists a probability measureµA such that ˆµA = θA. The family of measures{µA :
A∈ J} is consistent and bounded, sinceµA = µE ◦ (PA

E)−1, if A⊂ E, wherePA
E : KE → KA

are the natural projectors. Indeed, this is accomplished due to Conditions (i), 2.5(5) forXa

and due to the basic theorem about the Fourier-Stieltjes transform.
In view of Theorem 2.19 on a cylindrical algebra of the spaceKΛ there exists the unique

measureµ such thatµA = µ◦ (PA)−1 for eachA∈ J, wherePA : KΛ → KA are the natural
projectors. FromXa = KΛ it follows thatµ is defined onC(Xa,X). Forµ onC(Xa,X) there
exists its extension onA f(X,µ) such thatA f(X,µ) ⊃ Bco(X) (see § 2.1).

2.22.For f ∈ L(X,µ,Us) andK s-valued measureµ let
∫

X
f (x)µ∗(dx) = lim

n→∞

∫

X
gn(x)µ∗(dx)

for norm-bounded sequence of cylindrical functionsgn from L(X,µ,Us) converging tof
uniformly on compact subsets ofX, whereK s ⊂ Us. Due to the Lebesgue converging
theorem this limit exists and does not depend on a choice of{gn : n}.

Lemma. A sequence of weak distributions(µLn) of probability Radon measures is gen-
erated by aK s-valued probability measure µ on Bco(X) of a Banach space X overK if and
only if there exists

(i) lim
|ξ|→∞

∫

X
Gξ(x)µ∗(dx) = 1,

where
∫

X Gξ(x)µ∗(dx) := Sξ({µLn : n}) and

Sξ({µLn}) := lim
n→∞

∫

Ln

Fn(γξ,n)(x)µLn(dx), γξ,n(y) :=
m(n)

∏
l=1

γξ(yl ),

Fn is a Fourier transformation by(y1, . . . ,yn), y = (y j : j ∈ N), yj ∈ K, γξ(y) :=
C(ξ)s−2min(0,ordp(y,ξ)), C(ξ) ∈ K s, γξ : K → K s, y,ξ ∈ K, νξ(K) = 1,νξ(dy) =γξ(dy)w(dy),
w : Bco(K) → K s is the Haar measure; here m(n) =dimK Ln < ℵ0, cl(

⋃

nLn) = X =
c0(ω0,K).

Proof is quite analogous to that of § I.2.30 with the substitution of
∣

∣

∣

∣

∫

X
Gξ(x)µ∗(dx)−1

∣

∣

∣

∣

< c/2

for real-valued measures on|‖Gξ(x)‖−1|< c/2 forK s-valued measures.
2.23. Notes and definitions.SupposeX is a locally convex space over a locally com-

pact fieldK with non-trivial non-Archimedean normalization andX∗ is a topologically dual
space. For aK s-valued measureµonX a completion of a linear space of characteristic func-
tions{chU : U ∈ Bco(X)} in L(X,µ,Us) is denoted byBµ(X), whereK s ⊂ Us. ThenX is
called aKS-space if onX∗ there exists a topologyτ such that the continuity off : X∗ → Us

with ‖ f‖C0 < ∞ is necessary and sufficient forf to be a characteristic functional of a tight
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measure of the finite norm, whereCs ⊂ Us. Such topology is called theK-Sazonov type
topology. The class ofKS-spaces contains all separable locally convex spaces overK.
For example,l∞(α,K) = c0(α,K) ∗. In particular we also writec0(K) := c0(ω0,K) and
l∞(K) := l∞(ω0,K), whereω0 is the first countable ordinal.

Let nK (l∞,c0) denotes the weakest topology onl∞ for which all functionalspx(y) :=
supn |xnyn| are continuous, wherex = ∑nxnen ∈ c0 andy = ∑nyne∗n ∈ l∞, en is the standard
base inc0. Such topologynK (l∞,c0) is called the normal topology. The induced topology
onc0 is denoted bynK (c0,c0).

2.23.1. Proposition. (i). The topology nK (l∞,c0) is theK-locally convex Hausdorff
topology on l∞(K) and the family of setsU := {Ux : x∈ c0}, where Ux := {z∈ l∞ : px(z)<
1}, is the base of neighborhoods of zero for it.

(ii). The topology nK (l∞,c0) is strictly weaker than the norm topology in l∞.
(iii). The space c0 is dense in l∞ in the topology nK (l∞,c0).
Proof. (i). If G is aT0-group, thenG is a Hausdorff group (see Chapter 1 in [HR79]).

Since l∞ has the additive group structure andnK (l∞,c0) is the T0-topology, hencel∞ is
Hausdorff in this topology. By the definitionU forms the base of neighborhoods of zero.

(ii). To prove it consider the standard orthonormal base{en : n} in c0, then
limn→∞ px(en) = |xn|K = 0 for eachx = (xn : n)∈ c0, wherexn ∈ K for eachn∈ N.

(iii). Put an(x) := (x1, . . . ,xn,0,0, . . .) for eachx∈ l∞. Then
limn→∞ pz(an(x)−x) = limn→∞ supn∈N |xn+1yn+1|K = 0

for eachy∈ c0.
2.24. Theorem.Let f : l∞(K) → Us be a functional such that
(i) f (0) = 1 and‖ f‖C0 ≤ 1,
(ii) f is continuous in the normal topology nK (l∞,c0), then f is the characteristic func-

tional of a probability measure on c0(K).
Proof. If ν is the Haar measure onKn, then onBco(Kn) it takes values inQ, when it

is chosen withν(B(Kn,0,1)) =1 and henceν(B(Kn,x, pn)) = pn for eachx∈ Kn and each
n∈ Z. If K is a locally compact non-Archimedean field,R is its maximal compact sub-ring
B(K, 0,1) andP is the maximal ideal ofR, then the order of a nontrivial characterχ of K
is the largest integern ∈ Z such thatχ|P−n = 1, it is denoted byord(χ) := n. In view of
Proposition 12 [Wei73] ifχ is a non-trivial character ofK of ordern, then for eachm∈ Z,
χ(xt) = 1 for eacht ∈ Pm if and only if x∈ P−n−m. Therefore, for a characteristic function
ChB of a ballB we have

ChB(Kn,0,|π|m)(x1, . . . ,xn) = [ν(B(Kn,0,|π|−m))]−1

∫

Kn
ChB(Kn,0,|π|−m)(y1, . . . ,yn)χ

(

n

∑
l=1

xl yl

)

ν(dy),

sinceB(Kn,0,|π|−m) = (B(K, 0,|π|−m))n, whereP= πR, |π| is the generator of the normal-
ization groupΓK . Therefore,

P{|V1|K < |π|m, . . . , |Vn|K < |π|m} =
∫

Kn
ChB(Kn,0,|π|m)(V1(ω), . . . ,Vn(ω))P(dω)

=
∫

Ω

{

[ν(B(Kn,0,|π|−m))]−1
∫

Kn
ChB(Kn,0,|π|−m)(y)χ

( n

∑
l=1

ylVl (ω)

)

ν(dy)

}

P(dω),
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hence
(i) P{|V1|K < |π|m, . . . , |Vn|K < |π|m}

= [ν(B(Kn,0,|π|−m))]−1
∫

Kn
fW(y)ChB(Kn,0,|π|−m)(y)ν(dy)

for measurable mapsVj : (Ω,B,P)→ (K, Bco(K)), where(Ω,B,P) is a probability space
for a probability measureP with values inK s on an algebraB of subsets of a setΩ, fW is
a characteristic function ofW = (V1, . . . ,Vn), fW(y) :=

∫

Ω χW(ω)(y)P(dω). To continue the
proof we need the following statements.

2.25. LemmaLet f : c0(K) → Cs be a function satisfying the following two conditions:
(i) | f (x)| ≤ 1 for each x∈ c0(K),
(ii) f is continuous at zero in the topology nK (c0,c0),

then for eachε > 0 there existsλ(ε) ∈ c0(K) such that|1− f (x)| < pλ(ε)(x)+ ε for each
x∈ c0(K).

Proof. In view of continuity for eachε > 0 there existsy(ε)∈ c0 such that|1− f (x)|< ε
if py(ε) < 1. Putλ(ε) = π−1

K y(ε), whereπK ∈ K is such that|πK | = p−1. If x∈ c0 is such
that pλ(ε)(x) < p−1, then|1− f (x)| < ε ≤ ε + pλ(ε)(x). If pλ(ε)(x) ≥ p, then|1− f (x)| ≤
2≤ p < pλ(ε)(x)+ ε.

2.26. Lemma.Let{Vn : n∈ N} be a sequence ofK-valued random variables for P with
values inK s. If for eachβ > 0 andε > 0 there exists Nε ∈ N such that

(i) ‖P|{supn≥Nε |Vn|K≤β}‖ ≥ 1− ε(1+β−1),

thenlimnVn = 0 P-almost everywhere onΩ.
Proof. Consider a markedβ > 0 and for eachε > 0 there existsNε ∈ N such that

Inequality(i) is satisfied. Take a sequence{εn : n ∈ N} such that 0< εn+1 < εn for each
n and limn→∞ εn = 0, then there exists a sequence{kn := Nεn : n} such thatkn+1 ≥ kn for
eachn ∈ N. Putan(ω) := supm≥kn

|Vn(ω)|K . Thenan ≥ 0 andan+1 ≤ an for eachn ∈ N.
Hence there exists limn→∞ an(ω) = infnsupm≥kn

|Vn(ω)|K =: X(ω). SinceΓK is discrete in
(0,∞) for the local fieldK, then X(ω) is the discrete real random variable on(Ω,B,P).
Considerbn(ω) := supm≥n|Vm(ω)|K , consequently,bn ≥ 0 andbn+1 ≤ bn for eachn ∈ N.
Thus there exists limn→∞ bn and{an : n} is the subsequence of{bn : n}, hence limn→∞ bn =
limn→∞ an = X. From the definition ofan we have‖P|an≤β‖ ≥ 1− εn(1+ β−1). SinceP is
the probability measure, then‖P|(limn→∞ an)≤β‖ = 1 and‖P|(limn→∞ bn)≤β‖ = 1 for eachβ > 0.
Therefore,‖P|(limn→∞ bn=0)‖ = 1 and inevitably limn→∞ bn = 0 P-almost everywhere.

2.27. Proposition.Let f : c0(K) → Us be a function such that
(i) f (0) = 1 and| f (x)| ≤ 1 for each x∈ c0,
(ii) f (x) is continuous in the normal topology nK (c0,c0). Then there exists a probability

measure µ on c0(K) such that f(x) = µ̂(x) for each x∈ c0.
Proof. Consider functionsfn(x1, . . . ,xn) := f (x1e1+ · · ·+xnen), wherex= ∑ j x jej ∈ c0.

From Condition(ii) and Proposition 2.23.1.(ii)it follows, that f (x) is continuous in the
norm topology.

The field K is spherically complete andX has a basis orthonormal in the non-
Archimedean sense. So there are canonical embeddings ofKn into X and the corresponding
projections fromX onto such finite dimensional overK subspaces associated with the basis.
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From Chapters 7,9 [Roo78] it follows, that there exists a consistent family oftight
measuresµn onKn such that ˆµn(x) = fn(x) for eachx∈ Kn. In view of Theorem 2.19 there
exists a probability space(Ω,B,P) with a K s-valued measureP and a sequence of random
variables{Vn} such thatµn(A) =P{ω∈ Ω : (V1(ω), . . . ,Vn(ω))∈ A} for each clopen subset
A in Kn, consequently, limnVn = 0 P-almost everywhere inΩ. In view of the preceding
lemmas we have the following inequality:

|1−‖P|(|Vn|<β,...,|Vn+m|<β)‖ ≤ ‖pλ(ε)(y1en + · · ·+ymen+m‖L(B(Kn,0,β−1),ν,Ks).

Since limk pλ(ε)(ek) = 0, then there existsN ∈ N such that supk≥N pλ(ε)(ek) ≤ ε, conse-
quently,‖P|{|VN|<β,...,|VN+m||<β}‖ ≥ 1− ε(1+ β−1). Due to Lemma 2.34‖P|{limnVn=0}‖ = 1.
Define a measurable mappingW from Ω into c0 by the following formula: W(ω) :=
∑nVn(ω)en for eachω ∈ Ω, then we also define a measureµ(A) := P{W−1(B)} for each
A∈ Bco(X), henceµ is a probability measure onc0. In view of the Lebesgue convergence
theorem there exists ˆµ(x) = limn µ̂n(x1e1 + · · ·+xnen) = f (x) for eachx∈ c0.

Continuation of the proof of Theorem 2.24.Let f : l∞(K) → Cs satisfies assumption
of Theorem 2.24, then by Proposition 2.27 there exists a probability measureµ on c0(K)
such thatf (x) = µ̂(x) for eachx∈ c0(K).

2.28. Theorem.Let µ be a probability measure on c0(K), then µ̂ is continuous in the
normal topology nK (l∞,c0) on l∞.

Proof. Let µ be a probability measure onc0. Then in view of Lemma 2.3 for each
0 < ε < 1 there exists a sequence{an : n} ∈ c0 and a compact subsetK := K{an:n} := {x∈
c0 : |xn| ≤ |an| ∀n ∈ N} for which ‖µ|c0\K‖ < ε. Therefore, 1− µ̂(z) = (

∫

c0\K +
∫

K)(1−
χe(z(x))µ(dx)), where supx∈c0\K |1−χe(z(x))|Nµ(x) < ε. Sinceχe is continuous and locally
constant,χe(0) = 1, K is compact, henceχe is uniformly continuous onK and there exists
a constantδ > 0 such that supy∈K |1−χe(z(y))| ≤ δsupy∈K |z(y)|. Therefore,|1− µ̂(z)| ≤
|
∫

K(1−χe(z(x)))µ(dx)| ≤ ε+δsupy∈K |z(y)| ≤ε+supn∈N |znan| ≤ ε+ pa(z) for eachz∈ l∞.
2.29. Corollary. The normal topology nK (l∞,c0) is the K-Sazonov type topology on

l∞(K).
2.29.1. Remark.Since each Banach spaceX of separable type over a locally compact

non-Archimedean field is isomorphic withc0 (see the theorems at the beginning of Chapter
I above or Chapters 4 and 5 in [Roo78]), then from Corollary 2.29 it follows, thatnK (X∗,X)
is the Sazonov type topology onX∗.

2.30. Theorem. Non-Archimedean analog of the Minlos-Sazonov theorem.For a
separable Banach space X overK the following two conditions are equivalent:

(I) θ : X → Us satisfies Conditions2.5(3,5) and

for each c> 0 there exists a compact operator Sc : X → X such that|θ(y)−θ(x)| < c for
|z̃(Scz)|< 1;

(II ) θ is a characteristic functional of a probability Radon measure µ

on E, wherẽz is an element z∈ X →֒ X∗ considered as an element of X∗ under the natural
embedding associated with the standard base of c0(ω0,K), z = x−y, x and y are arbitrary
elements of X.
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Proof. (I I → I). For θ generated by aK s-valued measure for eachr > 0 we have
|θ(0)−θ(x)| = |

∫

X(1−χe(x(u)))µ(du)| ≤ ‖(1−χe(x(u)))|B(X,0,r)‖µ+2‖µ|(X\B(X,0,r))‖. In
view of the Radon property of the spaceX and Lemma I.2.5 for eachb > 0 andδ > 0 there
are a finite-dimensional overK subspaceL in X and a compact subsetW ⊂ X such that
W ⊂ Lδ, ‖µ|(X\W)‖ < b, hence‖µ|(X\Lδ)‖ < b.

We consider the expressionJ( j, l) (see § I.2.35). and the compact operatorS: X → X
with ẽj(Sel ) = ξ j,l t. Then|θ(0)− θ(z)|< c/2+ |z̃(Sz)|< c for theK s-valued measure, if
|z̃(Sz)|< |t|c/2, whereQs ⊂ K s ⊂ Us. We chooser such that‖µ|(X\B(X,0,r))‖ < c/2 with S
corresponding to(r j : j), wherer1 = r, L1 = L, then we taket ∈ K with |t|c = 2.

(I → II ). Without restriction of generality we may takeθ(0) = 1 after renormalization
of non-trivial θ. In view of Theorem 2.24 as in § 2.5 we construct usingθ(z) a consis-
tent family of finite-dimensional distributions{µLn : n} all with values inK s. Let mLn be
the K s-valued Haar measure onLn which is considered asQa

p with a = dimK LndimQpK,
m(B(Ln,0,1)) = 1. If Sc is a compact operator such that|θ(y)−θ(x)| < c for |z̃(Scz)|< 1,
z= x−y, then|1−θ(x)| < max(C,2|x̃(Scx)|) and‖γξ,n(z)(1−θ(z))‖mLn

≤
max(‖γξ,n(z)‖mLn

C,2|(γξ,n(z))z̃(Scz)|mLn
) ≤ max(C,b‖Sc‖/|ξ|2),

whereb := p×sup|ξ|>r(|ξ|2‖γξ,n(z)z2‖mLn
) < ∞ for theK s-valued measures.

Remind the substitution theorem for integrals (see also [Kob77, Roo78, Sch84, Wei73]).
Let U anV be compact open subsets inK and letσ : U → V be aC1-homeomorphism,
σ′(x) 6= 0 for all x ∈ U . Let f : V → K s be a continuous function,λ : Bco(K)→ K s be a
Haar measure, then

∫

V f (y)λ(dy) =
∫

U f (σ(x))modK (σ′(x))λ(dx).
Due to the formula of changing variables in integrals the following equality is valid:

|1−‖Gξ(x)‖µ∗ | ≤ max(C,b‖Sc‖/|ξ|2)

for theK s-valued measures. Then taking the limit with|ξ| → ∞ and then withc→ +0 with
the help of Lemma 2.22 we get the statement(I → II ).

2.31. Definition. Let on a completely regular spaceX with ind(X) = 0 two non-zero
K s-valued measuresµ andν are given. Thenν is called absolutely continuous relative toµ
if there existsf such thatν(A) =

∫

A f (x)µ(dx) for eachA∈ Bco(X), where f ∈ L(X,µ,K s)
and it is denotedν ≪ µ. Measuresν andµ are singular to each other if there isF ∈ E with
‖X \F‖µ = 0 and‖F‖ν = 0 and it is denotedν ⊥ µ. If ν ≪ µ andµ≪ ν then they are called
equivalent,ν ∼ µ.

2.32. Definition and note.Forµ : E(X) → K s a sequence(φn(x) : n)⊂ L(µ) is called a
martingale if for eachψ ∈ L(µ|Un):

(i)
∫

X
φn+1(x)ψ(x)µ(dx) =

∫

X
φn(x)ψ(x)µ(dx)

such that(φn : n) is uniformly converging onA f(X,µ)-compact subsets inX, whereUn is
the minimal algebra such that(φ j : j = 1, . . . ,n) ⊂ L(µ|Un), µ|Un is a restriction ofµ on
Un ⊂ E(X), X is the Banach space overK.

Recall Lemma 7.10 [Roo78]. Letµbe a measure onR . Forb> 0 putXb := {x : Nµ(x)≥
b}. Then the restrictions of theR - and theRµ-topologies onXb coincide. A function
f : X → K is Rµ-continuous if and only if for everyb > 0 the restriction off to Xb is
R -continuous.
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Remind as well Theorem 7.12 [Roo78]. Letµbe a measure onR . A function f : X →K
is µ-integrable if and only if it satisfies the following two properties.

(Ri). f is Rµ-continuous.
(Rii). For eachb > 0 the set{x : | f (x)|Nµ(x) ≥ b} is Rµ-compact, hence contained in

some{x : Nµ(x) ≥ δ} with δ > 0.
In view of these two statements formulated just above for‖X‖µ < ∞ the A f(X,µ)-

topology on compact subspacesXc := [x∈X : Nµ(x)≥ c]coincides with the initial topology,
if µ is defined onE such thatBco(X) ⊂ E ⊂ A f(X,µ), wherec > 0.

2.33. Theorem. If there is a martingale(φn : n) for µ with values inK s and
supn‖φn‖Nµ < ∞, then there existslimn→∞ φn(x) =: φ(x) ∈ L(µ).

Proof. Let ψ(x) be a characteristic function of a clopen subset inX, then for eachφn

there exists a sequence of simple functions(φ j
n : j ∈ N ) such that limj→∞ ‖φn−φ j

n‖Nµ = 0.

From ‖φn − φ j(n)
n ‖Nµ < c and 2.32.(i) it follows that|

∫

X(φ j(n+1)
n+1 (x)− φ j(n)

n )ψ(x)µ(dx)| <

c‖ψ‖Nµ for each ψ ∈ L(µ), consequently,‖φ j(n+1)
n+1 − φ j(n)

n ‖Nmu < c and there exists

limn→∞ φ j(n)
n = limn→∞ φn = φ ∈ L(µ) due to the Lebesgue theorem, if(c = c(n) = s−n :

n∈ N), where for eachφn is chosenj(n)∈ N, since(φ j(n)
n : n) is a Cauchy sequence in the

Banach spaceL(µ) due to the ultra-metric inequality.
2.34. Proposition. Let (X,R ,µ) be a measure space. Then there exists a quotient

mappingπ : X → Y on a Hausdorff zero-dimensional space(Y,τG ) and π(µ) := ν is a
measure on Y such thatG = π(R ), where(Y,G ,ν) is a measure space.

Proof. Suppose that(Y,τG ) is a T0-space, whereG is a covering ring ofY. For each
two distinct pointsx andy in Y there exists a clopen subsetU in Y such that eitherx ∈ U
andy∈Y \U or y∈U andx∈Y \U , since the base of topologyτG in Y consists of clopen
subsets. On the other hand,Y \U is also clopen, sinceU is clopen. Therefore,Y is the
Hausdorff space. Clearly this implies thatY is the Tychonoff space (see also § 6.2 [Eng86],
but it is necessary to note that we consider the definition of the zero-dimensional space
more general withoutT1-condition in § 2.1.2).

Now we construct aT1-spaceY, that is a quotient space ofX. For this consider the
relation inX:
xκy if and only if for eachS∈ R with x ∈ S there is the inclusion{x,y} ⊂ S. Evidently,
xκx, that is,κ is reflexive. The relationxκy means, thaty ∈ Vx :=

⋂

x∈S∈R S, whereVx

is closed inX, then fromy ∈ S it follows, thatx ∈ S, since otherwisey /∈ Vx, becauseR
is a covering ring. Therefore,Vx = Vy andyκx, henceκ is symmetric. Letxκy andyκz,
thenVx = Vy = Vz, consequently,xκz andκ is transitive. Therefore,κ is the equivalence
relation. Letπ : X →Y := X/κ be the quotient mapping andY be supplied with the zero-
dimensional topology generated by the covering ringG such thatπ−1(G ) = R , since each
A ∈ R is clopen, then for eachx ∈ A ∈ R we haveVx ⊂ A. Thenπ−1([y]) = Vy for each
y ∈ X and [y] := π(y). Hence each point[y] ∈ Y is closed, henceY is theT1-space. The
topology inY is generated by the covering ringG , consequently,Y is the Hausdorff space
(see above), since from theT1 separation property it follows theT0 separation property.

If S is a shrinking family with the void intersection inY such thatS ⊂ G , thenπ−1(S )
is also a shrinking family with the void intersection inX such thatπ−1(S )⊂ R , hence from
limA∈π−1(S ) µ(A) = 0 it follows limA∈S ν(A) = 0. Therefore, Condition(iii) from § 2.1 is
satisfied. Evidently,‖ν‖ = ‖µ‖ andν is additive onG , henceν is the measure.
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2.35. Note. In view of Proposition 2.34 we consider henceforth Hausdorff zero-
dimensional measurable(X,R ) spaces if another is not specified.

In the classical case the principal role in stochastic analysis plays the Kolmogorov the-
orem, that gives the possibility to construct a stochastic process on the basis of a system of
finite dimensional real-valued probability distributions (see § III.4 [Kol56]). The following
theorems resolve this problem forK s-valued measures in cases of a product of measure
spaces, a consistent family of measure spaces and in cases of bounded cylindrical distribu-
tions.

Consider now a family of probability measure spaces{(Xj ,R j ,µj) : j ∈ Λ}, whereΛ
is a set. Suppose that each covering ringR j is complete relative to a measureµj , that is,
R j = Rµj , whereRµj denotes a completion ofR j relative toµj . Let X := ∏ j∈Λ Xj be the
product of topological spaces supplied with the product, that is Tychonoff, topologyτX,
where eachXj is considered in itsτR j -topology. There is the natural continuous projection

π j : X → Xj for eachj ∈ Λ. LetR be the ring of the form
⋃

j1,..., jn∈Λ,n∈N
⋂n

l=1 π−1
j l

(R j l ).
2.36. Note. A set Λ is called directed if there exists a relation≤ on it satisfying the

following conditions:
(D1) If j ≤ k andk≤ m, thenj ≤ m;
(D2) For everyj ∈ Λ, j ≤ j;
(D3) For eachj andk in Λ there existsm∈ Λ such thatj ≤ mandk≤ m. A subsetϒ of

Λ directed by≤ is called co-final inΛ if for each j ∈ Λ there existsm∈ ϒ such thatj ≤ m.
Suppose thatΛ is a directed set and{(Xj ,R j ,µj) : j ∈ Λ} is a family of probability measure
spaces, whereR j is the covering ring (not necessarily separating). Supply eachXj with a
topologyτ j such that its base is a ringR j . Let this family be consistent in the following
sense:

(1) there exists a mappingπk
j : Xk → Xj for eachk≥ j in Λ such that(πk

j)
−1(R j) ⊂ R k,

π j
j(x) = x for eachx∈ Xj and eachj ∈ Λ, πm

k ◦πk
l = πm

l for eachm≥ k≥ l in Λ;
(2)πk

l (µk) = (µl ) for eachk≥ l in Λ. Such family of measure spaces is called consistent.
2.37. Theorem. Let {(Xj ,R j ,µj) : j ∈ Λ} be a consistent family as in§ 2.36. Then

there exists a probability measure space(X,Rµ,µ) and a mappingπ j : X → Xj for each
j ∈ Λ such that(π j)

−1(R j) ⊂ R andπ j(µ) = µj for each j∈ Λ.
Proof. We have(πk

j)
−1(R j) ⊂ R k for eachk ≥ j in Λ, then(πk

j)
−1(τ j) ⊂ τk for each

k ≥ j in Λ, since each open subset in(Xj ,τ j) is a union of some subfamilyG in R j and
(πk

j)
−1(
⋃

G ) =
⋃

A∈G (πk
j)
−1(A). Therefore, eachπk

j is continuous and there exists the in-
verse systemS := {Xk,πk

j ,Λ} of the spacesXk. Its limit lim S =: X is the topological space
with a topologyτX and continuous mappingsπ j : X → Xj such thatπk

j ◦πk = π j for each
k ≥ j in Λ (see also § 2.5 in [Eng86]). Each elementx ∈ X is a threadx = {x j : x j ∈ Xj

for each j ∈ Λ, πk
j(xk) = x j for eachk ≥ j ∈ Λ}. Thenπ−1

j (R j) =: G j is the ring of sub-
sets inX such thatG j ⊂ τX for each j ∈ Λ. The base of topology of(X,τX) is formed by
subsetsπ−1

j (A), whereA ∈ τ j , j ∈ Λ, but R j is the base of topologyτ j for each j, hence

{B : B = π−1
j (A), A∈ R j , j ∈ Λ} is the base ofτX. Therefore, the ringR :=

⋃

j∈ΛG j is the
base ofτX. In view of Proposition 2.34 we can reduce our consideration to the case, when
eachR j is separating onXj andR is separating onX, sinceG j ⊂ G k for eachk≥ j in Λ.

Consider onR a functionµ with values inK such thatµ(π−1
j (A)) := µj(A) for each

A∈ R j and eachj ∈ Λ. If A andB are disjoint elements inR , then there existsj ∈ Λ such
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thatA andB are inG j , hence
(i) A = π−1

j (C) andB = π−1
j (D) for someC andD in R j , consequently,µ(A∪B) =

µj(C∪D) = µj(C)+µj(D) = µj(A)+µj(B), that is,µ is additive. Moreover,‖A‖µ = ‖C‖µj

for eachA= π−1
j (C) with C∈ R j , hence‖X‖µ = 1. Sinceµ(X) = µj(Xj) andµj(Xj) = 1 for

each j ∈ Λ, thenµ(X) = 1. Therefore,µ satisfies Conditions 2.1.(i,ii). It remains to verify
Condition 2.1.(iii). By formula of § 2.1 we have the functionNµ(x) on (X,R ) such that for
eachx∈ X andε > 0 there existsA∈ R such that

(ii) ‖A‖µ− ε < Nµ(x) ≤ ‖A‖µ. In view of (i) and upper semi-continuity ofNµj (x j) on
(Xj ,R j) for eachx∈ X andε > 0 there existsj ∈ Λ and its neighborhoodA = π−1

j (C) ∈ R
such that

(iii) Nµj (y j) < Nµ(x)+ ε for eachy∈ A, wherey j := π j(y). Hence for eachx∈ X and
eachε > 0 there exists a basic neighborhoodA of x such that

(iv) Nµ(y)< Nµ(x)+ε for eachy∈A, that is,Nµ(x) is upper semi-continuous on(X,R ),
since 0≤ Nµj (x j) ≤ 1 for eachx j ∈ Xj and j ∈ Λ. From Formulas(i, ii, iii) and 2.1.(ii)we
have

(v) ‖A‖µ = supx∈X Nµ(x) for eachA ∈ R , since‖A‖µ = supx∈C Nµj (x). For a compact
subsetV in X and eachε > 0 there exists a finite covering{E1, . . . ,Em} ⊂ R of V such that
inequalities(ii − iv) are satisfied for eachEl instead ofA. Therefore,

(vi) supx∈V Nµ(x) ≤ maxl=1,...,m‖El‖µ ≤ supx∈V Nµ(x)+2ε and
(vii) supx∈V Nµ(x) = infR ∋A⊃V ‖A‖µ. Though the compact subsetV is not necessarily in

R we take Equation(vii) as the definition of‖V‖µ := infR ∋A⊃V ‖A‖µ.
Choose a sequenceε j = δ > 0 for eachj ∈ Λ, whereδ > 0 is independent fromj. For

eachε j > 0 a subsetXj,ε j := {x j : x j ∈ Xj ,Nµj (x j) ≥ ε j > 0} is compact. Ifxk ∈ Xk,εk, then
Nµj (πk

j(xk))≥ εk for eachj < k, since(πk
j)
−1(R j)⊂ R k and‖B‖µk ≤ ‖A‖µk for eachB andA

in R k with B⊂ A. Henceπk
j(Xk,εk) ⊂ Xj,εk for eachj ≤ k in Λ. Sinceπm

k ◦πk
l = πm

l for each
m≥ k≥ l in Λ, then{Xk,δ,πk

j ,Λ} is the inverse mapping system. The imageπk
j(Xk,δ) of each

compact setXk,δ is compact for eachk > j (see also Theorem 3.1.10 [Eng86]), since each
(Xk,τk) is the Hausdorff space in our consideration. Since the limit of an inverse mapping
system of compact spaces is compact (see also Theorem 3.2.13 [Eng86]), then the limit
X{ε j : j} := lim{Xk,εk,πk

j ,Λ} is the compact subset inX such thatX{ε j : j} is homeomorphic
with θ(X)∩∏k∈Λ Xk,εk, whereθ : X →֒ ∏k∈Λ Xk is the embedding.

For a shrinking familyS in R consider all finite intersections of finite families inS , this
gives a centered familyS0 in R such thatS ⊂ S0 and denote it also byS . Applying (i−vii)
to V = X{ε j : j} and using basic neighborhoodsU = π−1

k (Uk), whereUk ∈ R k, we get that for
each shrinking familyS in R with

⋂

S = /0 there exists limA∈S ‖A‖µ = 0, since due to(vi)
we have

(viii) Nµ(x) ≤ δ for eachx ∈ X \X{ε j : j}, sinceNµj (x j) < δ for eachx j ∈ X \Xj,δ and
each j ∈ Λ. Using the completion ofR relative toµ we get the probability measure space
(X,Rµ,µ).

2.38. Note. Theorem 2.37 has an evident generalization to the following case:
‖Xj‖µj < ∞ for eachj and there exist two limits limj∈Λ0 µj(Xj) ∈ K and limj∈Λ ‖Xj‖µj < ∞,
whereΛ0 := { j : j ∈ Λ,µj(Xj) 6= 0} andΛ\Λ0 is bounded inΛ. We have‖Xj‖µj ≤ ‖Xk‖µk

for each j ≤ k in Λ, since πk
j(µk) = µj and (πk

j)
−1(R k) ⊂ R j . Since Λ is directed,

then limj∈Λ ‖Xj‖µj = supj∈Λ ‖Xj‖µj . Since a cylindrical distributionµ is defined onR



108 Sergey V. Ludkovsky

and bounded on it, thenµ has an extension to the bounded measureµ on Rµ such that
µ(X) = lim j∈Λ µj(Xj) and‖X‖µ = lim j∈Λ ‖Xj‖µj , whereRµ is the completion ofR relative
to µ.

Let nowX be a set with a covering ringR such thatX ∈ R . Let also{(X,G j ,µj) : j ∈Λ}
be a family of measure spaces such thatΛ is directed andG j ⊂ G k for each j ≤ k ∈ Λ,
R =

⋃

j∈ΛG j . Supposeµ : R → K is such thatµ|G j = µj andµk|G j = µj for each j ≤ k
in Λ. Then the triple(X,R ,µ) is called the cylindrical distribution. For eachA∈ R there
exists j ∈ Λ such thatA ∈ G j , hence‖A‖µj = ‖A‖µk for eachk ≥ j in Λ, consequently,
‖A‖µ := limk∈Λ ‖A‖µk is correctly defined. Supposeµ is bounded, that is,‖X‖µ < ∞. (A
particular simpler case is given below in § 2.41).

2.39. Theorem.Let (X,R ,µ) be a bounded cylindrical distribution as in§ 2.38. Then
µ has an extension to a bounded measure µ on a completionRµ of R relative to µ.

Proof. Let τX be a topology onX generated by the baseR . In view of Proposition 2.34
each covering ringG j of X produces an equivalence relationκ j and a quotient mapping
π j : X → Xj such thatπ j(G j) =: R j is a separating covering ring ofXj , whereXj is zero-
dimensional and Hausdorff. Moreover,R j is a base of a topologyτ j on Xj . SinceG k ⊃
G j for eachk ≥ j, then on(Xk,(πk

j)
−1(R j)) there exists an equivalence relationκk

j and a
quotient (continuous) mappingπk

j : Xk → Xj such thatπm
k ◦πk

j = πm
j for each j ≤ k ≤ m in

Λ. Hence there exists an inverse mapping system{Xk,πk
j ,Λ}. Therefore, the setX in the

topologyτX generated by its baseR consisting of clopen subsets is homeomorphic with
lim{Xk,πk

j ,Λ}. Eachπ j(µ) = µj is a bounded measure on(Xj ,R j) such thatπk
j(µk) = µj

and(πk
j)
−1(R j) ⊂ R k for eachk≥ j ∈ Λ. Therefore,{(Xj ,R j ,µj) : j ∈ Λ} is the consistent

family of measure spaces. From the definition ofµ it follows thatµ is additive, hence‖X‖µ

is correctly defined. From‖X‖µ < ∞ it follows ‖Xj‖µj < ∞ for each j ∈ Λ and there exists
lim j∈Λ ‖Xj‖µj = ‖X‖µ. FromX ∈ R it follows, thatµ(X) = µj(Xj) for each j ∈ Λ. Then
this Theorem follows from Theorem 2.37.

2.40. Note. Let X := ∏t∈T Xt be a product of setsXt and onX a covering ring
R be given such that for eachn ∈ N and pairwise distinct pointst1, . . . , tn in a setT
there exists aK-valued measurePt1,...,tn on a covering ringR t1,...,tn of Xt1 × ·· · ×Xtn such
that πt1,...,tn+1

t1,...,tn (R t1,...,tn+1) = R t1,...,tn for eachtn+1 ∈ T andPt1,...,tn+1(A1× ·· ·×An×Xn+1) =

Pt1,...,tn(A1×·· ·×An) for eachA1×·· ·×An ∈ R t1,...,tn, whereπt1,...,tn+1
t1,...,tn : Xt1 ×·· ·×Xtn+1 →

Xt1 × ·· · ×Xtn is the natural projection,Al ⊂ Xtl for eachl = 1, . . . ,n. Suppose that this
cylindrical distribution is bounded, that is,

supt1,...,tn∈T,n∈N ‖Pt1,...,tn‖ < ∞ and there exists
limt1,...,tn∈T0;n∈N Pt1,...,tn(Xt1 ×·· ·×Xtn) ∈ K, whereT0 := {t ∈ T : Pt(Xt) 6= 0}, T \T0 is

finite.
2.41. Theorem(the non-Archimedean analog of the Kolmogorov theorem).A cylin-

drical distribution Pt1,...,tn from § 2.40has an extension to a bounded measure P on a com-
pletionRP of R :=

⋃

t1,...,tn∈T,n∈NG t1,...,tn relative to P, whereG t1,...,tn := (πt1,...,tn)
−1(R t1,...,tn)

andπt1,...,tn : X → Xt1 ×·· ·×Xtn is the natural projection.
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2.3. Quasi-invariant Ks-Valued Measures

In this section after few preliminary statements there are given the definition of a quasi-
invariant measure and the theorems about quasi-invariance of measures relative to transfor-
mations of a Banach spaceX overK.

3.1. Let X be a Banach space overK, (Ln : n) be a sequence of subspaces,cl(
⋃

nLn) =
X, Ln ⊂ Ln+1 for eachn, µj be probability measures,µ2 ≪ µ1, (µj

Ln
) be sequences of weak

distributions, also let there exist derivativesρn(x) = µ2
Ln

(dx)/µ1
Ln

(dx) and the following limit
ρ(x) := limn→∞ ρn(x) exists.

Theorem. If µ j are K s-valued and[ρn(PLnx) : n] converges uniformly on A f(X,µ1)-
compact subsets in X,supn‖ρn‖Nµ1 < ∞, then this is equivalent to the following:ρ(x) =

µ2(dx)/µ1(dx) ∈ L(µ1) and limn→∞‖ρ(x)−ρn(PLnx)‖Nµ1 = 0.
Proof. For eachA∈ Bco(L) the equality is accomplished:

µ2
L(A) =

∫

A
ρL(x)µ

1
L(dx) =

∫

P−1
L (A)

ρL(PLx)µ1(dx).

Then for eachψ ∈ L(µ1|P−1
L [Bco(L)]) we have

∫

X
ψ(x)µ2(dx) =

∫

X
ρL(PLx)ψ(x)µ1(dx), consequently,

∫

X
ρn+1(x)ψ(x)µ1(dx) =

∫

X
ψ(x)µ2(dx) =

∫

X
ρn(x)ψ(x)µ1(dx),

whereρLn = ρn, ψ ∈ L(µ1|P−1
Ln+1

[Bco(Ln+1)]). From Theorem 2.33 and Definition 2.31 the
statement follows.

3.2. Theorem.(A). Measures µj : E → K s, j = 1,2, for a Banach space X overK are
orthogonal µ1 ⊥ µ2 if and only if Nµ1(x)Nµ2(x) = 0 for each x∈ X.

(B). If for measures µj : E → K s on a Banach space X overK is satisfiedρ(x) = 0 for
each x with Nµ1(x) > 0, then µ1 ⊥ µ2; the same is true for a completely regular space X with
ind(X) = 0 andρ(x) = µ2(dx)/µ1(dx) = 0 for each x with Nµ1(x) > 0.

Proof. (A). From Definition 2.31 it follows that there existsF ∈ E with ‖X \F‖µ1 = 0
and‖F‖µ2 = 0.

Remind Theorem 7.20 about tight measures from [Roo78]. For a functionf : X → K
the conditions(α) and(β) are equivalent.

(α). For everyµ∈ M(X) the functionf is µ-integrable.
(β). The functionf is bounded and for each compact subsetC in X the restriction off

to C is continuous.
In view of Theorems 7.6 [Roo78] recalled above and the Theorem just cited above the

characteristic functionchF of the setF belongs toL(µ1)∩L(µ2) such thatNµj (x) are semi-
continuous from above,‖chF‖Nµ2 = 0, ‖chX\F‖Nµ1 = 0, consequently,Nµ1(x)Nµ2(x) = 0 for
eachx∈ X.

Recall Lemma 7.2 [Roo78]. Letµ be a measure onR . There exists a unique function
Nµ : X → [0,∞) for which

(Ri) ‖ξU‖Nµ = ‖U‖µ for eachU ∈ R , whereξU denotes the characteristic function of
U ;
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(Rii) if φ : X → [0,∞) and‖ξU‖φ ≤ ‖U‖µ for all U ∈ R , thenφ ≤ Nµ, moreover,Nµ is
given by the formulaNµ(x) = infU∈R ,x∈U ‖U‖µ.

On the other hand, ifNµ1(x)Nµ2(x) = 0 for eachx, then forF := [x ∈ X : Nµ2(x) = 0]
due to the lemma recalled just above‖F‖µ2 = ‖chF‖Nµ2 = 0. Moreover, in view of Theorem
7.6[Roo78] reminded aboveF =

⋂∞
n=1Us−n, whereUc := [x ∈ X : Nµ2(x) < c] are open in

X, hencechF ∈ L(µ1)∩L(µ2) andNµ1|(X\F) = 0, consequently,‖X \F‖µ1 = 0.
(B). In view of Theorems 2.19 and 2.37 for eachA ∈ P−1

Ln
[E(Ln)] and m > n:

∫

A ρm(x)µ1(dx) = µ2(A), then from limn→∞‖ρ(x)−ρn(PLnx)‖Nµ1 = 0 and Conditions 2.1.(i-

iii) on µ2 Statement (B) follows.
3.3. Note. The Radon-Nikodym theorem is not valid forµj with values inK s, so not

all theorems for real-valued measures may be transferred onto this case. Therefore, the
definition of absolute continuity of measures was changed (see § 2.31 above and [Sch71]).

3.4. Theorem. Let measures µj and ν j be with values inK s on Bco(Xj) for a
Banach space Xj over K and µ= µ1 ⊗ µ2, ν = ν1 ⊗ ν2 on X = X1 ⊗ X2, therefore,
the statementν ≪ µ is equivalent toν1 ≪ µ1 and ν2 ≪ µ2, moreover,ν(dx)/µ(dx) =
(ν1(P1dx)/µ1(P1dx))(ν2(P2dx)/µ2(P2dx)), where Pj : X → Xj are projectors.

Proof. Recall the non-Archimedean analog of the Fubini theorem (see also Theorem
7.15 [Roo78]). Letµ andν be K-valued measures on separating covering ringsR andS
on X andY correspondingly. The finite unions of setsA×B for A∈ R andB∈ S form a
covering ringR ⊗ S of X×Y. Moreover,

(Ri) there exists a unique measureµ×ν onR ⊗ S so that(µ×ν)(A×B) = µ(A)ν(B),
Nµ×ν(x,y) = Nµ(x)Nν(y);

(Rii) if f ∈ L(µ), g∈ L(ν), then f ⊗g∈ L(µ×ν) and
∫

f ⊗gd(µ×ν) =
∫

f dµ
∫

gdν;
(Riii) if f ∈ L(µ× ν), then y 7→

∫

f (x,y)dµ(x) is ν-almost everywhere definedν-
integrable function and

∫

f d(µ×ν) =
∫ ∫

f (x,y)dµ(x)dν(y).
This theorem follows from the formulated just above non-Archimedean analog of the

Fubini theorem and making the modification of the proof of Theorem 3.2.3 of Chapter I
above.

3.5. Theorem. The non-Archimedean analog of the Kakutani theorem. Let
X = ∏∞

j=1Xj be a product of completely regular spaces Xj with ind(Xj) = 0 and probability
measures µj , ν j : E(Xj) → K s, also let µj ≪ ν j for each j,ν =

⊗∞
j=1 ν j , µ=

⊗∞
j=1µj are

measures on E(X), ρ j(x) = µj(dx)/ν j(dx) are continuous by x∈ Xj , ∏n
j=1 ρ j(x j) =: tn(x)

converges uniformly on A f(X,µ)-compact subsets in X,β j := ‖ρ j(x)‖φ j , φ j(x) := Nν j (x) on
Xj . If ∏∞

j=1 β j converges in(0,∞) (or diverges to 0), then µ≪ ν and qn(x) = ∏n
j=1 ρ j(x j)

converges in L(X,ν,K s) to q(x) = ∏∞
j=1 ρ j(x j) = µ(dx)/ν(dx) (or µ ⊥ ν respectively),

where xj ∈ Xj , x∈ X.
Proof. The countable additivity ofν and µ follows from Theorem 2.19. Then

β j = ‖ρ j‖φ j ≤ ‖ρ j‖Nν j
= ‖X‖µj = 1, sinceNν j ≤ 1 for eachx ∈ Xj , hence∏∞

j=1 β j can
not be divergent to∞. If this product diverges to 0 then there exists a sequenceεb :=

∏m(b)
j=n(b)β j for which the series converges∑∞

b=1εb < ∞, wheren(b)≤ m(b). ForAb := [x :

(∏m(b)
j=n(b)ρ j(x j))≥ 1] there are estimates‖Ab‖ν ≤ supx∈Ab

[∏m(b)
j=n(b) |ρ j(x j)|φ j(x j)]≤ εb, con-

sequently,‖A‖ν = 0 for A = limsup(Ab : b→ ∞), since 0< ∑∞
b=1εb < ∞.
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ForBb := X \Ab we have:

‖Bb‖µ ≤

[

sup
x∈Bb

m(b)

∏
j=n(b)

|1/ρ j(x j)|ψ(x j)

]

=

[ m(b)

∏
j=n(b)

‖ρ j(x j)‖φ j

]

= εb

, whereψ j(x) = Nµj (x), sinceµj(dxj) = ρ j(x j)ν j(dxj) andNµj (x) = |ρ j(x j)|Nν j (x) due to
continuity of ρ j(x j) (for ρ j(x j) = 0 we set|1/ρ j(x j)|ψ j(x j) = 0, becauseψ j(x j) = 0 for
suchx j ), consequently,‖ limsup(Bb : b→∞)‖µ = 0 and‖A‖µ≥‖ liminf(Ab : b→∞)‖µ = 1.
This means thatµ⊥ ν.

Suppose that∏∞
j=1 β j converges to 0< β < ∞, thenβ ≤ 1 (see above). Therefore from

the non-Archimedean analog of the Lebesgue reminded above in this Chapter it follows that
tn(x) converges inL(X,µ,K s), since|tn(x)| ≤ 1 for eachx andn, at the same time eachtn(x)
converges uniformly on compact subsets in the topology generated byA f(X,µ). Then for
each bounded continuous cylindrical functionf : X → K s we have

∫

X
f (x)µ(dx) =

∫

X
f (x1, . . . ,xn)tn(x)⊗

n
j=1 ν j(dxj)

= lim
n→∞

∫

X
f (x)tn(x)ν(dx) =

∫

X
ρ(x)ν(dx).

Approximating arbitraryh∈ L(X,µ,K s) by suchf we get the equality
∫

X
h(x)µ(dx) =

∫

X
h(x)ρ(x)ν(dx),

consequently,ρ(x) = µ(dx)/ν(dx).
3.6. Theorem. Let ν, µ, ν j , µj be probability measures with values inK s, X and Xj

be the same as in§ 3.5 and µ≪ ν, then µj ≪ ν j for each j and∏∞
j=1 β j converges toβ,

∞ > β > 0, whereβ j = ‖ρ j‖φ j , φ j(x) = Nν j (x).
Proof. For K s-valued measures fromP−1

j (Bco(Xj)) ⊂ Bco(X) it follows that µj ≪
ν j for each j, since ∏∞

1 ρ j(x j) = ρ(x) ∈ L(X,ν) and ρ j(x j) ∈ L(Xj ,ν j), where x j =
Pjx, Pj : X → Xj are projectors. Thenρ(x) = limn→∞ ∏n

1 ρ j(Pjx) and ‖ρ(x)‖Nν =
limn→∞‖ρ j‖Nν j

. SinceNν j ≤ 1, thenφ j(x) ≤ Nν j (x) and forφ = Nν, consequently,‖ρ(x)‖φ

= limn→∞ ∏n
j=1‖ρ j‖φ j ≤ ‖ρ‖Nν = 1 (due to the definition of the Tihonov topology inX [see

also § 2.3[Eng86]] and definition of‖ ∗ ‖φ). If ‖ρ‖φ = 0, then‖ρ‖Nν = 0 and by Theorem
3.2(B) this would mean thatν ⊥ µ or µ= 0, butµ 6= 0, henceβ > 0.

3.7. Definition. Let X be a Banach space overK, Y be a completely regular space with
ind(X) = 0, ν : Bco(Y) → K s, µy : Bco(X) → K s for eachy∈ Y, supposeµy(A)∈ L(Y,ν)
for eachA ∈ Bco(X), ‖Y‖ν < ∞, supy∈Y ‖X‖µy < ∞, a family (µy(An) : n) is converging
uniformly byy∈C on eachA f(Y,ν)-compact subsetC in Y for each given shrinking family
of subsets(An : n)⊂ X. Then we define:

(i) µ(A) =
∫

Y
µy(A)ν(dy).

A measureµ is called mixed. Evidently, Condition 2.1(i) is fulfilled; (ii):‖A‖µ ≤
(supy∈Y ‖A‖µy)‖A‖ν < ∞; (iii) is carried out due to the non-Archimedean analog of the
Lebesgue theorem, since

lim
n→∞

µ(An) =
∫

Y
(lim

n
µy(An))ν(dy) =0.
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We define measuresπ j by the formula:

(ii) π j(A×C) =
∫

C
µj,y(A)ν j(dy),

where j = 1,2 andµy, j together withν j are defined as aboveµy andν.
3.8. Theorem.Let µj beK s-valued measures andπ j , X and Y be the same as in§ 3.7.
(A). If π2 ≪ π1, thenν2 ≪ ν1 and µ2,y ≪ µ1,y (modν2).
(B). If ν2 ≪ ν1 and µ2,y ≪ µ1,y (mod ν2) and a Bco(X× Y,π1)-measurable

function ρ̃(y,x) = µ2,y(dx)/µ1,y(dx) ∈ L(X × Y,π1) exists, then π2 ≪ π1 and
π2(d(x,y))/π1(d(x,y)) = (ν2(dy)/ν1(dy))ρ̃(y,x).

Proof. (A). From the conditions imposed onµj,y andν j it follows that for eachφ ∈
L(X×Y,π j) due to the non-Archimedean analog of the Fubini theorem recalled above the
following equality is accomplished

∫

X×Y
φ(x,y)π j(d(x,y)) =

∫

Y

[

∫

X
φ(x,y)µj,y(dx)

]

ν j(dy),

alsoρ(y,x) = π2(d(x,y))/π1(d(x,y))∈ L(X×Y,π1), hence

ν2(dy)/ν1(dy) =

[

∫

X
ρ(y,x)µ1,y(dx)

]

∈ L(Y,ν1).

Further we modify the proof of Theorem I.3.1 above. Thenρ̃(y,x) may be defined for
ν2-almost ally by ρ̃(y,x) = ρ(y,x)/

∫

X ρ(y,x)µ1,y(dx) ∈ L(X,µ1,y).
(B). Let A ∈ Bco(X) × Bco(Y), Ay := [y : (x,y) ∈ A], then π j(A) =

∫

Y µj,y(Ay)ν j(dy). If ‖A‖π1 = 0, then ‖Ay‖µ1,yNν1(y) = 0 for each y ∈ Y, con-
sequently, ‖A‖π2 = 0, since ν2(dy)/ν1(dy) ∈ L(ν1), µ2,y(dx)/µ1,y(dx) ∈ L(µ1,y),
ρ̃ ∈ L(X ×Y,π1) and Conditions(i, ii) in § 3.7 are satisfied. From this it follows
that π2(d(x,y))/π1(d(x,y)) ∈ L(X × Y,π1), since ν2(dy)/ν1(dy) ∈ L(X × Y,π1) with
supy‖X‖µj,y < ∞.

3.9. Definition. For a Banach spaceX overK an elementa∈ X is called an admissible
shift of a measureµ with values inK s, if µa ≪ µ, whereµa(A) = µ(S−aA) for eachA in
E ⊃Bco(X), SaA := a+A, ρ(a,x) := ρµ(a,x) := µa(dx)/µ(dx), Mµ := [a∈X : µa ≪ µ] (see
§ § 2.1 and 2.31).

3.10. Properties ofMµ and ρ from § 3.9.
I. The set Mµ is a semigroup by addition,ρ(a+b,x) = ρ(a,x)ρ(b,x−a) for each a,b∈

Mµ.
Proof. For each continuous boundedf : X → K s:

∫

X f (x)µa+b(dx) =
∫

X f (x+ a+
b)µ(dx) =

∫

X f (x+ a)ρ(b,x)µ(dx) =
∫

X f (x)ρ(b,x−a)ρ(a,x)µ(dx), since‖X‖µ < ∞ and
f (x)ρ(b,x−a)∈ L(µ), consequently,ρ(b,x−a)ρ(a,x) = ρ(a+ b,x) ∈ L(µ) as a function
of x andµa+b ≪ µ.

II. If a ∈ Mµ, ρ(a,x) 6= 0 (mod µ), then µa ∼ µ,−a∈ Mµ andρ(−a,x) = 1/ρ(a,x−a).
Proof. For each continuous boundedf : X → K s :

∫

X f(x)µ(dx) =
∫

X f(x)
µ(dx) =

∫

X [µa(dx)/µ(dx)]−1µa(dx), since‖X‖µ < ∞, henceµa ∼ µ.
III. If ν ≪ µ andν(dx)/µ(dx) = g(x), then Mµ∩Mν = Mµ∩ [a : µ([x : g(x) = 0, g(x−

a)ρµ(a,x) 6= 0]) = 0] andρν(a,x) = [g(x−a)/g(x)]ρµ(a,x) (modν) for a∈ Mµ∩Mν.
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Proof. For each continuous bounded functionf : X →K s: a∈Mµ and
∫

X f (x+a)ν(dx)
=
∫

X f (x)g(x−a)ρµ(a,x)µ(dx) such thatµ([x : g(x) = 0, g(x−a)ρµ(a,x) 6= 0]) =0 we have
∫

X f (x+a)ν(dx) =
∫

X f (x)[g(x−a)ρµ(a,x)/g(x)]ν(dx), since‖X‖ν +‖X‖µ < ∞, Nν(x) =
infBco(X)⊃U∋xsupy∈U [ |g(y)|Nµ(y)], consequently,a∈ Mµ∩Mν. If a∈ Mµ∩Mν, then

∫

X
f (x)ρν(a,x)g(x)µ(dx) =

∫

X
f (x)g(x−a)ρµ(a,x)µ(dx),

consequently,ρν(a,x)g(x) = g(x− a)ρµ(a,x) (mod µ) and µ([x : g(x) = 0, g(x−
a)ρµ(a,x) 6= 0]) = 0.

IV. If ν ∼ µ, then Mν = Mµ.
V. For µ with values inK s and X= Km, m∈ N a family Mµ with a distance function

r(a,b) = ‖ρ(a,x)−ρ(b,x)‖Nµ(x)
is a complete pseudo-ultrametrizable space.

Proof. Let (an) ⊂ Mµ be a Cauchy sequence relative tor, then(an) is bounded inX
by ‖∗‖X, since for limj→∞ ‖an j‖ = ∞ andr(an j ,an j+1) < p− j for f ∈ L(µ) with a compact
support we have‖ f (x+ an j )− f (x+ an1)‖Nµ < 1/p. Then for f with ‖ f (x+ an1)‖Nν >
1/2 and‖ f‖Nν = 1 we get a contradiction: limj ‖ f (x+ an j )‖Nµ > 1/2−1/p ≥ 0. This is
impossible because of compactness ofsupp(f ). Therefore,(an) is bounded, consequently,
there exists a subsequence(an j ) =: (b j) weakly converging inX to b ∈ X. Therefore,
θ j(z) =

∫

X χe(z(x+ b j))µ(dx) χe(z(bj))θ(z) =
∫

X χe(z(x))ρ(b j ,x)µ(dx), lim j z(bj) = z(b)
and limj θ j(z) =χe(z(b))θ(z) for eachz∈ X′.

From the basic theorem about the Fourier-Stieltjes transform reminded above in this
chapter it follows that there isρ ∈ L(µ) with lim j ‖ρ(b j ,x)−ρ(x)‖Nµ = 0, sinceL(µ) is the
Banach space andµj corresponding toθ j converges in the Banach spaceM(X). Therefore,

∫

X
χe(z(x))µb(dx) =

∫

X
χe(z(x))ρ(x)µ(dx)

for eachz∈ X′ = Km, consequently,ρ(x) = µb(dx)/µ(dx).
3.11. Definition. For a Banach spaceX over K and a measureµ : Bco(X) → K s,

a ∈ X, ‖a‖= 1, a vectora is called an admissible direction, ifa ∈ MK
µ := [z : ‖z‖X = 1,

λz∈ Mµ andρ(λz,x) 6= 0 (mod µ) (relative tox) and for eachλ ∈ K] ⊂ X. Let a ∈ MK
µ

we denote byL1 := Ka, X1 = X ⊖ L1, µ1 and µ̃1 are the projections ofµ onto L1 andX1

respectively, ˜µ = µ1 ⊗ µ̃1 be a measure onBco(X), given by the the following equation
µ̃(A×C) = µ1(A)µ̃1(C) onBco(L1)×Bco(X1) and extended onBco(X), whereA∈Bco(L1)
andC∈ Bco(X1).

3.12. Definition and notes.A measureµ : Bco(X) → K s for a Banach spaceX overK
is called a quasi-invariant measure ifMµ contains aK-linear manifoldJµ dense inX.

From § 3.10 and Definition 3.11 it follows thatJµ ⊂ MK
µ .

Let (ej : j ∈ N) be orthonormal basis inX, H = spanK (ej : j). We denoteΩ(Y) = [µ|µ
is a measure with a finite total variation onBco(X) andH ⊂ Jµ], whereY = K s.

3.13. Theorem. If µ : B f(Y) → F is a σ-finite measure on Bco(Y), Y is a complete
separable ultra-metrizableK-linear subspace such that co(S) is nowhere dense in Y for
each compact S⊂Y, whereK andF are infinite non-discrete non-Archimedean fields with
multiplicative ultra-norms| ∗ |K and| ∗ |F. Then from Jµ = Y it follows that µ= 0.

Proof. Sinceµ is σ-finite, then there are(Yj : j ∈ H) ⊂ Bco(Y) such thatY =
⋃

j∈H Yj

and 0< ‖µ|Bco(Yj)‖ ≤ 1 for eachj, whereH ⊂ N, Yj ∩Yl = /0 for eachj 6= l . If card(H) =
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ℵ0, then we define a functionf (x) = sj/‖Yj‖µ for µ with values inF, wheres is fixed
with 0 < |s|F < 1, s∈ N). Then we define a measureν(A) =

∫

A f (x)µ(dx), A ∈ Bco(Y).
Therefore,‖Y‖ν ≤1 andJν =Y, sincef ∈L(Y,µ,F). Hence it is sufficient to considerµwith
‖µ‖ ≤ 1 andµ(Y) = 1. For eachn∈ N in view of the Radonian property ofY there exists
a compactXn ⊂ Y such that‖Y \Xn‖µ < s−n. In Y there is a countable everywhere dense
subset(x j : j ∈ N), henceY =

⋃

j∈N B(Y,x j , r l ) for eachr l > 0, whereB(Y,x, r l ) = [y∈Y :
d(x,y)≤ r l ], d is an ultra-metric inY, i.e. d(x,z)≤ max(d(x,y), d(y,z)), d(x,z) =d(z,x),
d(x,x) = 0, d(x,y) > 0 for x 6= y for eachx,y,z∈ Y. Therefore, for eachr l = 1/l, l ∈ N
there existsk(l) ∈ N such that‖Y \Xn,l‖µ < s−n−l due to compactness ofYc = [y ∈ Y :

Nµ(y)≥ c] for eachc> 0, whereXn,l :=
⋃k(l)

j=1B(Y,x j , r l ), consequently,‖Y\Xn‖µ ≤ s−n for
Xn :=

⋂∞
l=1Xn,l. The subsetsXn are compact, sinceXn are closed inY and the metricd on

Xn is completely bounded andY is complete (see also Theorems 3.1.2 and 4.3.29 [Eng86]).
Then 0< ‖X‖µ ≤ 1 for ‖Y \X‖µ = 0 and forX := spanK (

⋃∞
n=1Xn).

The sets̃Yn := co(Yn) are nowhere dense inY for Yn =
⋃n

l=1Xl , consequently,spanKYn

are nowhere dense inY. Moreover,(Y\
⋃∞

n=1Yn) 6= /0 is dense inY due to the Baire category
theorem (see also § § 3.9.3 and 4.3.26 [Eng86]). Therefore,y+X ⊂Y\X for y∈Y\X and
from Jµ = Y it follows that‖X‖µ = 0, since‖y+ X‖µ = 0 (see § § 2.32 and 3.12 above).
Hence we get the contradiction, consequently,µ= 0.

3.14. Corollary. If Y is a Banach space or a complete countably-ultra-normable
infinite-dimensional overK space, µ: Bco(Y) → K s, K and F are the same as in§ 3.13
and Jµ = Y, then µ= 0.

Proof. The spaceY is evidently complete and ultra-metrizable, since its topology is
given by a countable family of ultra-norms.

Recall the theorem about hulls of compact sets (see also § (5.7.5) in [NB85]).
(NBi). In any topological vector spaceX the balanced hullHb of a bounded or compact

setH is again totally bounded or compact respectively.
(NBii). If H is a totally bounded subset of a locally convex spaceX, then so is its

convex hullHc and therefore its disked hullHbc.
(NBiii). If H is a compact subset of a locally convex spaceX, then its convex hullHc

and disked hullHbc are compact if and only ifHc andHbc are complete respectively. IfX is
complete, thenclXHc andclXHbc are compact.

Due to this theoremco(S) is nowhere dense inY for each compactSin Y, sinceco(S) =
cl(Sbc) is compact inY and does not contain in itself any open subset inY, sinceY is infinite
dimensional over the fieldK.

3.15. Theorem. Let X be a separable Banach space over a locally compact infinite
fieldK with a nontrivial normalization such that eitherK ⊃ Qp or char(K) = p > 0. Then
there are probability measures µ on X with values inK s (s 6= p) such that µ are quasi-
invariant relative to a denseK-linear subspace Jµ.

Proof. Let S( j,n) := p jB(K, 0,1)\ p j+1B(K, 0,1) for j ∈ Z and j ≤ n, S(n,n) :=
pnB(K, 0,1), w′ be the Haar measure onK considered as the additive group (see also
[Bou63-69, HR79, Roo78]) with values inK s for s 6= p. Then for eachc > 0 and
n ∈ N there are measuresm on B f(K) such thatm(dx) = f (x)v(dx), | f (x) |> 0 for each
x ∈ K and | m(pnB(K, 0,1))− 1 |< c, m(K) = 1, | m | (E) ≤ 1 for eachE ∈ Bco(K)
, where v = w′, v(B(K,0,1)) = 1. Moreover, we can choosef such that a density
ma(dx)/m(dx) =: d(m;a,x) be continuous by(a,x) ∈ K2 and for eachc′ > 0, x and
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| a |≤ p−n : | d(m;a,x)− 1 |< c′. Let f |S( j,n) := a( j,n) be locally constant, for exam-
ple, a( j,n) = (1− s)(1−1/p)s2n−1−j p−n for j < n, a(n,n) = (1− s−n)p−n. Then taking
f + h and usingh(x) with 0 < supx |h(x)/ f (x)| = c” ≤ 1/sn we get | ya(dx)/y(dx) |=|
ma(dx)/m(dx) |, wherey(dx) = ( f + h)(x)m(dx). More generally it is possible to take
g ∈ L(K, Bco(K),w′,K s) such thatg(x) 6= 0 for w′-almost everyx ∈ K and‖g‖ = 1 and
∏∞

n=1βn > 0 converges for eachy = {yn : yn ∈ K, n ∈ N} in a proper dense subspaceJ in
X = c0, wheregn(x) := g(x/an), limn→∞ an = 0, 0 6= an ∈ K for eachn∈ N, βn := ‖ρn‖φn,
ρn(x) := µn(dx)/νn(dx), φn(x) := Nλn

(x), λn(dx) := gn(x)w′(dx/an), then use Theorem 3.5
for the measureνn(dx) := gn(x)w′(dx/an) and its shifted measureµn(dx) := νn(−yn+dx).

Let {m(j;dx)} be a family of measures onK with the corresponding sequence{k( j)}
such thatk( j) ≤ k( j + 1) for each j and limi→∞ k(i) = ∞, wherem(j;dx) corresponds
to the partition[S(i, k( j))]. The Banach spaceX is isomorphic withc0(ω0,K), since K
is spherically complete. It has the orthonormal basis{ej : j = 1,2, . . .} and the projec-
tors Pjx = (x(1), . . . ,x( j)) onto K j , wherex = x(1)e1 + x(2)e2 + · · · . Then there exists
a cylindrical measureµ generated by a consistent family of measuresy( j,B) = b( j,E)
for B = P−1

j E and E ∈ B f(K j) [Bou63-69, DF91] whereb( j,dz) =⊗[m(j;dz(i)) : i =
1, . . . , j],z= (z(1), . . . ,z(j)). LetL := L(t, t(1), . . . ,t(l); l) := {x : x∈X and | x(i) |≤ pa,a=
−t − t(i) for i = 1, . . . ,l , and a = −k( j) for j > l}, thenL is compact inX, sinceX is Lin-
delöf andL is sequentially compact (see also [Eng86]). Therefore, for eachc > 0 there
existsL such that‖X \L‖µ < c due to the choice ofa( j,n).

In view of the non-Archimedean analog of the Prohorov theorem for measures with
values inK s reminded above (see also 7.6(ii)[Roo78]) and due to Lemma 2.3µ has
the countably-additive extension onB f(X), consequently, also on the completeσ-field
A f(X,µ) andµ is the Radon measure.

Let z′ ∈ spanK{ej : j = 1,2, . . .} and z” = {z(j) : z(j) = 0 for j ≤ l andz(j) ∈
S(n,n), j = 1,2, . . . ,n = k( j)}, l ∈ N, z = z′ + z”. Now take the restriction ofµ on
Bco(X). In view of Theorems 2.19, 3.5 above and also the lemma about isometric map-
pings I.1.4 [Roo78] recalled above (see also § I.3.20 above) there arem(j;dz(j) such
thatρµ(z,x) = ∏{d( j;z(j),x( j)) : j = 1,2, . . .}= µz(dx)/µ(dx)∈ L((X,µ,Bco(X)),K s) for
each suchz andx∈ X, whered( j;∗,∗) = d(m(j;∗),∗,∗) andµz(X) = µ(X) = 1.

3.15.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fieldK and J be a dense properK-linear subspace in X such that the
embedding operator T: J →֒ X is compact and nondegenerate, ker(T) = {0}. Then a
setM (X,J) of probability K s-valued measures µ on Bco(X) quasi-invariant relative to J
is of cardinality card(K s)

c. If J′, J′ ⊂ J, is also a denseK-linear subspace in X, then
M (X,J′) ⊃M (X,J).

Proof. As in the proof of Theorem 3.20.1 choose for a given compact operatorT
an orthonormal base inX in which T is diagional andX is isomorphic withc0 over
K such that in its standard base{ej : j ∈ N} the operatorT is such thatTej = a jej ,
0 6= a j ∈ K for each j ∈ N, lim j→∞ a j = 0 (see Appendix). As in Theorem 3.15 take
gn ∈ L(K, Bco(K),w′(dx/an),K s), gn(x) 6= 0 for v-a.e. x ∈ K and‖gn‖ = 1 for eachn,
for which converges∏∞

n=1βn > 0 for eachy ∈ J and such that∏m
n=1gn(xn)w′(dxn/an) =:

νLn(dxn) satisfies conditions of Lemma 2.3, whereβn := ‖ρn‖φn, 0 6= an ∈K for eachn∈N,
ρn(x) := µn(dx)/νn(dx), φn(x) := Nλn

(x), λn(dx) := gn(x)w′(dx/an), then use Theorem 3.5
for the measureνn(dx) := gn(x)w′(dx/an) andµn(dx) := νn(−yn +dx), xn := (x1, . . . ,xn),
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x1, . . . ,xn ∈ K for eachn ∈ N. The family of such sequences of functions{gn : n ∈ N}
has the cardinalitycard(K s)

c, since inL(ν) the subspace of step functions is dense and
card(Bco(X)) = c. The family of all{gn : n} satisfying conditions above forJ also satisfies
such conditions forJ′. From which the latter statement of this theorem follows.

3.16. Note. For a givenm = w′ (see above) new suitable measures may be con-
structed, if to use images of measuresmg(E) = m(g−1(E)) such that for a diffeomor-
phism g ∈ Di f f 1(K) (see § A.3) we havemg−1

(dx)/m(dx) =| (g′(g−1(x)) |K , where
| ∗ |K = modK (∗) is the modular function of the fieldK associated with the Haar mea-
sure onK, at the same time| ∗ |K is the multiplicative norm inK consistent with its uni-
formity [Wei73]. Indeed, forK and X = K j with j ∈ N and the Haar measurev = w′

on X, vX := v with values inK s for s 6= p and for a functionf ∈ L(X,v,K s) we have:
∫

g(A) f (x)v(dx) =
∫

A f (g(y))|g′(y)|K v(dy), wheremodK (λ)v(dx) := v(λdx), λ ∈ K, since
v(B(X,0,pn)) ∈ Q, Nv(x) = 1 for eachx∈ X, consequently, fromfk → f in L(g(A),v,K s)
whilst k→∞ it follows that fk(g(x))→ f (g(x)) in L(A,v,K s), wherefk are locally constant,
A is compact and open inX.

Henceforward, quasi-invariant measureµ on Bco(c0(ω0,K)) constructed with the help
of projective limits or sequences of weak distributions of probability measures(µH(n) : n)
are considered, for example, as in Theorem 3.15 such that

(i) µH(n)(dx) = fH(n)(x)vH(n)(dx), dimK H(n) = m(n)< ℵ0 for eachn ∈ N, where
fH(n) ∈ L(H(n),vH(n),K s), H(n) ⊂ H(n+ 1) ⊂ ·· · , cl(

⋃

nH(n) = c0(ω0,K), if it is not
specified in another manner.

In accordance with the Schikhof’s Theorem 8.9 [Roo78]: ifG is a zero-dimensional
topological group with unit elemente, ν is a tight measure,ν ∈ M(G), ν 6= 0, then the
following conditions are equivalent:

(α) the mappings 7→ νs is continuousG→ M(G);
(β) this mappings 7→ νs is continuous ate;
(γ) G has a left Haar measureh and ν ∈ L(G), whereL(G) denotes the set of tight

absolutely continuous measures relative to the Haar measureh onG.
Eachν ∈ L(G) can be written in the formν = fh, where f ∈ C0

∞(G) is a continuous
function so that for eachb > 0 there exists a compact subsetEb in G with | f | < b outside a
compact subsetEb.

For probability quasi-invariant measure with values inK s, if shiftsx 7→ x+ybyy∈H(n)
are continuous fromH(n) to M(H(n)) (see § 2.1), that is,y→ µy

H(n), whereµH(n)(y+A) =:

µy
H(n)(A) for A ∈ Bco(H(n)), then due to the Schikhof’s theorem about tight measures on

zero-dimensional groupsµH(n) satisfies(i).
As will be seen below such measuresµ are quasi-invariant relative to families of the

cardinalityc = card(R) of linear and non-linear transformationsU : X → X. Moreover, for
eachV open inX we have‖V‖µ > 0, when fH(n)(x) 6= 0 for eachn∈ N andx∈ H(n).

Let µ be a probability quasi-invariant measure satisfying (i) and(ej : j) be orthonormal
basis inMµ, H(n) := spanK (e1, . . . ,en), we denote by

ρ̂µ(a,x) = ρ̂(a,x) = limn→∞ ρn(Pna,Pnx),
ρn(Pna,Pnx) := fH(n)(Pn(x−a))/ fH(n)(Pnx) for eacha andx for which this limit exists

and ρ̂(a,x) = 0 in the contrary case, wherePn : X → H(n) are chosen consistent projec-
tors. Letρ(a,x) = ρ̂(a,x), if µa(X) = µ(X) and ρ̂(a,x) ∈ L(X,µ,K s) as a function byx
and‖X‖Nν = 1, whereν(dx) := ρ̂(a,x)µ(dx), ρ(a,x) is not defined whenµa(X) = µ(X) or
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‖X‖Nν 6= 1, this condition of the equality to 1 may be satisfied, for example, for continu-
ous fH(n) with continuousρ̂(a,x) ∈ L(µ) by x for each givena, if limn ρn(a,x) converges
uniformly byx. If for some another basis(ẽj : j) andρ̃ is accomplished

(ii) ‖X \S‖µ = 0, thenρ(a,x) is called regularly dependent from a basis, whereS :=
⋂

a∈Mµ
[x : ρ(a,x) = ρ̃(a,x)]).

3.17. Lemma.Let µ be a probability measure, µ: Bco(X) → K s, X be a Banach space
overK, suppose that for each basis(ẽj : j) in Mµ a quasi-invariance factor̃ρ satisfies the
following conditions:

(1) if ρ̃(a j ,x), j = 1, . . . ,N, are defined for a given x∈ X and for eachλ j ∈ K then a
functionρ̃(∑n

j=1 λ ja j ,x) is continuous byλ j , j = 1, . . . ,N;
(2) there exists an increasing sequence of subspaces H(n) ⊂ Mµ, cl(

⋃

nH(n)) =
X, with projectors Pn : X → H(n), B∈ B f(X), ‖B‖µ = 0 such that limn→∞ ρ̃(Pna,x)
= ρ̃(a,x) for each a∈ Mµ and x /∈ B for which is definedρ(a,x). Thenρ(a,x) depends
regularly from the basis.

Proof. There exists a subsetSdense in eachH(n), hence‖B′‖µ = 0 for B′ =
⋃

a∈S[x :
ρ(a,x) 6= ρ̃(a,x)]. From (1) it follows thatρ̃(a,x) = ρ(a,x) on eachH(n) for x /∈ B′. From
spanK S⊃ H(n) and (2) it follows thatρ(a,x) = ρ̃(a,x) for eacha∈ Mµ andx∈ X \ (B′∪
B), consequently, Condition 3.16(ii)is satisfied, since fromρ(a,x) ∈ L(µ) it follows that
ρ̃(a,x) ∈ L(µ) as the function byx.

3.18. Lemma. If a probability quasi-invariant measure µ: Bco(X) → K s satisfies
Condition3.16(i), then there exists a compact operator T: X → X such that Mµ ⊂ (TX)∼,
where X is the Banach space overK.

Proof. Products of tight measures are tight measures (see also Theorem 7.28 [Roo78]),
whence forµH(n)(dx) =

⊗m(n)
j=1 µKe( j)(dxj) is accomplishedNµH(n)

(x) = ∏m(n)
j=1 NµKe( j)

(x j),
wherex = (x1, ..,xm(n)), x j ∈ K. From Theorem 7.6[Roo78] formulated above and Lemma
I.2.5 it follows that for each 1> c > 0 there areRj = Rj(c) with [x j : NµKe( j)

(x j) ≥ c] ⊂
B(K, 0,Rj) and limj→∞ Rj = 0.

Choosingc = c(n) = s−n, n ∈ N and using∏∞
j=1 = ε j = 0 whilst 0< ε j < c < 1 for

eachj we get that there exists a sequence[r j : j] for whichcard[ j : |a j |> r j ] < ℵ0 for each
a ∈ Mµ, since[x ∈ X : |x j | ≤ r j for all j] is a compact subgroup inX, wherea = (a j : j),
a j ∈ K, r j > 0, lim j r j = 0. Therefore,Mµ ⊂ (TX)∼ for T = diag(Tj : j) and|Tj | ≥ r j for
j ∈ N.

3.19. Let X be a Banach space overK, | ∗ |K = modK (∗), U : X → X be an invertible
linear operator,µ : Bco(X) → K s be a probability quasi-invariant measure.

The uniform convergence of a (transfinite) sequence of functions onA f(V,ν)-compact
subsets of a topological spaceV is called the Egorov condition, whereν is a measure onV.

Theorem. Let pairs (x−Ux,x) and (x−U−1,x) be in dom(̃ρ(a,x)), where dom(f )
denotes a domain of a function f ,ρ̃(x−Ux,x) 6= 0, ρ̃(x−U−1x,x) 6= 0 (mod µ) and µ
satisfies Condition 3.16(i), alsõρ(P̃n(x−Ux),x) =: ρ̃n(x) ∈ L(µ) andρ̃(P̃n(x−U−1x,x) =:
ρ̄n(x) ∈ L(µ) converge uniformly on A f(X,µ)-compact subsets in X such that there exists
g ∈ L(µ) with |ρ̃n(x)| ≤ |g(x)| and |ρ̄n(x)| ≤ |g(x)| for each x∈ X and each projectors
P̃n : X → H̃(n) with cl(

⋃

n H̃(n)) = X, H̃(n)⊂ H̃(n+ 1)⊂ . . . , that is, Egorov conditions
are satisfied for̃ρn andρ̄n. Thenν ∼ µ and

(i) ν(dx)/µ(dx) = |det(U)|K ρ̃(x−U−1x,x),
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if ρ depends regularly from the base, thenρ̃ may be substituted byρ in formula(i), where
ν(A) := µ(U−1A) for each A∈ Bco(X).

Proof. In view of Lemma 3.18 there exists a compact operatorT : X → X such that
Mµ ⊂ (TX)∼, consequently,(U − I) is a compact operator, whereI is the identity operator.
From the invertibility ofU it follows that(U−1− I) is also compact, moreover, there exists
det(U) ∈ K. Let g be a continuous bounded function,g : H̃(n)→ K s, whence

∫

X
φ(x)ν(dx) =

∫

H̃(n)
g(x)[ fH̃(n)(U

−1x)/ fH̃(n)(x)]|det(Un)|K µH̃(n)(dx),

for φ(x) = g(P̃nx), where subspaces exist such thatH̃(n) ⊂ X, (U−1 − I)H̃(n) ⊂ H̃(n),
cl(
⋃

n H̃(n)) = X, Un := r̂n(U), rn = P̃n : X → H̃(n) (see § § I.3.8 and II.3.16),̃H(n) ⊂
H̃(n+1)⊂ ·· · due to compactness of(U − I).

In view of the non-Archimedean analog of the Lebesgue convergence theorem due to
fulfillment of the Egorov conditions for̃ρn andρ̄n (see also §7.6 [MS63] or § 7.F [Roo78])
Jm = Jm,ρ, sinceρ̃(x−U−1x,x) ∈ L(µ), where

Jm :=
∫

X
g(P̃mx)ν(dx) and

Jm,ρ :=
∫

X
g(P̃mx)ρ̃(x−U−1x,x)|det(U)|K µ(dx).

Indeed, there existsn0 such that|u(i, j)− δi, j | ≤ 1/p for eachi and j > n0, consequently,
|det(Un)|K = |det(U)|K for eachn > n0. Then due to Condition 3.16.(i) and the Egorov
conditions (see also § 3.3) there exists

lim
n→∞

[µH̃(n)(dP̃nx)/νH̃(n)(dP̃nx)] = µ(dx)/ν(dx) (modν).

Further analogously to the proof of Theorem I.3.24 above.
3.20. Let X be a Banach space overK, | ∗ |K = modK (∗) with a probability quasi-

invariant measureµ : Bco(X) → K s and Condition 3.16(i)be satisfied, also letU fulfils the
following conditions:

(i) U(x) andU−1(x) ∈C1(X,X) (see also § A.3);

(ii) (U ′(x)− I) is compact for eachx∈ X;

(iii) ( x−U−1(x)) and(x−U(x)) ∈ Jµ for µ−a.e.x∈ X;

(iv) for µ-a.e.x pairs(x−U(x);x) and(x−U−1(x);x)

are contained in a domain ofρ(z,x) such thatρ(x−U−1(x),x) 6= 0, ρ(x−U(x),x) 6= 0 (mod
µ);

(v) ‖X \S′‖µ = 0,

whereS′ := ([x : ρ(z,x) is defined and continuous byz∈ L]) for each finite-dimensional
L ⊂ Jµ;

(vi) there existsSwith ‖S‖µ = 0 and for each
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x ∈ X \S and for eachz for which there existsρ(z,x) satisfying the following condition:
limn→∞ ρ(Pnz,x) = ρ(z,x) and the convergence is uniform for each finite-dimensionalL ⊂
Jµ by z in L∩ [x ∈ Jµ : | x |≤ c], wherec > 0, Pn : X → H(n) are projectors onto finite-
dimensional subspacesH(n) over K such thatH(n)⊂ H(n+ 1) for eachn ∈ N andcl ∪
{H(n) : n}= X;

(vii) there existsn for which for all j > n andx∈ X mappings

V( j,x) := x+ Pj(U−1(x)− x) andU( j,x) := x+ Pj(U(x)− x) are invertible and limj |
detU ′( j,x) |=| detU ′(x) |, lim j | detV ′( j,x) |= 1/ | detU ′(x) | with the Egorov convergence
in (vi) by z for ρ(Pnz,x) and in(vii) by x for |det(U ′( j,x))| and|det(V ′( j,x))| for µ with
values inK s.

Theorem. The measureν(A) := µ(U−1(A)) is equivalent to µ and

(i) ν(dx)/µ(dx) =| detU ′(U−1(x)) |K ρ(x−U−1(x),x).

Proof. The beginning of the proof is analogous to that of § I.3.25. Due to Conditions
(vi,vii) we get limn ρ(x−V−1

n x,x) = ρ(x−U−1
1 x,x) in L(µ) due to the Egorov conditions.

ThenJ1 = J1,ρ due to the Lebesgue convergence theorem, where

J1 =
∫

X
f (U1x)µ(dx),

J1,ρ :=
∫

X
f (x)ρ(x−U−1

1 x,x)|detU1|K µ(dx)

for continuous bounded functionf : X → K s. Analogously forU−1
1 instead ofU1. Using

instead off the functionΦ̄(U−1
1 x) := f (x)ρµ(x−U−1

1 x,x) and Properties 3.10 we get that
ρµ(U1x− x,U1x)ρµ(x−U1x,x) = 1 (mod µ). Therefore, forU = U1U2 with diagonalU1

and upper triangularU2 and lower triangularU3 operators with finite-dimensional overK
subspaces(U j − I)X, j = 1,2,3, the following equation is accomplished

∫

X f (Ux)µ(dx)
=
∫

X f (x)ρµ(x−U−1x,x)|detU|K µ(dx). If either (S−1U − I)X = L or (U−1S− I)X = L,
then from the decomposition given in (I)U = SU2U1U3, we have either(U j − I)X = L or
(U−1

j − I)X = L respectively,j = 1,2,3 due to formulas from § A.1, since corresponding
non-major minors are equal to zero.

If U is an arbitrary linear operator satisfying the conditions of this theorem, then from
(iv−vi) and(I , II ) for each continuous bounded functionf : X →K s we haveJ = Jρ, where

J :=
∫

X
f (U(x))µ(dx) and

Jρ :=
∫

X
f (x)ρµ(x−U−1(x),x)|detU|K µ(dx).

Analogously forU−1, moreover,ρ(x−U−1(x),x)|detU|K =: h(x) ∈ L(µ), h(x) 6= 0 (mod
µ), since there existsdetU.

SupposeU is polygonal (see § I.3.25). ThenU−1 is also polygonal,U ′(x) = V( j) for
x∈Y( j) and

∫

X f (a(i)+V(i)x)µ(dx) =
∫

f (a(i)+x)ρµ(x−V−1(i)x,x)×|det(V(i))|K µ(dx)
for each continuous boundedf : X → K s and eachi. From a( j) ∈ Mµ and § 3.10 we get
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∫

X f (a( j)+V( j)x)µ(dx) =
∫

X f (x)ρ(x−V( j)−1(x−a( j)),x)|detV( j)|K µ(dx). Let Hk, j :=
[x∈ X : V(k)−1x = V( j)−1x], assume without loss of generality thatV(k) 6= V( j) or a(k) 6=
a( j) for eachk 6= j, sinceY(k) 6=Y( j) (otherwise they may be united). Therefore,Hk, j 6= X.
If ‖Hk, j‖µ > 0, then fromX⊖Hk, j ⊃ K it follows thatMµ ⊂ Hk, j , but cl(Hk, j) = Hk, j and
cl(Mµ) = X. This contradiction means that‖A‖µ = 0, whereA = [x : V(k)−1(x−a(k)) =
V( j)−1(x−a( j))]. Then

∫

X f (U(x))µ(dx) =
∫

X f (x)ρ(x−U−1(x),x) |detU′(x)|−1
K µ(dx).

Then as in § I.3.25(V) for the construction of the sequence{U( j,∗) : j} it is sufficient
to construct a sequence of polygonal functions{a(i, j;x)}, that isa(i, j;x) = lk(i, j)(x)+ak

for x∈Y(k), wherelk(i, j) are linear functionals,ak ∈ K, Y(k) are closed inX, Int(Y( j))∩
Int(Y(k)) = /0 for eachk 6= j,

⋃m
k=1Y(k) = X, m< ℵ0. For eachc > 0 there existsVc ⊂

X with ‖X \Vc‖ < c, the functionss(i, j;x) and(Φ̄1s(i, j;∗))(x,e(k), t) are equiuniformly
continuous (byx∈Vc and byi, j,k∈ N) onVc. Choosingc= c(n) =s−n and usingδ-nets in
Vc we get a sequence of polygonal mappings(Wn : n) converging by its matrix elements by
Egorov in the Banach spaceL(X,µ,K s), from Condition(i) it follows that it may be chosen
equicontinuous for matrix elementss(i, j;x), ds(i, j;x) ands(i,Pjx) by i, j (the same is true
for U−1).

Then calculating integrals as above forWn with functions f , using the Lebesgue con-
vergence theorem we get the equalities analogous to written in § I.3.25(III) for J andJρ of
the general form. Fromν(dx)/µ(dx) 6= 0 (mod µ) and § 2.19 we get the statement of the
theorem.

3.21. Examples. Let X be a Banach space over the fieldK with the normal-
ization groupΓK = ΓQp . We consider a diagonal compact operatorT = diag(t j : j ∈
N) in a fixed orthonormal basis(ej : j) in X such thatkerT := T−10 = {0}. Let

ν′
j(dxj) = C′(ξ j)s

−qmin(0,ordp((x j−x0
j )/ξ j ))v(dxj) for the Haar measurev : Bco(K)→ Qs, then

ν′
j(B f(K)) ⊂ Cs. We choose constant functionsC′(ξ j) such thatν′

j be a probability mea-
sure, wherex0 = (x0

j : j) ∈ X, x = (x j : j) ∈ X, x j ∈ K.
With the help of products

⊗

j ν′
j(dxj) as in § 3.15 we can construct a probability quasi-

invariant measureµT on X with values inCs, sincecl(TX) is compact inX andspanK (ej :
j) =: H ⊂ Jµ. From

⋂

λ∈B(K,0,1)\0cl(λTX) = {0} we may infer that for eachc > 0 there
exists a compactVc(λ)⊂X such that‖X\Vc(λ)‖µ < c and

⋂

λ6=0Vc(λ) = {0}, consequently,

lim
|λ|→0

∫

X
f (x)µλT(dx) = f (0) = δ0( f ),

henceµλT is weakly converging toδ0 whilst |λ| → 0 for the space of bounded continuous
functions f : X → Cs.

From Theorem 3.6 we conclude that from∑∞
j=1 |y j/ξ j |

q
p < ∞ it follows y ∈ JµT . Then

for a linear transformationU : X → X from ∑ j |ẽj(x−U(x))/ξ j |
q
p < ∞ it follows thatx−

U(x) ∈ Jµ and a pair(x−U(x),x) ∈ dom(ρ(a,z)). Moreover, forρ corresponding toµT

conditions (v) and (vi) in § 3.20 are satisfied. Therefore, for suchy andS∈ A f(X,µ) a
quantity|µ(ty+S)−µ(S)| is of order of smallness|t|q whilst t → 0, hence they are pseudo-
differentiable of orderb for 0 < Re(b)< q (see also § 4 below).

It is interesting also to discuss a way of solution of one problem formulated in [KE92]
that there does not exist aσ-additiveQp-valued measure with values inX over Qp such
that it would be an analog of the classical Gaussian measure. In the classical case this
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means in particular a quasi-invariance of a measure relative to shifts on vectors from a
dense subspace. We will show, that on a Banach spaceX over K ⊃ Qp for each prime
numberp there is not aσ-additiveµ 6= 0 with values inKp such that it is quasi-invariant
relative to shifts from a dense subspace. Details can be lightly extracted from the results
given above. Let on(X,Bco(X)) there exists suchµ. With the help of suitable compact
operators a cylindrical measure on an algebra of cylindrical subsets ofX generates quasi-
invariant measures, so we can suppose thatµ is quasi-invariant. Then it produces a sequence
of a finite-dimensional distribution{µLn : n∈ N} analogously to § 2 and § 3, whereLn are
subspaces ofX with dimensions overK equal ton. Each measureµLn is σ-additive.

From the quasi-invariance ofµ it follows, thatLn can be chosen such thatµLn are quasi-
invariant relative to the entireLn. But in view of Chapters 7-9 [Roo78] and [Sch84] for
measures with values inKp (see also Proposition 11 from § VII.1.9 [Bou63-69]) this means
thatµLn is equivalent to the Haar measure onLn with values inKp.

The spaceLn as the additive group can be considered overQp, moreover, for each
continuous linear functionalφ : Kp →Qp considered as the finite-dimensional Banach space
overQp the measureφ◦µLn(∗) is non-trivial for someφ. Consequently, onLn there would
be the Haar measure with values inQp, but this is impossible due to Chapter 9 in [Roo78],
sinceLn is not thep-free group. We get the contradiction, that is, suchµ does not exist.

3.22. Theorem. Let A be a complete normed algebra over the local fieldK. If a
nontrivial K s-valued measure µ on Bco(A) is quasi-invariant relative to dense subalgebra
A′ (relative to linear shifts and left(or right) multiplication), then A is finite dimensional
overK.

3.23. Theorem.Let A be a Banach space over the local fieldK. If µ is a non-trivialK s-
valued measure on Bco(A)quasi-invariant relative to shifts from a denseK-linear subspace
L′, then there exists a nontrivial topological group G ofK-linear automorphisms of A such
that µ is also quasi-invariant relative to G.

Proof. These statements of 3.22, 3.23 follow from Theorem 3.19 and Lemma 3.18
analogously to § § I.3.28, I.3.29 above.

2.4. Pseudo-differentiable Ks-Valued Measures

4.1. Note and Definition.A function f : K → Us is called pseudo-differentiable of order
b, if there exists the following integral:

PD(b, f (x)) :=
∫

K
[( f (x)− f (y))×g(x,y,b)]dv(y).

We introduce the following notationPDc(b, f (x)) for such integral byB(K, 0,1) instead
of the entireK. Whereg(x,y,b) := s(−1−b)×ordp(x−y) with the corresponding Haar measure
v with values inK s, whereb ∈ Cs and |x|K = p−ordp(x), Cs denotes the field of complex
numbers with the non-Archimedean normalization extending that ofQs, Us is a spherically
complete field with a normalization groupΓUs := {|x| : 0 6= x ∈ Us} = (0,∞) ⊂ R such
thatCs ⊂ Us, 0< s is a prime number (see also [Dia84, Roo78, Sch84, Wei73]). For each
γ ∈ (0,∞) there existsα = logs(γ) ∈ R, ΓUs = (0,∞), hencesα ∈ Us is defined for each
α ∈ R, where logs(γ) = ln(γ)/ln(s), ln : (0,∞) → R is the natural logarithmic function
such that ln(e) =1. The functionsα+iβ =: ξ(α,β) with α and β ∈ R is defined due to
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the algebraic isomorphism ofCs with C (see also [Kob77]) in the following manner. Put
sα+iβ := sα(si)β and choose assi a marked number inUs such thatsi := (EXPs(i)) ln s, where
EXPs : Cs→ C+

s is the exponential function,C+
s := {x∈ Cs : |x−1|s < 1} (see Proposition

45.6 [Sch84]). Therefore,|EXPs(i) −1|s < 1, hence|EXPs(i)|s = 1 and inevitably|si |s =
1. Therefore,|sα+iβ |s = s−α for eachα and β ∈ R, where| ∗ |s is the extension of the
normalization fromQs onUs, consequently,sx ∈ Us is defined for eachx∈ Cs.

A quasi-invariant measureµ on X is called pseudo-differentiable forb ∈ Cs, if there
existsPD(b,g(x)) for g(x) := µ(−xz+S) for eachS∈ Bco(X) ‖S‖µ < ∞ and eachz∈ Jb

µ,
whereJb

µ is a K-linear subspace dense inX. For a fixedz∈ X such measure is called
pseudo-differentiable alongz.

For a one-parameter subfamily of operatorsB(K, 0,1)∋ t 7→Ut : X → X quasi-invariant
measureµ is called pseudo-differentiable forb ∈ Cs, if for each S the same as above
there existsPDc(b,g(t)) for a functiong(t) := µ(U−1

t (S), whereX may be also a topo-
logical group G with a measure quasi-invariant relative to a dense subgroupG′ (see
[Lud99t, Lud98s, Lud00a]).

4.2. Let µ, X, andρ be the same as in Theorem 3.15 andF be a non-Archimedean
Fourier transform defined in [VVZ94, Roo78].

Theorems.(1) g(t) := ρ(z+ tw,x) j(t)∈ L(K, v,K s) =: V for µ and the Haar measure v
with values inK s, where z and w∈ Jµ, t ∈K, j (t) is the characteristic function of a compact
subset W⊂ K. In general, may be k(t) := ρ(z+ tw,x) /∈V.

(2) Let g(t) = ρ(z+ tw,x) j(t) with clopen subsets W inK. Then there are µ, for which
there exists PD(b,g(t)) for each b∈ Cs. If g(t) = ρ(z+ tw,x), then there are probability
measures µ, for which there exists PD(b,g(t)) for each b∈ Cs with 0 < Re(b)or b = 0.

(3) Let S∈ A f(X,y), ‖S‖µ < ∞, then for each b∈U := {b′ : Re b′ > 0 or b′ = 0} there
is a pseudo-differentiable quasi-invariant measure µ .

Proof. We consider the following additive compact subgroupGT := {x∈ X|‖x( j)‖ ≤
pk( j) for eachj ∈ N} in X, whereT = diag{d( j) ∈ K : |d( j)| = p−k( j) for eachj ∈ N} is
a compact diagonal operator. Thenµ from Theorem 3.15 is quasi-invariant relative to the
following additive subgroupST := GT +H, whereH := spanK{e(j) : j ∈ N}. The rest of
the proof is analogous to that of § I.4.2.

4.2.1. Theorem.Let X be a Banach space of separable type over a locally compact
non-Archimedean fieldK and J be a dense properK-linear subspace in X such that the
embedding operator T: J →֒ X is compact and nondegenerate, ker(T) = {0}, b∈ C. Then
a setPb(X,J) of probabilityK s-valued measures µ on Bco(X) quasi-invariant and pseudo-
differentiable of order b relative to J is of cardinality card(K s)

c. If J′, J′ ⊂ J, is also a
denseK-linear subspace in X, thenPb(X,J′) ⊃ Pb(X,J).

Proof. As in § I.3.20.1 choose forT an orthonormal base inX in which T is diagonal
andX is isomorphic withc0 overK such that in its standard base{ej : j ∈ N} the operator
T is characterized byTej = a jej , 0 6= a j ∈ K for eachj ∈ N, lim j→∞ a j = 0 (see Appendix
A).

Take gn from § 3.15.1, wheregn ∈ L(K, B f(K), w′(dx/an),K s), satisfy con-
ditions there and such that there exists limm→∞PD(b,∏m

n=1gn(xz)) ∈ L(X,Bco(X),
ν,F) by the variablex for eachz∈ J, wherex∈ K, K s∪Cs ⊂ F, F is a non-Archimedean
field. Evidently,Pb(X,J) ⊂M (X,J). The family of such sequences of functions{gn : n∈
N} has the cardinalitycard(K s)

c, since inL(ν) the subspace of step functions is dense and
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the condition of pseudo-differentiability is the integral convergence condition (see § § 4.1
and 4.2).

4.3. Let X be a Banach space overK, b0 ∈R or b0 = +∞ and suppose that the following
conditions are satisfied:

(1) T : X → X is a compact operator withker(T) = {0};
(2) a mappingF̃ from B(K, 0,1) to CT(X) := {U : U ∈ C1(X,X) and(U ′(x)− I) is a

compact operator for eachx∈X, there isU−1 satisfying the same conditions asU} is given;
(3) F̃(t) =Ut(x) and Φ1Ut(x+ h,x) are continuous byt, that is, F̃ ∈C1(B(K, 0,1),

CT(X));
(4) there isc > 0 such that‖Ut(x)−Us(x)‖ ≤ ‖Tx‖ for eachx∈ X and|t −s|< c;
(5) for eachR> 0 there is a finite-dimensional overK subspaceH ⊂ X andc′ > 0 such

that‖Ut(x)−Us(x)‖ ≤ ‖Tx‖/R for eachx∈ X⊖H and|t −s|< c′ with (3−5) satisfying
also forU−1

t .
Theorem. On X there are probability quasi-invariant measures µ which are pseudo-

differentiable for each b∈ Cs with R ∋ Re(b)≤ b0 relative to a family Ut , where µ are with
values inK s.

Proof. From Conditions (2,3) it follows that there isc > 0 such that|det(U ′
t (x))|

= |det(U ′
s(x))| in L(µ) by x ∈ X and all |t − s|< c, where quasi-invariant and pseudo-

differentiable measuresµonX relative toST may be constructed as in the proof of Theorems
3.15 and 4.2. The final part of the proof is analogous to that of § I.4.3.

4.4. Let X be a Banach space overK, µ be a probability quasi-invariant measureµ :
Bco(X) → K s, that is pseudo-differentiable for a givenb with Re(b)> 0,Cb(X) be a space
of continuous bounded functionsf : X → K s with ‖ f‖ := supx∈X | f (x)|.

Theorem. For each a∈ Jµ and f ∈Cb(X) is defined the following integral:

(i) l( f ) =
∫

K
[
∫

X
f (x)[µ(−λa+dx)−µ(dx)]g(λ,0,b)v(dλ)

and there exists a measureν : Bco(X) → Cs with a bounded variation, moreover, for b∈ R
this ν is a mapping from from Bco(X) into K s, such that

(ii) l( f ) =
∫

X
f (x)ν(dx),

where v is the Haar measure onK with values inQs, moreover,ν is independent from f
and may be dependent on a∈ Jµ. We denoteν =: D̃b

aµ.
Proof. From Definition 4.1 and the non-Archimedean analog of the Lebesgue conver-

gence theorem it follows that there exists

lim
j→∞

∫

K\B(K,0,p− j )

[

∫

X
( f (x+λa)− f (x))g(λ,0,b)µ(dx)

]

v(dλ) = l( f ),

that is(i) exists. Let

(iii) l j(V, f ) :=
∫

K\B(K,0,p− j )

[

∫

V
f (x)(µ(−λa+dx)−µ(dx))g(λ,0,b)

]

v(dλ),
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whereV ∈Bco(X). Then due to construction of § 3.15 for eachc> 0 there exists a compact
Vc ⊂ X with ‖X \Vc‖νλ < c for each|λ| > 0, where

νλ(A) :=
∫

K\B(K,0,|λ|)
[µ(−λ′a+A)−µ(A)]g(λ′,0,b)v(dλ′)

for A∈ Bco(X). The rest of the proof is analogous to that of § I.4.4.
4.5. Theorem. Let X be a Banach space overK, | ∗ | = modK (∗) with a probability

quasi-invariant measure µ: Bco(X) → K s and it is satisfied Condition3.16.(i), suppose µ
is pseudo-differentiable and

(viii) Jbµ⊂ T”Jµ, (Ut : t ∈ B(K, 0,1)) is a one-parameter family of operators such that
Conditions3.20(i− vii) are satisfied with the substitution of Jµ onto Jbµ uniformly by t∈
B(K, 0,1), Jµ ⊃ T ′X, where T′,T” : X → X are compact operators, ker(T ′) = ker(T”) = 0.
Moreover, suppose that there are sequences

(ix) [k(i, j)] and[k′(i, j)] with i, j ∈N, lim i+ j→∞ k(i, j) = lim i+ j→∞ k′(i, j) =−∞ and n∈
N such that|T” i, j −δi, j |< |T ′

i, j −δi, j |pk(i, j), |Ui, j −δi, j |< |T” i, j −δi, j |pk′(i, j) and|(U−1)i, j −

δi, j | < |T” i, j − δi, j |pk′(i, j) for each i+ j > n, where Ui, j = ẽiU(ej), (ej : j) is orthonormal
basis in X. Then for each f∈Cb(X) is defined

(α) l( f ) =
∫

B(K,0,1)

[

∫

X
f (x)[µ(U−1

t (dx))−µ(dx)]

]

g(t,0,b)v(dt)

and there exists a measureν : Bco(X) → Cs with a bounded total variation [particularly,
for b∈ R it is such thatν : Bco(X) → K s] and

(β) l( f ) =
∫

X
f (x)ν(dx),

whereν is independent from f and may be dependent on(Ut : t), ν =: D̃b
U∗

µ.
Proof. From the proof of Theorem 3.20 it follows that there exists a se-

quenceU (q)
t of polygonal operators converging uniformly byt ∈ B(K, 0,1) to Ut

and equicontinuously by indices of matrix elements inL(µ). Then there exists
limq→∞ lim j→∞

∫

B(K,0,1)\B(K,0,p− j [
∫

X f (U−1
t (x)) − f (x)]g(t,0,b)µ(dx)]v(dt) for each f ∈

Cb(X). From conditions(viii, ix), the Fubini and Lebesgue theorems it follows that for
νλ :=

∫

B(K,0,1)\B(K,0,|λ|)[µ(U−1
t (A))− µ(A)]g(t,0,b)v(dt) for A ∈ Bco(X) for eachc > 0

there exists a compactVc ⊂ X and δ > 0 such that‖X \Vc‖ < c. Indeed,Vc and δ > 0
may be chosen due to pseudo-differentiability ofµ, § § 2.30, 3.18, Formula(i), 3.16.(i)and
due to continuity and boundednessy (onB(K, 0,1)∋ t) of |det U′

t (U
−1
t )(x))|K satisfying the

following conditionsU−1
t (Vc) ⊂ Vc and‖(X \Vc)△ (U−1

t (X \Vc))‖µ = 0 for each|t| < δ,
sinceVc = Y( j)∩Vc are compact for everyj. Repeating proofs 3.20 and 4.4 with the use of
Lemma I.2.5 for the family(Ut : t) we get formulas(α,β).

2.5. Convergence of Ks-Valued Measures

5.1. Definitions, notes and notations.Let Sbe a normal topological group with the small
inductive dimensionind(S) = 0, S′ be a dense subgroup, suppose their topologies areτ and
τ′ correspondingly,τ′ ⊃ τ|S′ . Let G be an additive Hausdorff left-R-module, whereR is
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a topological ring,R ⊃ Bco(S) be a a ringR ⊃ Bco(S) for K s-valued measures,M(R,G)
be a family of measures with values inG, L(R,G,R) be a family of quasi-invariant mea-
sureµ : R → G with ρµ(g,x)× µ(dx) := µg−1

(dx) =: µ(gdx), R×G → G be a continu-
ous left action ofR on G such thatρµ(gh,x) = ρµ(g,hx)ρµ(h,x) for eachg,h ∈ S′ and
x ∈ S. Particularly, 1= ρµ(g,g−1x)ρµ(g−1,x), that is,ρµ(g,x) ∈ Ro, whereRo is a mul-
tiplicative subgroup ofR. Moreover,zy∈ L for z∈ R0 with ρzµ(g,x) = zρµ(g,x)z−1 and
z 6= 0. We suppose that topological characters and weightsSandS′ are countable and each
openW in S′ is pre-compact inS. Let P” be a family of pseudo-metrics inG generat-
ing the initial uniformity such that for eachc > 0 andd ∈ P” and{Un ∈ R : n ∈ N} with
∩{Un : n∈ N} = {x} there ism∈ N such thatd(µg(Un),ρµ(g,x)µ(Un)) < cd(µ(Un),0) for
eachn > m, in addition, a limitρ is independentµ-a.e. on the choice of{Un : n} for each
x∈Sandg∈S′. Consider a sub-ringR′⊂R, R′⊃Bco(S) such that∪{An : n= 1, . . . ,N}∈R′

for An ∈ R′ with N ∈ N andS′R′ = R′. ThenL(R,G,R;R′) := {(µ,ρµ(∗,∗)) ∈ L(R,G,R) :
µ− R′− is regular and for eachs∈S there areAn ∈R′,n∈N with s=∩(An : n),{s} ∈R′}.

For pseudo-differentiable measuresµ let S” ⊂ S′, S” be a dense subgroup inS, τ′|S”
is not stronger thanτ” on S” and there exists a neighborhoodτ” ∋ W” ∋ e in which are
dense elements lying on one-parameter subgroups(Ut : t ∈ B(K, 0,1))). We suppose that
µ is induced from the Banach spaceX overK due to a local homeomorphism of neighbor-
hoods ofe in S and 0 inX as for the case of groups of diffeomorphisms [Lud96] such
that is accomplished Theorem 4.5 for eachU∗ ⊂ S” inducing the corresponding trans-
formations onX. In the following caseS = X we considerS′ = Jµ and S” = Jb

µ with

Re(b)> 0 such thatMµ ⊃ Jµ ⊂ (TµX)∼, Jb
µ ⊂ (T(b)

µ X)∼ with compact operatorsTµ and

T(b)
µ , ker(Tµ) = ker(T(b)

µ ) = 0 and norms induced by the Minkowski functionalPE for

E = TµB(X,0,1) andE = T(b)
µ B(X,0,1) respectively. We suppose further that for pseudo-

differentiable measuresG is equal toCs ∨ K s. We denoteP(R,G,R,U∗;R′) := [(µ,ρµ,ηµ) :
(µ,ρµ) ∈ L(R,G,R;R′),µ is pseudo-differentiable andηµ(t,U∗,A) ∈ L(K, v,Cs)], where
ηµ(t,U∗,A) = j(t)g(t,0,b)[µh(U−1

t (A)−µh(A)], j(t) = 1 for eacht ∈ K for S= X; j(t) = 1
for t ∈ B(K, 0,1), j(t) = 0 for |t|K > 1 for a topological groupS that is not a Banach space
X overK, v is the Haar measure onK with values inQs, (Ut : t ∈ B(K, 0,1)) is an arbitrary
one-parameter subgroup. On these spacesL (or P) the additional conditions are imposed:

(a) for each neighborhood (implying that it is open)U ∋ 0 ∈ G there exists a neigh-
borhoodS⊃ V ∋ e and a compact subsetVU , e∈ VU ⊂ V, with µ(B) ∈ U (or in addition
D̃b

U∗
µ(B)∈U) for eachB, R ∋ B∈ Bco(S\VU);
(b) for a givenU and a neighborhoodR⊃ D ∋ 0 there exists a neighborhoodW, S′ ⊃

W ∋ e, (pseudo)metricd ∈ P” and c > 0 such thatρµ(g,x)− ρµ(h,x′) ∈ D (or D̃b
U∗

(µg −

µh)(A) ∈ U for A ∈ Bco(VU) in addition for P) whilst g,h ∈ W, x,x′ ∈ VU , d(x,x′) < c,
where (a,b) is satisfied for all(µ,ρµ) ∈ L (or (µ,ρµ,ηµ) ∈ P) equicontinuously in (a) on
V ∋Ut ,U

−1
t and in (b) onW and on eachVU for ρµ(g,x)−ρµ(h,x′) andD̃b

U∗
(µg−µh)(A).

These conditions are justified, since due to Theorems 3.15, 3.19, 4.3 and 4.5 there exists
a subspaceZ” dense inZ′ such that for eachε > 0 and each∞ > R> 0 there arer > 0 and
δ > 0 with |ρν(g,x)− ρν(h,y)| < ε for each‖g− h‖Z” + ‖x− y‖Z < δ, g,h ∈ B(Z”, 0,r),
x,y∈B(Z,0,R), whereZ” is the Banach space overK. For a group of diffeomorphisms of a
non-Archimedean Banach manifold we have an analogous continuity ofρµ for a subgroup
G” of the entire groupG (see [Lud96, Lud99t, Lud00a, Lud02b]). ByMo we denote a
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subspace inM, satisfying (a). Henceforth, we imply thatR′ contains all closed subsets from
Sbelonging toR, whereG andR are complete.

For µ : Bco(S) → G by L(S,µ,G) we denote the completion of a space of continuous
f : S→G such that‖ f‖d := suph∈Cb(S,G)d(

∫

S f (x)h(x) µ(dx),0)< ∞ for eachd∈P”, where
Cb(S,G) is a space of continuous bounded functionsh : S→ G. We suppose that for each
sequence( fn : n)⊂ L(S,µ,G) for which g∈ L(S,µ,G) exists withd( fn(x),0)≤ d(g(x),0)
for everyd ∈ P”, x andn, that fn converges uniformly on each compact subsetV ⊂ Swith
‖V‖µ > 0 and the following is satisfied:f ∈ L(S,µ,G), limn‖ fn− f‖d = 0 for eachd ∈ P”
and

∫

S f (x)µ(dx) = limn
∫

S fn(x)µ(dx). In the caseG = K s it coincides withL(S,µ,K s),
hence this supposition is the Lebesgue theorem. ByY(v) we denoteL(K, v,Cs).

Now we may define topologies and uniformities with the help of corresponding bases
(see below) onL ⊂ GR ×RS′×S

o =: Y (or P ⊂ GR ×RS′×S
o ×GS′×K×R =: Y, Ro ⊂ R\ {0}.

There are the natural projectionsπ : L (∨ P) → Mo, π(µ,ρµ(∗,∗) (∨ ,ηµ)) = µ, ξ : L (∨
P)→ RS′×S, ξ(µ,ρµ,(∨ ηµ)) = ρµ, ζ : P→ GS′×K×R, ζ(µ,ρµ,ηµ) = ηµ. Let H be a filter on
L or P, U = U ′×U” or U = U ′×U” ×U” ′, U ′ andU” be elements of uniformities onG,
RandY(v) correspondingly,τ′ ∋W ∋ e,τ ∋V ⊃VU ′ ∋ e,VU ′ is compact. By[µ] we denote
(µ,ρµ) for L or (µ,ρµ,ηµ) for P, Ω := L ∨ P, [µ](A,W,V) := [µg(A),ρµ(g,x), ∨ ηµg(t,U∗,A)|
g∈W,x∈V, ∨ t ∈ K]. We considerA ⊂ R, then

W(A,W,VU ′ ;U) := {([µ], [ν]) ∈ Ω2|([µ], [ν])(A,W,VU ′) ⊂U}; (1)

W(S;U) := {([µ], [ν]) ∈ Ω2|{(B,g,x) : ([µ], [ν])(B,g,x)) ∈U} ∈ S}, (2)

whereS is a filter onR×S′×Sc, Sc is a family of compact subsetsV ′ ∋ e.

W(F,W,V;U) := {([µ], [ν]) ∈ Ω2|{B : ([µ], [ν])(B,g,x)∈U,g∈W,x∈V} ∈ F}, (3)

whereF is a filter onR (see also § 2.1 and 4.1[Con84]);

W(A,G;U) := {([µ], [ν]) ∈ Ω2| {(g,x) : ([µ], [ν])(B,g,x) ∈U,B∈ A} ∈ G}, (4)

whereG is a filter onS′×Sc; supposeU ⊂ R×τ′e×Sc, Φ is a family of filters onR×S′×Sc

or R×S′×Sc×Y(v) (generated by products of filtersΦR×ΦS′ ×ΦSc on the corresponding
spaces),U′ be a uniformity on(G,R)or (G,R,Y(v)), F⊂Y. A family of finite intersections
of setsW(A,U)∩ (F×F) (see (1)), where(A,U) ∈ U×U′ (or W(F,U)∩ (F×F) (see (2)),
where(F,U) ∈ (Φ×U′) generate by the definition a base of uniformity ofU-convergence
(Φ-convergence respectively) onF and generate the corresponding topologies. For these
uniformities are used notations

(i) FU andFΦ; FR×W×V is for F with the uniformity of uniform convergence

onR×W×V, whereW ∈ τ′e, V ∈ Sc, analogously for the entire spaceY;

(ii) FA denotes the uniformity (or topology) of pointwise convergence for

A ⊂ R× τ′e×Sc =: Z, for A = Z we omit the index (see formula (1)). Henceforward, we
useH′ instead of H in 4.1.24[Con84], that is,H′(A,R̃)-filter on R generated by the base
[(L ∈ R : L ⊂ A\K′) : K′ ∈ R̃, K′ ⊂ A], whereR̃ ⊂ R andR̃ is closed relative to the finite
unions.
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For example, letS be a locally K-convex space,S′ be a dense subspace,G be
a locally L-convex space, whereK, L are fields, R = B(G) be a space of bounded
linear operators onG, Ro = GL(G) be a multiplicative group of invertible linear op-
erators. Then others possibilities are:S = X be a Banach space overK, S′ = Jµ,
S” = Jb

µ as above;S = G(t), S′ ⊃ S” are dense subgroups,G = R be the fieldK s

( s 6= p), M be an analytic Banach manifold overK ⊃ Qp (see [Lud96]). The rest of the
necessary standard definitions are recalled further when they are used.

5.2. Lemma. Let R be a quasi-δ-ring with the weakest uniformity in which
each µ∈ M is uniformly continuous andΦ ⊂ Φ̂C(R,S′ ×Sc). ThenL(R,G,R,R′)Φ (or
P(R,G,R,U∗;R′)Φ)) is a topological space on which Ro acts continuously from the right.

Proof. It is analogous to that of § I.5.2 using Definition 4.1 for pseudo-differentiablef .
5.3. Proposition. (1). LetT be aΦ̂4-filter on Mo(R,G;R′), {An} be a disjointΘ(R)-

sequence,Σ be the elementary filter onR generated by{An : n∈ N} andφ : Mo×R → G
with φ(µ,A) = µ(A). Thenφ(T×Σ) converges to0.

(2). Moreover, letU be a base of neighborhoods of e∈ S′, φ : L → G×R,φ(µ,A,g) :=
(µg(A),ρµ(g,x)), where x∈ A. Then(0,1)∈ lim φ(T×Σ×U).

(3). If T is aΦ4-filter on P(R,G,R,U∗;R′),

ψ(µ,B,g, t,U∗) = [µ(B);ρµ(g,x);ηµg(t,U∗,B)],

then(0,1,0)∈ lim ψ(T×Σ×U) for each given U∗ ∈ S”, whereΣ andU as in(1,2).
Proof. The proof is analogous to that of § I.5.3 with the use of the Lebesgue conver-

gence theorem.
5.4. Proposition. Let H be aΦ̂4-filter on L (or P) with the topologyF (see5.1(ii)),

A ∈ R, τG ∋ U ∋ 0, H′(A,R′) ∈ Ψ f (R). Then there are L∈ H, K̃ ∈ R′ and an element
of the uniformityU for LR′ or PR′ such thatK̃ ⊂ A, L = [(µ,ρµ(g,x)) : M := πMo

(L) ∋
µ,πτ′e(L) =:W ∋ g (or (µ,ρµ,ηµ(∗,∗,U∗)) and additionallyD̃b

U∗
µ= PD(b,ηµ))], e∈W ∈ τ′,

µg(B)−νh(C)∈U (or in addition(D̃b
U∗

µg(B))−(D̃b
U∗

νh(C))∈U) for K̃ ⊂B⊂A, K̃ ⊂C⊂A

for each([µ], [ν]) ∈ ¯̄L2∩U, where¯̄L := cl(L,LR′) (or cl(L,PR′)), πMo
is a projector from L

into Mo.
Proof. Repeating the proof of § I.5.4 we getµg(B)−µ(B)∈U ′, νh(C)−ν(C) ∈U ′ and

for 3U ′ ⊂U we get 5.4 forL. From Theorems 4.4 and 4.5, §5.1, the Egorov conditions and
the Lebesgue theorem we get 5.4 forP, sinceµ are probability measures andLR′ (or PR′)
correspond to uniformity from § 5.1(ii)with A = R′ × τ′e×Sc. Indeed,µg(A)− νh(A) =
(µg(A)−µg(VU ′))+ (µg(VU ′)−νh(VU ′))+ (νh(VU ′)−νh(A)), µg(A) =

∫

A ρµ(g,x)µ(dx) for
eachA∈Bco(S), for eachτG ∋U ′ ∋ 0 there exists a compact subsetV ′

U ⊂A with µg(B)∈U ′

for eachB∈ B f(A\VU ′)∩Bco(S) and the same forνh (due to the condition in § 5.1 thatR′

containsBco(S)). At first we can considerA∈ Bco(S), then useR′-regularity of measures
andσR′ ⊃ Bco(S).

From the separability ofS, S′ and the equality of their topological weights toℵ0,
restrictions 5.1.(a,b) it follows that there exists a sequence of partitionsZn = [(xm,Am) :
m,xm∈ Am] for eachA∈ Bco(S), Ai ∩A j = /0 for eachi 6= j,

⋃

mAm = A, Am∈ Bco(S), such
that limn→∞(µg(A)−∑ j ρµ(g,x j)µ(A j)) = 0 and the same forν, moreover, forVU ′ eachZn

may be chosen finite. Then there existsW ∈ τ′e with W× (S\V2) ⊂ (S\V), τe ∋V ⊂V2,
νg(B) and µg(B) ∈ U ′ for eachB ∈ B f(S\V2)∩Bco(S) (for G = K s respectively) and
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g∈W (see 5.1.(a)). Then fromA = [A∩ (S\V2)]∪ [A∩V2] and the existence of compact
V ′

U ′ ⊂V with µ(E) ∈U ′ for eachE ∈ B f(V \V ′
U ′)∩Bco(S) and the same forν, moreover,

(V ′
U ′)2 is also compact, it follows thatµg(B)−νh(C) ∈U for 9U ′ ⊂U , sinceR′ ⊃ Bco(S),

whereW satisfies the following conditionµg(V ′
U ′)− νh(V ′

U ′) ∈ U ′ for V ′
U ′ ⊂ V2 due to §

5.1.(b),µ(B)−ν(C) ∈U ′, WV′
U ′ ⊂ (V ′

U ′)2 due to pre-compactness ofW in S. Since pseudo-
differentiable measures are also quasi-invariant, hence for them 5.4 is true.

Now let [µ] ∈ lim H, A ∈ Bco(S), then ηµ ∈ lim ζ(H) in Y(v) and there exists a
sequenceηµn such that

∫

K ηµn(λ,U∗,A)v(dλ) = D̃b
U∗

µn(A) due to § § 4.4 or 5.1 and
limn→∞ D̃b

U∗
µn(A) =

∫

K ηµ(λ,U∗,A)v(dλ) =: κ(A) due to the Lebesgue theorem. From
ηµ(λ,U∗,A∪B) = η(λ,U∗,A)+η(λ,U∗,B) for A∩B = /0, B∈ Bco(S) it follows thatν(A)
is the measure onBco(S), moreover,κ(A) = D̃b

U∗
µ(A). Sinceµg(A) =

∫

A ρµ(g,x)µ(dx) for
A∈ Bco(S) for g∈ S′, then

ηµg(λ,U∗,A) = j(λ)g(λ,0,b)[µg(A)−µg(U−1
λ A)]

= j(λ)g(λ,0,b)
∫

A
ρµ(g,x)[µ(dx)−µUλ(dx)]

and in view of the Fubini theorem there exists

D̃b
U∗

µg(A) =
∫

A

[

∫

K
ρµ(g,x) j(λ)g(λ,0,b)[µ(dx)−µUλ(dx)]

]

v(dλ)

, where j(t) = 1 for S= X and j(t) is the characteristic function ofB(K, 0,1) for S that is
not the Banach spaceX. Thenµ-a.e. D̃b

U∗
µg(dx)/D̃b

U∗
µ(dx) coincides withρµ(g,x) due to

5.1(a,b), hence,(D̃b
U∗

µg,ρµg) generate theΦ4-filter in L arising from theΦ̂4-filter in P. Then
we estimateD̃b

U∗
(µg−νh)(A) as aboveµg(A)−νh(A). Therefore, we find for theΦ4-filter

correspondingL, since there existsδ > 0 such thatUλ ∈W for each|λ| < δ. For Φ4-filter
we use the corresponding finite intersectionsW1∩ ·· · ∩Wn = W, whereWj correspond to
theΦ4-filtersH j .

Note. The formulations and proofs of § § 5.5-5.10 (see Chapter I) are quite analogous
for real-valued andK s-valued measures due to preceding results.

2.6. Measures with Particular Properties

1. Theorem. Let X be a complete separable ultra-uniform space and letK be
a locally compact field. Then for each marked b∈ Cs there exists a nontrivialF-
valued measure µ on X which is a restriction of a measureν in a measure space
(Y,Bco(Y),ν) = lim{(Ym,Bco(Ym),νm), f̄ m

n ,E} on X and eachνm is quasi-invariant and
pseudo-differentiable for b∈ Cs relative to a dense subspace Y′

m, where Yn := c0(K, αn),
f̄ m
n :Ym→Yn is a normal (that is,K-simplicial non-expanding) mapping for each m≥ n∈E,

f̄ m
n |Pm = f m

n . Moreover, if X is not locally compact, then the familyF of all such µ contains
a subfamilyG of pairwise orthogonal measures with the cardinality card(G ) = card(F)c,
c := card(Qp).

Proof. Choose a polyhedral expansion ofX in accordance with Theorem B.2.18. Let
eitherQp ⊂ K for char(K) = 0 or Fp(θ) ⊂ K for char(K) = p, s 6= p are prime numbers,
Qs ⊂ F, whereF is a non-Archimedean field complete relative to its uniformity. On each
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Xn take a probabilityF-valued measureνn such that‖Xn \Pn‖νn < εn, ∑n∈E εn < 1/5. In
accordance with § 3.5.1 and § 4.2.1 eachνn can be chosen quasi-invariant and pseudo-
differentiable forb∈ Cs relative to a denseK-linear subspaceY′

n, since each normal map-
ping f m

n has a normal extension onYm supplied with the uniform polyhedra structure.
SinceE is countable and ordered, then a familyνn can be chosen by transfinite in-

duction consistent, that is,̄f m
n (νm) = νn for eachm ≥ n in E, f̄ m

n (Y′
m) = Y′

n. Then
X = lim{Pm, f m

n ,E} →֒Y. Since f̄ m
n areK-linear, then( f̄ m

n )−1(Bco(Yn))⊂Bco(Ym) for each
m≥ n∈ E. Therefore,ν is correctly defined on the algebra

⋃

n∈E f−1
n (Bco(Yn)) of subsets

of Y, where fn : X → Xn areK-linear continuous epimorphisms. Sinceν is nontrivial and
‖ν‖ is bounded by 1, then by the non-Archimedean analog of the Kolmogorov theorem 2.39
ν has an extension on the algebraBco(Y) and hence on its completionA f(Y,ν).

PutY′ := lim{Y′
m, f̄ m

n ,E}. Thenνm onYm is quasi-invariant and pseudo-differentiable
for b∈ Cs relative toY′

m. From∑n εn < 1/5 it follows, that 1≥ ‖X‖µ ≥ ∏n(1−εn) > 1/2,
henceµ is nontrivial.

To prove the latter statement use the non-Archimedean analog of the Kakutani theorem
for ∏nYn and then consider the embeddingsX →֒Y →֒ ∏nYn such that projection and sub-
sequent restriction of the measure∏n νn onY andX are nontrivial, which is possible due to
the proof given above. If∏n νn and∏n ν′

n are orthogonal on∏nYn, then they giveν andν′

orthogonal onX.
2. Definitions and Notes. Let spacesX andY be as in § 1.6.4. Consider a non-

Archimedean fieldF such thatK s ⊂ F and with the normalization groupΓF = (0,∞) ⊂ R
andF is complete relative to its uniformity (see [Dia84, Esc95]). Then a measureµ= µq,B,γ
onX with values inK s is called aq-Gaussian measure, if its characteristic functional ˆµ with
values inF has the form

µ̂(z) =s[B(vs
q(z),v

s
q(z))]χγ(z)

on a denseK-linear subspaceDq,B,X in X∗ of all continuousK-linear functionalsz : X → K
of the formz(x) = zj(φ j(x)) for eachx ∈ X with vs

q(z)∈ DB,Y, whereB is a nonnegative
definite bilinearR-valued symmetric functional on a denseR-linear subspaceDB,Y in Y∗,
B : D2

B,Y → R, j ∈ ϒ may depend onz,zj : Xj → K is a continuousK-linear functional such
thatzj = ∑k∈α j

ek
jzk, j is a countable convergent series such thatzk, j ∈ K, ek

j is a continuous

K-linear functional onXj such thatek
j(el , j) = δk

l is the Kroneker delta symbol,el , j is the
standard orthonormal (in the non-Archimedean sense) basis inc0(α j ,K), vs

q(z) =vs
q(zj) :=

{|sq ordp(zk, j )/2|s : k ∈ α j}. It is supposed thatz is such thatvs
q(z)∈ l2(α j ,R), whereq is a

positive constant,χγ(z) : X → Ts is a continuous character such thatχγ(z) =χ(z(γ)), γ ∈ X,
χ : K → Ts is a nontrivial character ofK as an additive group (see Chapter 9 in [Roo78]
and § 2.5 above).

3. Proposition. A q-Gaussian quasi-measure on an algebra of cylindrical subsets
⋃

j π−1
j (R j), where Xj are finite-dimensional overK subspaces in X, is a measure on a

covering ringR of subsets of X(see§ 2.36). Moreover, a correlation operator B is of class
L1, that is, Tr(B) < ∞, if and only if each finite dimensional overK projection of µ is a
q-Gaussian measure(see§2.1).

Proof. From Definition 2 it follows, that each one dimensional overK projectionµxK

of a measureµ satisfies Conditions 2.1.(i− iii) the covering ringBco(K), where 06= x =
ek,l ∈ Xl . Therefore,µ is defined and finite additive on a cylindrical algebra
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U :=
⋃

k1,...,kn;l φ−1
l [(φl

k1,...,kn
)−1(Bco(spanK{ek1,l , . . . ,ekn,l}))],

whereφl
k1,...,kn

: Xl → spanK (ek1,l , . . . ,ekn,l ) is a projection. This means thatµ is a bounded
quasi-measure onU. Sinceµ̂(0) =1, thenµ(X) = 1. The characteristic functional ˆµsatisfies
Conditions 2.5.(3,5). In view of the non-Archimedean analog of the Bochner-Kolmogorov
theorem (see § 2.21 above) and Theorem 2.37µ has an extension to a probability measure
on a covering ringR of subsets ofX containingU.

Suppose thatB is of classL1. ThenB(vq(z),vq(z)) and hence ˆµ(z) is correctly defined
for eachz∈ Dq,B,X. The setDq,B,X of functionalsz on X from § 2 separates points ofX.
From Definition 2 it follows, that ˆµ(y) is continuous.

Consider a diagonal compact operatorT in the standard orthonormal base,Tek,l =
ak,l ek,l , limk+l→∞ ak,l = 0. SinceB is continuous, then the corresponding toB correlation
operatorE is a boundedK-linear operator onY, ‖E‖ < ∞. For eachε > 0 there existδ > 0
andT such that max(1,‖E‖)δ < ε and|ak,l | < δ for eachk+ l > N, whereN is a marked
natural number, therefore,‖E|spanK{ek,l :k+l>N}‖ < ε. Hence for eachε > 0 there exists a
compact operatorT such that from|z̃Tz|< 1 it follows, |µ̂(y)− µ̂(x)|< ε for eachx−y= z,
wherex,y,z∈ Y∗. Therefore, by Theorem 2.30 the characteristic functional ˆµ defines a
probability Radon measure onBco(X).

Vice versa suppose that each finite dimensional overK projection ofµ is a measure of
the same type. If for a given one dimensional overK subspaceW in X it is the equality
B(vq(z),vq(z)) =0 for eachz∈W, then the projectionµW of µ is the atomic measure with
one atom. ShowB∈ L1(c0(ω0,K)) andγ ∈ c0(ω0,K). Let 0 6= x∈ X and consider the pro-
jectionπx : X → xK. SinceµxK is the measure onBco(xK), then its characteristic functional
satisfies Conditions of Theorem 2.30.

Thenµ̂ for xK gives the same characteristic functional of the type

µ̂xK (z) =s[bx(vs
q(z))

2]χδx
(z)

for eachz∈ xK, wherebx > 0 andδx ∈ K are constants depending on the parameter 06=
x∈ X. Sincex andzare arbitrary, then this implies, thatB∈ L1 andγ ∈ c0(ω0,K).

4. Corollary. A q-Gaussian measure µ from Proposition3 with Tr(B) < ∞ is quasi-
invariant and pseudo-differentiable for some b∈Cs relative to a dense subspace Jµ ⊂Mµ =
{x∈X : vs

q(x)∈E1/2(Y)}. Moreover, if B is diagonal, then each one-dimensional projection
µg has the following characteristic functional:

(i) µ̂g(h) = s(∑ j β j |g j |
q)|h|qχg(γ)(h),

where g= (g j : j ∈ ω0) ∈ c0(ω0,K) ∗, β j > 0 for each j.
Proof. Using the projective limit reduce consideration to the Banach spaceX. Take a

prime numbers such thats 6= p and consider a fieldK s such thatK is compatible withK s,
which is possible, sinceK is a finite algebraic extension ofQp and it is possible to take in
particularK s = Qs. Recall that a groupG for whicho(G)⊂ o(TK ) is called compatible with
K, whereo(G) denotes the set of all natural numbers for whichG has an open subgroup
U such that at least one of the elements of the quotient groupG/U has ordern, T denotes
the group of all roots of 1 andTK denotes its subgroup of all elements whose orders are
not divisible by the characteristicp of the residue class fieldk of K. A character ofG is
a continuous homomorphismf : G→ T. Under point-wise multiplication characters form
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a group denoted byG.̂. A group G is called torsional, if each compact subsetV of G is
contained in a compact subgroup ofG.

Theorem 9.14 [Roo78] states: if the fieldK is locally compact, thenK is torsional,K
andK .̂ are isomorphic as topological groups. Taking any non-constant characterφ of K and
settingφs(t) := φ(st) with s,t ∈ K one gets an isomorphisms 7→ φs and a homeomorphism
of K ontoK .̂.

In view of this theoremK .̂ is isomorphic withK. A K-valued character of a groupG
is a continuous homomorphismf : G → TK . The family of allK-valued characters form
a group denoted byG.̂

K . SinceK is compatible withK s and limn→∞ pn = 0, thenK .̂ is
isomorphic withK .̂

Ks
.

If G is a locally compact torsional group compatible withK, then the Fourier-Stieltjes
transform of a tight measureµ∈ M(G) is the mapping ˆµ : G.̂

K → K defined by the formula:
µ̂(g) :=

∫

G χ(x)µ(dx), whereχ ∈ G.̂
K . Moreover, the Fourier-Stieltjes transform induces a

Banach algebra isomorphismL(G,R ,w,K) with C∞(G.̂
K ,K), wherew is a nontrivial Haar

K-valued measure onG. The just above formulated statement is proved in the Schikhof’s
theorem (see also § 9.21 in [Roo78]).

Therefore, in this situation there exists the Banach algebra isomorphism of
L(K, R ,w,K s) with C∞(K .̂

Ks
,K s).

Therefore, from the proof above and Theorem 3.5 it follows, that the measureµq,B,γ
is quasi-invariant relative to shifts on vectors from the dense subspaceX′ in X such that
X′ = {x∈X : vs

q(x)∈E1/2(Y)}, which isK-linear, sinceB isR-bilinear andB(y,z)=:(Ey,z)

for eachy,z∈ Y and vs
q(ax) = |a|q/2vs

q(x) and vs
q(x j + t j) ≤ max(vs

q(x j),vs
q(t j)) for each

x, t ∈ X and eacha∈ K, whereE is nondegenerate positive definite of trace classR-linear
operator onY, x = ∑ j x jej , x j ∈ K, sincel∗2 = l2 andE can be extended fromDB,Y onY.

Considersa+ib as in § 4.1. Mention, that|(|z|p)|s = 1 for eachz∈ K, where the fieldK
is compatible withK s.

The pseudo-differential operator has the form:

PD(b, f (x)) :=
∫

K
[ f (x)− f (y)]s(−1−b)×ordp(x−y)w(dy),

wherew is the HaarK s-valued measure onBco(K), b∈ Cs, particularly, also forf (x) :=
µ(−xz+ A) for a givenz∈ X′, A ∈ Bco(X), wherex,y ∈ K. Using the Fourier-Stieltjes
transform write it in the form:PD(b, f (x)) = F−1

v (ξ(v)ψ(v)), whereξ(v) := [Fy( f (x)−
f (y))](v), ψ(v) := [Fy(s(−1−b)×ordp(y))](v), Fy means the Fourier-Stieltjes operator by the
variabley. DenotingA−xz=: Swe can considerf (x) = 0 andf (y) =µ((x−y)z+S)−µ(S),
sinceS∈Bco(X). Then f (y) =

∫

S(µ((x−y)+dg)−µ(dg)) =
∫

S[ρµ(y−x,g)−1]µ(dg). The
constant functionh(g) = 1 is evidently pseudo-differentiable of orderb for eachb ∈ Cs.
Hence the pseudo-differentiability ofµ of orderb follows from the existence of pseudo-
differential of the quasi-invariance factorρµ(y,g+x) of orderb for µ-almost everyg∈ X.

In view of Theorem 3.5 and the Fourier-Stieltjes operator isomorphism of Banach al-
gebrasL(K, R ,w,K s) andC∞(K .̂

Ks
,K s) the pseudo-differentiability ofρµ follows from the

existence ofF−1(µ̂ψ), whereµ̂ is the characteristic functional ofµ. We have

(ii) F( f )(y) =
∫

K
χ(xy)f (x)w(dx)
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=
∫

K
χ(z)f (z/y)[|y|p]

−1w(dz)

for eachy 6= 0, wherex,y,z∈ K, particularly, for f (x) = s−(1+b)×ordp(x) we havef (z/y) =
f (z)f (−y) andF( f )(y) = ΓK,s(1+b) f (−y)|y|−1

p , where

(iii) ΓK,s(b) :=
∫

K
χ(z)s−b×ordp(x)w(dz),

f (−y) = s(1+b)×ordp(y), sinceordp(z/y) =ordp(x)−ordp(y).
For a nontrivial character of an orderm ∈ Z from the definition it follows, that

ΓK,s(b) 6= 0 for eachb with Re(b)6= 0, since|s−bn|s = sRe(b)n for eachn ∈ Z. Therefore,
ψ(y) = s(1+b)×ordp(y)|y|−1

p , consequently,|ψ(y)|s = s−(1+Re(b))×ordp(y)) for eachy 6= 0, since

|(|y|p)|s = 1. On the other hand,|µ̂(z)|= s−B(vs
q(z),v

s
q(z)) andF−1(µ̂ψ) exists for eachb∈ Cs

with Re(b)> −1, sinceTr(B) < ∞, which is correct, sinceCs is algebraically isomorphic
with C andΓUs ⊃ (0,∞).

5. Corollary. Let X be a complete locallyK-convex space of separable type over a
local fieldK, then for each constant q> 0 there exists a nondegenerate symmetric positive
definite operator B∈ L1 such that a q-Gaussian quasi-measure is a measure on Bco(X)
and each its one dimensional overK projection is absolutely continuous relative to the
nonnegative Haar measure onK.

Proof. It is analogous to that of Corollary I.6.8. For eachK-linear finite dimensional
overK subspaceS a projectionµS of µ on S⊂ X exists and its densityµS(dx)/w(dx) rel-
ative to the nondegenerateK s-valued Haar measurew on S is the inverse Fourier-Stieltjes
transformF−1(µ̂|S∗) of the restriction of ˆµ on S∗. For B ∈ L1 each one dimensional pro-
jection of µ corresponding to ˆµ has a density that is a continuous function belonging to
L(K, Bco(K),w,K s).

6. Proposition. Let µq,B,γ and µq,E,δ be two q-Gaussian measures with correlation
operators B and E of class L1, then there exists a convolution of these measures µq,B,γ∗
µq,E,δ, which is a q-Gaussian measure µq,B+E,γ+δ.

Proof. It is analogous to that of I.6.9 with the substitution ofB f(X) onBco(X).
6.1. Remark and Definition.A measurable space(Ω,F) with a probabilityK s-valued

measureλ on a covering ringF of a setΩ is called a probability space and it is denoted by
(Ω,F,λ). Pointsω ∈ Ω are called elementary events and valuesλ(S) probabilities of events
S∈ F. A measurable mapξ : (Ω,F) → (X,B) is called a random variable with values inX,
whereB is a covering ring such thatB ⊂ Bco(X), Bco(X) is the ring of all clopen subsets
of a locallyK-convex spaceX, ξ−1(B) ⊂ F, whereK is a non-Archimedean field complete
as an ultra-metric space.

The random variableξ induces a normalized measureνξ(A) := λ(ξ−1(A)) in X and a
new probability space(X,B,νξ).

Let T be a set with a covering ringR and a measureη : R →K s. Consider the following
Banach spaceLq(T,R ,η,H) as the completion of the set of allR -step functionsf : T → H
relative to the following norm:

(1) ‖ f‖η,q := supt∈T ‖ f (t)‖HNη(t)1/q for 1≤ q < ∞ and
(2) ‖ f‖η,∞ := sup1≤q<∞‖ f (t)‖η,q, whereH is a Banach space overK. For 0< q < 1
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this is the metric space with the metric

ρq( f ,g) := sup
t∈T

‖ f (t)−g(t)‖HNη(t)1/q. (3)

If H is a complete locallyK-convex space, thenH is a projective limit of Banach spaces
H = lim{Hα,πα

β ,ϒ}, whereϒ is a directed set,πα
β : Hα → Hβ is a K-linear continuous

mapping for eachα ≥ β, πα : H →Hα is aK-linear continuous mapping such thatπα
β ◦πα =

πβ for eachα ≥ β (see also § 6.205 [NB85]). Each normpα on Hα induces a pre-norm ˜pα
on H. If f : T → H, thenπα ◦ f =: fα : T → Hα. In this caseLq(T,R ,η,H) is defined as a
completion of a family of all step functionsf : T → H relative to the family of pre-norms

(1′) ‖ f‖η,q,α := supt∈T p̃α( f (t))Nη(t)1/q, α ∈ ϒ, for 1≤ q < ∞ and
(2′) ‖ f‖η,∞,α := sup1≤q<∞‖ f (t)‖η,q,α, α ∈ ϒ, or pseudo-metrics

(3′) ρq,α( f ,g) := supt∈T p̃α( f (t)− g(t))Nη(t)1/q, α ∈ ϒ, for 0 < q < 1. Therefore,
Lq(T,R ,η,H) is isomorphic with the projective limit
lim{Lq(T,R ,η,Hα),πα

β ,ϒ}.
For q = 1 we write simplyL(T,R ,η,H) and‖ f‖η. This definition is correct, since

limq→∞ a1/q = 1 for each∞ > a > 0. For example,T may be a subset ofR. Let Rd be the
field R supplied with the discrete topology. Since the cardinalitycard(R) = c = 2ℵ0, then
there are bijective mappings ofR onY1 := {0, . . . ,b}N and also onY2 := NN, whereb is a
positive integer number. Supply{0, . . . ,b} andN with the discrete topologies andY1 andY2

with the product topologies.
Then zero-dimensional spacesY1 andY2 supply with covering separating ringsR1 and

R2 contained inBco(Y1) andBco(Y2) respectively. Certainly such separating covering ring
in R induced fromY1 or Y2 is not related with the standard (Euclidean) metric inR. There-
fore, for the spaceLq(T,R ,η,H) we can considert ∈ T as the real time parameter. If
T ⊂ F with a non-Archimedean fieldF, then we can consider the non-Archimedean time
parameter.

If T is a zero-dimensionalT1-space, then denote byC0
b(T,H) the Banach space of all

continuous bounded functionsf : T → H supplied with the norm:
(4) ‖ f‖C0 := supt∈T ‖ f (t)‖H < ∞.

If T is compact, thenC0
b(T,H) is isomorphic with the spaceC0(T,H) of all continuous

functions f : T → H.
For a setT and a complete locallyK-convex spaceH over K consider the product

K-convex spaceHT := ∏t∈T Ht in the product topology, whereHt := H for eacht ∈ T.
Then take on eitherX := X(T,H) = Lq(T,R ,η,H) or X := X(T,H) = C0

b(T,H) or on
X = X(T,H) = HT a covering ringB such thatB ⊂ Bco(X). Consider a random variable
ξ : ω 7→ ξ(t,ω) with values in(X,B), wheret ∈ T.

EventsS1, . . . ,Sn are called independent in total ifP(∏n
k=1Sk) = ∏n

k=1P(Sk). Sub-rings
Fk ⊂ F are said to be independent if all collections of eventsSk ∈ Fk are independent in
total, wherek = 1, . . . ,n, n∈ N. To each collection of random variablesξγ on (Ω,F) with
γ ∈ ϒ is related the minimal ringFϒ ⊂ F with respect to which allξγ are measurable, where
ϒ is a set. Collections{ξγ : γ ∈ ϒ j} are called independent if such areFϒ j , whereϒ j ⊂ ϒ
for eachj = 1, . . . ,n, n∈ N.

Consider T such that card(T) > n. For X = C0
b(T,H) or X = HT define

X(T,H;(t1, . . . , tn);(z1, . . . ,zn)) as a closed sub-manifold inX of all f : T → H, f ∈ X
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such that f (t1) = z1, . . . , f (tn) = zn, where t1, . . . , tn are pairwise distinct points inT
and z1, . . . ,zn are points inH. For X = Lq(T,R ,η,H) and pairwise distinct points
t1, . . . , tn in T with Nη(t1) > 0, . . . ,Nη(tn) > 0 defineX(T,H;(t1, . . . , tn);(z1, . . . ,zn)) as
a closed sub-manifold which is the completion relative to the norm‖ f‖η,q of a fam-
ily of R -step functionsf : T → H such that f (t1) = z1, . . . , f (tn) = zn. In these cases
X(T,H;(t1, . . . , tn);(0, . . . ,0)) is the properK-linear subspace ofX(T,H) such thatX(T,H)
is isomorphic withX(T,H;(t1, . . . , tn);(0, . . . ,0))⊕Hn, since if f ∈ X, then f (t)− f (t1) =:
g(t) ∈ X(T,H; t1;0) (in the third case we use thatT ∈ R and hence there exists the embed-
dingH →֒ X). Forn = 1 andt0 ∈ T andz1 = 0 we denoteX0 := X0(T,H) := X(T,H; t0;0).

6.2. Definitions.We define a (non-Archimedean) stochastic processw(t,ω) with values
in H as a random variable such that:

(i) the differencesw(t4,ω)−w(t3,ω) andw(t2,ω)−w(t1,ω) are independent for each
chosen(t1, t2) and (t3, t4) with t1 6= t2, t3 6= t4, such that eithert1 or t2 is not in the two-
element set{t3, t4}, whereω ∈ Ω;

(ii) the random variableω(t,ω)−ω(u,ω) has a distributionµFt,u, whereµ is a probabil-
ity K s-valued measure on(X(T,H),B) from § 6.1,µg(A) := µ(g−1(A)) for g : X → H such
thatg−1(RH) ⊂ B and eachA∈ RH , a continuous linear operatorFt,u : X → H is given by
the formulaFt,u(w) := w(t,ω)−w(u,ω) for eachw∈ Lq(Ω,F,λ;X), where 1≤ q≤ ∞, RH

is a covering ring ofH such thatF−1
t,u (RH) ⊂ B for eacht 6= u in T;

(iii) we also putw(0,ω) = 0, that is, we consider aK-linear subspaceLq(Ω,F,
λ;X0) of Lq(Ω,F,λ;X), whereΩ 6= /0, X0 is the closed subspace ofX as in § 6.1.

7. Definition. Let B and q be as in § 2 and denote byµq,B,γ the correspondingq-
GaussianK s-valued measure onH. Let ξ be a stochastic process with a real timet ∈ T ⊂ R
(see Definition 6.2), then it is called a non-Archimedeanq-Wiener process with real time
(and controlled byK s-valued measure), if

(ii) ′ the random variableξ(t,ω)−ξ(u,ω) has a distributionµq,(t−u)B,γ for eacht 6= u∈T.
Let ξ be a stochastic process with a non-Archimedean timet ∈ T ⊂ F, whereF is a local

field, thenξ is called a non-Archimedeanq-Wiener process withF-time (and controlled by
K s-valued measure), if

(ii)” the random variableξ(t,ω)− ξ(u,ω) has a distributionµq,ln[χF(t−u)]B,γ for each
t 6= u∈ T, whereχF : F → T is a continuous character ofF as the additive group (see §2.5).

8. Proposition. For each given q-Gaussian measure a non-Archimedean q-Wiener
process with real (Frespectively) time exists.

Proof. In view of Proposition 6 for eacht > u > b a random variableξ(t,ω)−ξ(b,ω)
has a distributionµq,(t−b)B,γ for real time parameter. Ift, u, b are pairwise different points
in F, thenξ(t,ω)−ξ(b,ω) has a distributionµq,ln[χF(t−b)]B,γ, sinceln[χF(t−u)]+ ln[χF(u−

b)] = ln[χF(t −b)]. This induces the Markov quasi-measureµ(q)
x0,τ on (∏t∈T(Ht ,Ut)), where

Ht = H andUt = Bco(H) for eacht ∈ T. In view of Theorem 2.39 there exists an abstract
probability space(Ω,F,λ), consequently, the corresponding spaceL(Ω,F,λ,K s) exists.

9. Proposition. Let ξ be a q-Gaussian process with values in a Banach space H=
c0(α,K) a time parameter t∈T (controlled by aK s-valued measure)and a positive definite
correlation operator B of trace class andγ = 0, where card(α) ≤ ℵ0, either T⊂ R or
T ⊂ F. Then either

(i) lim
N∈α

Mt [v
s
q(e

1(ξ(t,ω))2 + · · ·+vs
q(e

N(ξ(t,ω)))2] = tTr(B) or
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(ii) lim
N∈α

Mt [v
s
q(e

1(ξ(t,ω))2 + · · ·+vs
q(e

N(ξ(t,ω))2] = [ln(χF(t))]Tr(B) respectively.

Proof. DefineUs-valued moments

mq
k(e

j1, . . . ,ejk) :=
∫

H
vs

2q(e
j1(x)) · · ·vs

2q(e
jk(x))µq,B,γ(dx)

for linear continuous functionalsej1, . . . ,ejk on H such thatel (ej) = δl
j , where{ej : j ∈ α}

is the standard orthonormal base inH.
Consider the operator
(iii) P∂uψ(x) := F−1( f̂u−1(y)ψ̂(y)|y|p)(x),

wherefu(x) := s−(1+u)×ordp(x)/ΓK,s(1+u)andF( fu)(y) =ΓK,s(1+u) fu(−y)|y|−1
p (see §4),

whereF denotes the Fourier-Stieltjes operator defined with the help of theK s-valued Haar
measurew onBco(K), F(ψ) =: ψ̂, Re(u)6= −1, ψ : K → K s. Then

(iv) P∂u fb(x) = F−1(ΓK,s(u) fu−1(−y)ΓK,s(1+b) fb(−y)|y|−1
p ) = f(u+b)(x)

for eachu with Re(u)6= 0, since
F−1(s−(1+u+b)×ordp(−y)|y|−1

p )(x) = (ΓK,s(1+u+b))−1s−(1+u+b)×ordp(−y)(x).
For u = 1 we write shortly P∂1 = P∂ and P∂u

j means the operator of partial pseudo-
differential (with weight multiplier) given by Equation(iii) by the variablex j . A function
ψ for which P∂u

j ψ exists is called pseudo-differentiable (with weight multiplier) of orderu
by variablex j . Then

mq/2
2k (ej1, . . . ,ej2k)(ΓK,s(q/2))2k :=

∫

H
s−q ordp(x j1)/2 · · ·s−q ordp(x j2k)/2µq,B,γ(dx)

= P∂q/2
j1 · · · P∂q/2

j2k
µ̂q,B,γ(0) = ([ PDq/2]2kµ̂(x))|x=0.(e

j1, . . . ,ej2k),

where( PDq/2 f (x)).ej := P∂ j f (x). Therefore,

(v) mq/2
2k (ej1, . . . ,ej2k)(ΓK,s(q/2))2k

= (k!)−1[ PDq/2]2k[B(vs
q(z),vs

q(z)]k.(ej1, . . . ,ej2k)

= (k!)−1 ∑σ∈Σ2k
Bσ( j1),σ( j2) · · ·Bσ( j2k−1),σ( j2k),

since γ = 0 and χγ(z) = 1, where Σk is the symmetric group of all bijective map-
pings σ of the set {1, . . . ,k} onto itself, Bl , j := B(ej ,el ), since Y∗ = Y for Y =
l2(α,R). Therefore, for eachB ∈ L1 andA ∈ L∞ we have

∫

H A(vq(x),vq(x))µq,B,0(dx) =

limN∈α ∑N
j=1 ∑N

k=1A j,km
q/2
2 (ej ,ek) = Tr(AB), sinceCs⊂ Us and algebraicallyCs is isomor-

phic withC.
In particular forA = I andµq,tB,0 corresponding to the transition measure ofξ(t,ω) we

get Formula(i) for a real time parameter, usingµq,ln[χF(t)]B,0 we get Formula(ii) for a time
parameter belonging toF, sinceξ(t0,ω) = 0 for eachω.

10. Corollary. Let H = K andξ, B= 1, γ be as in Proposition9, then

(i) M

(

∫

t∈[a,b]
φ(t,ω)vs

2q(dξ(t,ω))

)

= M

[

∫ b

a
φ(t,ω)dt

]

for each a< b ∈ T with real time, whereφ(t,ω) ∈ L(Ω,U,λ,C0
0(T,R)) ξ ∈ L(Ω,U,

λ,X0(T,K)) , (Ω,U,λ) is a probability measure space.
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Proof. Since
∫

t∈[a,b]
φ(t,ω)vs

2q(dξ(t,ω)) = lim
maxj (t j+1−t j )→0

N

∑
j=1

φ(t j ,ω)vs
q(ξ(t j+1,ω)−ξ(t j ,ω))

for λ-almost allω ∈ Ω, sinceCs⊂ Us andCs is algebraically isomorphic withC, then from
the application of Formula 9.(i)to eachvs

2q(ξ(t j+1,ω)− ξ(t j ,ω)) and the existence of the
limit by finite partitionsa= t1 < t2 < · · ·< tN+1 = b of the segment[a,b] it follows Formula
10.(i).

11. Definitions and Notes.Consider a pseudo-differential operator onH = c0(α,K)
such that

(i) A = ∑
0≤k∈Z; j1,..., jk∈α

(−i)kbk
j1,..., jk P∂ j1 · · · P∂ jk,

wherebk
j1,..., jk ∈ R, P∂ jk := P∂1

jk. If there existsn := max{k: bk
j1,..., jk 6= 0, j1, . . . , jk ∈ α},

thenn is called an order ofA, Ord(A), where P∂ j is defined by Formula 9.(iii). IfA = 0,
then by definitionOrd(A) = 0. If there is not any such finiten, thenOrd(A) = ∞. We
suppose that the corresponding formÃ on

⊕

kYk is continuous intoC, where

(ii) Ã(y) =− ∑
0≤k∈Z; j1,..., jk∈α

(−i)kbk
j1,..., jky j1 · · ·y jk/lns,

y∈ l2(α,R) =: Y. If Ã(y)> 0 for eachy 6= 0 in Y, thenA is called strictly elliptic pseudo-
differential operator.

Let X be a complete locallyK-convex space, letZ be a complete locallyUs-
convex space. For 0≤ n ∈ R a space of all functionsf : X → Z such that f (x)
and ( PDk f (x)).(y1, . . . ,yl(k)) are continuous functions onX for each y1, . . . ,yl(k) ∈
{e1,e2,e3, . . .}, l(k) := [k] + sign{k} for eachk ∈ N such thatk ≤ [n] and also fork = n
is denoted by PC

n(X,Z) and f ∈ PC
n(X,Z) is called n times continuously pseudo-

differentiable, where[n]≤ n is an integer part ofn, 1> {n} := n− [n]≥ 0 is a fractional
part of n. Then PC

∞(X,Z) :=
⋂∞

n=1 PC
n(X,Z) denotes a space of all infinitely pseudo-

differentiable functions.
EmbedR into Cs and consider the functionvs

2 : Up → R ⊂ Cs, then for t = vs
2(θ),

θ ∈ K ⊂ Up, put ∂tu(t,x) := limθ,K,θ∈K,vs
2(θ)→t P∂θu(vs

2(θ),x) for t ≥ 0, when it exists by
the filter of local subfieldsK ⊂ Cp, which is correct, sincevs

2(Up) = [0,∞),
⋃

K⊂Cp
K is

dense inCp, ΓCp = (0,∞)∩Q.
12. Theorem. Let A be a strictly elliptic pseudo-differential operator on H=

c0(α,K), card(α) ≤ ℵ0, and let t ∈ T = [0,b] ⊂ R. Suppose also that u0(x −
y) ∈ L(H,Bco(H),µtÃ,Us) for each marked y∈ H as a function by x∈ H, u0(x) ∈

PC
Ord(A)(H,Us). Then the non-Archimedean analog of the Cauchy problem

(i) ∂tu(t,x) = Au, u(0,x) = u0(x)

has a solution given by

(ii) u(t,x) =
∫

H
u0(x−y)µtÃ(dy),

where µtÃ is a K s-valued measure on H with a characteristic functionalµ̂tÃ(z) := stÃ(vs
2(z)).
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Proof. In accordance with § § 2 and 11 we haveY = l2(α,R). The functionstÃ(vs
2(z))

is continuous onH →֒ H∗ for eacht ∈ R such that the familyH of continuousK-linear
functionals onH separates points inH. In view of Theorem 2.30 above it defines a tight
measure onH for eacht > 0. The functionalÃ on each ball of radius 0< R< ∞ in Y is
a uniform limit of its restrictionsÃ|⊕

k[spanK (e1,...,en)]k, whenn tends to the infinity, sincẽA
is continuous on

⊕

kYk. Sinceu0(x−y)∈ L(H,Bco(H),µtÃ,Us) and a space of cylindrical
functions is dense in the latter Banach space overUs, then in view of theorems about the
isomorphism ofK with K .̂ for a locally compact field and the Schikhof’s theorem about
the isomorphismL(G)≃ C∞(G.̂

K ) formulated above (see also Theorems 9.14 and 9.21 in
[Roo78]) and the Fubini theorem it follows that limP→I FPxu0(Px))µ̂tÃ(y+Px) converges in
L(H,Bco(H),µtÃ,Us) for eacht, sinceµt1Ã ∗µt2Ã = µ(t1+t2)Ã for eacht1, t2 andt1 + t2 ∈ T,
whereP is a projection on a finite dimensional overK subspaceHP := P(H) in H, HP →֒H,
P tends to the unit operatorI in the strong operator topology,FPxu0(Px) denotes a Fourier
transform by the variablePx∈ HP.

We consider now the functionv := Fx(u), then ∂tv(t,x) = −Ã(vs
2(x))v(t,x)lns,

consequently,v(t,x) = v0(x)stÃ(vs
2(x)). From u(t,x) = F−1

x (v(t,x)), where Fx(u(t,x))
= limn→∞ Fx1,...,xnu(t,x). Therefore,u(t,x) = u0(x)∗ [F−1

x (µ̂tÃ)] =
∫

H u0(x−y)µtÃ(dy), since
u0(x−y)∈ L(H,Bco(H),µtÃ,Us) andµtÃ is the tight measure onBco(H).

14. Note. In the particular case ofOrd(A) = 2 andÃ corresponding to the Laplace
operator, that is,̃A(y) =∑l , j gl , jyl y j , Equation 12.(i)is (the non-Archimedean analog of)
the heat equation onH.

For Ord(A) < ∞ the form Ã0(y) corresponding to sum of terms withk = Ord(A) in
Formula 11.(ii)is called the principal symbol of operatorA. If Ã0(y) > 0 for eachy 6= 0,
thenA is called an elliptic pseudo-differential operator. Evidently, Theorem 13 is true for
elliptic A of Ord(A) < ∞.

15. Remark and Definitions. Let linear spacesX over K andY over R be as in § 4
andB be a symmetric nonnegative definite (bilinear) operator on a denseR-linear subspace
DB,Y in Y∗. A quasi-measureµ with a characteristic functional

µ̂(ζ,x) := sζB(vs
q(z),v

s
q(z))χγ(z)

for a parameterζ ∈ Cs with Re(ζ)≥ 0 defined onDq,B,X we call anUs-valued (non-
Archimedean analog of Feynman) quasi-measure and we denote it byµq,ζB,γ also, where
Dq,B,X := {z∈ X∗ : there existsj ∈ ϒ such thatz(x) = zj(φ j(x)) ∀x∈ X, vs

q(z)∈ DB,Y}.
16. Proposition. Let X = Dq,B,X and B be positive definite, then for each function

f (z) :=
∫

X χz(x)ν(dx) with anUs-valued tight measureν of finite norm and each Re(ζ)> 0
there exists

(i)
∫

X
f (z)µζB(dz) = lim

P→I

∫

X
f (Pz)µ(P)

ζB (dz)

=
∫

X
s(ζB(vq(z),vq(z)))χγ(z)ν(dz),

where µ(P)(P−1(A)) := µ(P−1(A)) for each A∈ Bco(XP), P : X → XP is a projection on
a K-linear subspace XP, a convergence P→ I is considered relative to a strong operator
topology.
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Proof. From the use of the projective limit decomposition ofX and Theorem 2.37 it
follows, that there exists

(ii)
∫

X
f (z)µζB(dz) = lim

P→I

∫

X
f (Pz)µ(P)

ζB (dz).

Then for each finite dimensional overK subspaceXP

(iii)
∫

X
f (Pz)µ(P)

ζB (dz) =
∫

XP

{sζB(vs
q(z),v

s
q(z)))χγ(z)}|XPνXP(dz),

sinceν is tight and hence eachνXP is tight. Each measureν j is tight, then due to Lemma
2.3 and § 2.5 above there exists the limit

lim
P→I

∫

XP

{sζB(vs
q(z),v

s
q(z))χγ(z)}|XPνXP(dz)

=
∫

X
sζB(vs

q(z),v
s
q(z)))χγ(z)ν(dz).

17. Proposition. If conditions of Proposition16are satisfied and

(i) f (Px) ∈ L(XP,Bco(wXP),Us)

for each finite dimensional overK subspace XP in X and

(ii) lim
R→∞

sup
|x|≤R

| f (x)| = 0,

then Formula16(i) is accomplished forζ with Re(ζ) =0, where wXP is a nondegenerate
K s-valued Haar measure on XP.

Proof. In view of Theorem 2.37 for the consistent family of measures
{ f (Px)µXP

q,iB,γ(dPx) : P} (see § 2.36) there exists a measure on(X,R ), where projection
operatorsP are associated with a chosen basis inX. The finite dimensional overK distri-
bution µXP

q,iB,γ/wXP(dx) = F−1(µ̂q,iB,γ)|XP) is in C∞(XP,Us) due to Theorem 9.21 [Roo78],
sinceµ̂∈ L(XP,Bco(Xp),wXP,Us). In view of Condition 17.(i,ii) above and the Fubini the-
orem and using the Fourier-Stieltjes transform we get Formulas 16(ii,iii). From the taking
the limit by P → I Formula 16.(i)follows. This means thatµq,ζB,γ exists in the sense of
distributions.

18. Remark. Put

(i) F

∫

X
f (x)µq,iB,γ(dx) := lim

ζ→i

∫

X
f (x)µq,ζB,γ(dx)

if such limit exists. If conditions of Proposition 17 are satisfied, thenψ(ζ) :=
∫

X f (x)µq,ζB,γ(dx) is the pseudo-differentiable of order 1 function byζ on the set{ζ ∈ Cs :
Re(ζ)> 0} and it is continuous on the subset{ζ ∈ Cs : Re(ζ)≥ 0}, consequently,

(ii) F

∫

X
f (x)µq,iB,γ(dx) =

∫

X
s{iB(vs

q(x),v
s
q(x))}χγ(x)ν(dx).
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Above non-Archimedean analogs of Gaussian measures with specific properties were
defined. Nevertheless, there do not exist usual GaussianK s-valued measures on non-
Archimedean Banach spaces.

19. Theorem. Let X be a Banach space of separable type over a locally compact
non-Archimedean fieldK. Then on Bco(X) there does not exist a nontrivialK s-valued
(probability)usual Gaussian measure.

Proof. Let µ be a nontrivial usual GaussianK s-valued measure onBco(X). Then by the
definition its characteristic functional ˆµ must be satisfying Conditions 2.5.(3,5) Us-valued
function and lim|y|→∞ µ̂(y) = 0 for eachy ∈ X∗ \ {0}, whereX∗ is the topological conju-
gate space toX of all continuousK-linear functionals f : X → K. Moreover, there exist
a K-bilinear functionalg and a compact non-degenerateK-linear operatorT : X∗ → X∗

with ker(T) = {0} and a marked vectorx0 ∈ X such that ˆµx0(y) = f (g(Ty,Ty)) for each
y ∈ X∗, whereµx0(dx) := µ(−x0 + dx), x ∈ X. SinceK is locally compact, thenX∗ is
nontrivial and separates points ofX (see [NB85, Roo78]). Each one-dimensional overK
projection of a Gaussian measure is a Gaussian measure and products of Gaussian mea-
sures are Gaussian measures, hence convolutions of Gaussian measures are also Gaussian
measures. Therefore, ˆµx0 : X∗ → Us is a nontrivial character: ˆµx0(y1 +y2) = µ̂x0(y1)µ̂x0(y2)
for eachy1 andy2 in X∗. If char(K) = 0 andK is a non-Archimedean field, then there
exists a prime numberp such thatQp is the subfield ofK. Then µ̂(pny) = (µ̂(y))pn

for eachn ∈ Z andy ∈ X∗ \ {0}, particularly, forn ∈ N tending to the infinity we have
limn→∞ pny = 0 and limn→∞ µ̂x0(pny) = 1, limn→∞ µ̂x0(y))pn

= 0, sinces 6= p are primes,
limn→∞ µ̂x0(p−ny) = 0 and|µ̂x0(y)|< 1 for y 6= 0. This gives the contradiction, henceK can
not be a non-Archimedean field of zero characteristic.

Suppose thatK is a non-Archimedean field of characteristicchar(K) = p> 0, then
K is isomorphic with the field of formal power series in variablet over a finite fieldFp.
Therefore, ˆµx0(py) =1, but µ̂x0(y)p 6= 1 for y 6= 0, since limn→∞ µ̂x0(t

−ny) = 0. This con-
tradicts the fact that ˆµx0 need to be the nontrivial character, consequently,K can not be a
non-Archimedean field of nonzero characteristic as well. It remains the classical case ofX
overR or C, but the latter case reduces toX overR with the help of the isomorphism ofC
as theR-linear space withR2.

20. Theorem.Let µq,B,γ and µq,B,δ be two q-GaussianK s-valued measures. Then µq,B,γ

is equivalent to µq,B,δ or µq,B,γ ⊥ µq,B,δ according to vsq(γ− δ) ∈ B1/2(DB,Y) or not. The
measure µq,B,γ is orthogonal to µg,B,δ, when q6= g. Two measures µq,B,γ and µg,A,δ with
positive definite nondegenerate A and B are either equivalent or orthogonal.

21. Theorem. The measures µq,B,γ and µq,A,γ are equivalent if and only if there exists
a positive definite bounded invertible operator T such that A= B1/2TB1/2 and T− I ∈
L2(Y∗).

Proof. Using the projective limit reduce consideration to the Banach spaceX. Let
z ∈ X be a marked vector andPz be a projection operator onzK such thatP2

z = Pz,
z= ∑ j zjej , then the characteristic functional of the projectionµzK

q,B,γ of µq,B,γ has the form

µ̂zK
q,B,γ = s[(∑i, j Bi, j vs

q(zi)vs
q(zj ))vs

2q(ξ)]χγ(z)(ξ) for each vectorx = ξz, where eachzj and ξ ∈ K,
sincevs

2q(ξ) = (vs
q(ξ))2. Choose a sequence{ nz : n} in X such that it is the orthonormal

basis inX and the operatorG : X → X such thatG nz= na nz with na 6= 0 for eachn∈ N
and there existsG−1 : G(X) → X such that it induces the operatorC on a dense subspace
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D (Y) in Y such thatCBC : Y → Y is invertible and‖CBC‖ and‖(CBC)−1‖ ∈ [|π|, |π|−1].
Thenµq,A,γ(dx)/µq,B,γ(dx) = limn→∞[µVn

q,A,γ(dxn)/λVn(dxn)][µVn
q,B,γ(dxn)/λVn(dxn)]−1, where

Vn := spanK ( jz : j = 1, . . . ,n), xn ∈ Vn. Considerxn = G−1(yn), whereyn ∈ G(Vn), then
[µVn

q,B,γ(G
−1dyn)/λVn(G−1dyn)] and [µVn

q,B,γ(G
−1dyn)/λVn(G−1dyn)]−1 are in

L(λVn(G−1dyn)) for eachn such that there existsm ∈ N for which ‖[µVn
q,B,γ(G

−1dyn)/

λVn(G−1dyn)]‖ and‖[µVn
q,B,γ(G

−1dyn)/λVn(G−1dyn)]−1‖ ∈ [|π|, |π|−1] for eachn > m, where
‖ ∗ ‖ is taken inL(λVn(G−1dyn)). ThenNµVn

q,CBC,γG−1
(yn) ∈ [|π|, |π|−1] for eachn > m. Then

the existence ofµq,A,γ(dx)/µq,B,γ(dx) ∈ L(µq,B,γ) is provided by using operatorG and the
consideration of characteristic functionals of measures, Theorem 3.5 and the fact that the
Fourier-Stieltjes transformF is the isomorphism of Banach algebrasL(K, Bco(K),v,Us)
with C∞(K, Us), wherev denotes the Haar normalized byv(B(K,0,1)) = 1 K s-valued
measure onK. If g 6= q then the measureµq,B,γ is orthogonal toµg,B,δ, since

lim
R>0,R+n→∞

sup
x∈Xc

R,n

|(µq,B,γ)Xn/(µg,B,δ)Xn|(x) = 0

for eachq > g due to Formula 4.(ii), whereXn := spanK (em : m= n,n+1, . . . ,2n),Xc
R,n :=

Xn \B(Xn,0,R) , (µq,B,γ)Xn is the projection of the measureµq,B,γ on Xn. Each termβ j in
Theorem 3.5 is in[0,1]⊂ R, consequently, the product in this theorem is either converging
to a positive constant or diverges to zero, hence two measuresµq,B,γ andµg,A,δ are either
equivalent or orthogonal.

2.7. Comments

1. In the article of W. Schikhof [Sch71] it was investigated the non-Archimedean analog
of the Radon-Nikodym theorem. Let(X,R ,µ) be a measure space with aK-valued measure
µ and a covering ringR of X, whereK is a non-Archimedean field complete relative to its
nontrivial uniformity. If 1∈ L(X,R ,µ,K), then Nµ is bounded onX. Let Ω := {U ⊂ X :
fChU ∈ L(X,R ,µ,K) for eachf ∈ L(X,R ,µ,K)}.

2. Definition. Let ψ : Ω → K be a function andµ be an integral corresponding to a
measureµ and denoted by the same letter. Supposex∈ X, a∈ K, r ∈ R.

(1). If for eachε > 0 there exists a neighborhoodV ∈ R of x such that for allU ⊂V,
U ∈ Ω the inequality|a−ψ(U)| < ε is satisfied, then we writeLIMU→xψ(U) = a.

(2). If for eachε > 0 there exists a neighborhoodV of x such that for allU ⊂V, U ∈ Ω,
with |µ(U)| ≥ cNµ(x) we have|a−ψ(U)| < ε, then we writeLIMµ,c;U→xψ(U) = a.

(3). LIMµ,U→xψ(U) = a meansLIMµ,c;U→xψ(U) = a for eachc∈ (0,1).
(4). LIMU→x|ψ(U)| = r means, that for eachε > 0 there exists a neighborhoodV ∈ R

of x such thatr − ε ≤ sup{|ψ(U)| : U ∈ Ω, U ⊂V} ≤ r + ε.
3. Theorem.Let µ be an integral on L(X,R ,µ,K) and let f∈ L(X,R ,µ,K) and x∈ X.

Then
(i). LIMU→x(µ( fChU)− f (x)µ(U)) = 0.
If Nµ(x) > 0, then LIMµ,U→xµ( fChU)µ(U)−1 = f (x).
4. Theorem.Let µ andν beK-valued measures on(X,R ). Then the following condi-

tions are equivalent:
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(i). There exists g∈ L(µ) such that f g∈ L(µ) for each f∈ L(ν) andν( f ) = µ( f g).
(ii). For each x∈ X for which Nµ(x) > 0 there exists

q(x) = LIMµ,U→xν(U)µ(U)−1.

Moreover, every µ-null set isν-null.
(iii). There exists a function h: X → K such that for each x∈ X: LIMU→a[ν(U)

− h(x)µ(U)] = 0. Further, g,q,h are uniquely determined up to µ-null functions and
g = q = h µ-almost everywhere. Finally, Nν = |g|Nµ.

5. Theorem.Letφ : X →Y be a surjective homeomorphism of(X,RX) on (Y,RY) such
that the mapping f7→ f ◦φ is a bijection of L(Y,RY,ν,K) on L(X,RX,µ,K). Suppose that
Conditions(1,2) below are satisfied.

(1). For x∈ X with Nµ(x) > 0 there exists g(x) = LIMµ,U→xµ(U)−1ν(φ(U)).
(2). For each x∈ X, Nµ(x) = 0 implies Nν(φ(x)) = 0.
Then g is µ-integrable and for every f∈ L(ν) we haveν( f ) = µ(( f ◦φ)g).
6. Remark. In § § 2.31, 3.9 and 3.12 the specific definitions of absolute continuity and

quasi-invariance ofK s-valued measures were given in view of Radon-Nikodym Theorem
4. The latter Theorem 5 serves for substitution of variables in the integral.

The fieldsUs used above were investigated, for example, in [Dia84] (see also [Esc95,
Roo78] and references therein).

7. Definitions. Let (K j : j ∈ J) be a family of fields supplied with a non-Archimedean
normalization. Consider a sub-ring∏ j∈JK j of the product ring∏ j∈J K j formed by elements
a= (a j : j ∈ J)∈ ∏ j∈J K j such that supj∈J |a j |< ∞. LetU be an ultrafilter on the setJ. We
define an ultra-metric semi-normalization on∏ j∈JK j such that|a| := limU |a j |. The subset
formed of alla∈ ∏ j∈JK j with |a|= 0 forms the ideal denoted byJ .

We say that the quotient ring[∏ j∈JK j ]/J supplied with the quotient absolute value is
the ultra-product of fieldsK j and it is denoted by∏ j∈JK j/U also. Denote also bya and|a|
elements in∏ j∈JK j/U and their absolute values.

Remind that an ultrafilterU on a setJ is ω-incomplete, if there exists a sequence(Xn :
n≥ 0), Xn ∈ U , Xn+1 ⊂ Xn for eachn≥ 0 such that

⋂

n≥0Xn = /0.
8. Theorem.Let (K j : j ∈ J) be a family of fields with discrete valuations vj such that

v j(K j) = Z and let(ρ j : j ∈ J) be a family of real numbers such that0 < ρ j < 1 for each j.

Consider in eachK j an absolute value|a j | := ρv j (a j )
j .

(1). If limU ρ j = 0, then the absolute value in∏ j∈JK j/U is trivial.
(2). If limU ρ j = 1, then the fieldK := ∏ j∈JK j/U has the dense normalization such that

ΓK = (0,∞). Moreover,K is ω-incomplete and spherically complete.
(3). If 0 < limU ρ j = ρ < 1, then∏ j∈JK j/U is the field with the discrete valuation.
(4). If eachK j is algebraically complete, thenK is algebraically complete.
9. Proposition. Let L be a field with a discrete normalization groupΓL . Consider a

family (K j : j ∈ J) of all finite extensions ofL such that[K j : L] = [k j : l] = n j , wherek j is
the residue class field ofK j and l is that ofL.

(1). The fieldK := ∏ j∈JK j/U is a complete field with a discrete valuation and with the
residue class fieldk := ∏ j∈Jk j/U .

(2). If limU n j = ∞ and if l is perfect, then the fieldK := ∏ j∈JK j/U is the transcendental
extension ofLo := ∏ j∈JL /U .





Chapter 3

Algebras of Real Measures on
Groups

3.1. Introduction

Besides Banach spaces quasi-invariant measures were constructed on non-locally compact
topological groups. For example, on a group of diffeomorphisms they were constructed
for real locally compact manifoldsM in [Kos94, Sha89] and for non-locally compact real
or non-Archimedean manifoldsM in [Lud96, Lud99t, Lud99r, Lud0348]. Such groups are
also Banach manifolds or strict inductive limits of their sequences. Then on a real and
non-Archimedean wrap (particularly loop) groups and semigroups of families of mappings
from one manifold into another they were elaborated in [Lud98s, Lud00d, Lud02b, Lud00a,
Lud08]. Then each Banach space over a locally compact field supplies an example of the
additive group and quasi-invariant real-valued measures on it were described in Chapter
1. On real and non-Archimedean Banach-Lie groups quasi-invariant measures were con-
structed in [DS69, Lud0348].

This chapter is devoted to the investigation of properties of quasi-invariant measures
that are important for analysis on topological groups and for construction irreducible repre-
sentations [Kos94, Ner88]. Algebras of quasi-invariant measures and functions are defined
and studied on topological groups. The following properties are investigated:

(1) convolutions of measures and functions,
(2) continuity of functions of measures,
(3) non-associative algebras generated with the help of quasi-invariant measures. The

theorems given below show that many differences appear to be between locally compact
and non-locally compact groups. The topological Hausdorff groups considered below are
supposed to have structure of Banach manifolds over the corresponding fields if something
another is not specified.

3.2. Algebras of Measures and Functions

1. Definitions. (a).Let G be a Hausdorff separable topological group. A real (or complex)
Radon measureµ on A f(G,µ) is called left-quasi-invariant (or right) relative to a dense
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subgroupH of G, if µφ(∗) (or µφ(∗)) is equivalent toµ(∗) for eachφ ∈ H, whereB f(G)
is the Borelσ-field of G, A f(G,µ) is its completion byµ, µφ(A) := µ(φ−1A), µφ(A) :=
µ(Aφ−1) for eachA ∈ A f(G,µ), ρµ(φ,g) := µφ(dg)/µ(dg) (or ρ̃µ(φ,g) := µφ(dg)/µ(dg))
denote a left (or right) quasi-invariance factor. We assume that a uniformityτG on G is
such thatτG|H ⊂ τH , (G,τG) and(H,τH) are complete. We suppose also that there exists
an open base ine∈ H such that their closures inG are compact (such pairs exist for loop
groups and groups of diffeomorphisms and Banach-Lie groups). We denote byMl (G,H)
(or Mr(G,H)) a set of left-( or right) quasi-invariant measures onG relative toH with a
finite norm‖µ‖ := supA∈A f(G,µ) |µ(A)|< ∞.

(b). Let Lp
H(G,µ,C) for 1≤ p≤ ∞ denotes the Banach space of functionsf : G→ C

such thatfh(g)∈ Lp(G,µ,C) for eachh∈ H and

‖ f‖Lp
H(G,µ,C) := sup

h∈H
‖ fh‖Lp(G,µ,C) < ∞,

where fh(g) := f (h−1g) for eachg∈ G. Forµ∈ Ml (G,H) andν ∈ M(H) let

(ν∗µ)(A) :=
∫

H
µh(A)ν(dh)and(q∗̃ f )(g) :=

∫

H
f (hg)q(h)ν(dh)

be convolutions of measures and functions, whereM(H) is the space of Radon measures
onH with a finite norm,ν ∈ M(H) andq∈ Ls(H,ν,C), that is

(

∫

H
|q(h)|s|ν|(dh)

)1/s

=: ‖q‖Ls(H,ν,C) < ∞ for 1≤ s< ∞.

2. Lemma. The convolutions are continuousC-linear mappings

∗ : M(H)×Ml (G,H) → Ml (G,H) and

∗̃ : L1(H,ν,C)×L1
H(G,µ,C) → L1

H(G,µ,C).

Proof. It follows immediately from the definitions, Fubini theorem and because
dµ(h,g)∈ L1(H ×G,ν×µ,C). In fact one has,

‖ν∗µ‖ ≤ ‖ν‖×‖µ‖, ‖q∗̃ f‖L1
H(G,µ,C) ≤ ‖q‖L1(H,ν,C)×‖ f‖L1

H(G,µ,C).

3. Definition. For µ∈ M(G) its involution is given by the following formula:µ∗(A) :=
µ(A−1), whereb̄ denotes complex conjugatedb∈ C, A∈ A f(G,µ).

4. Lemma. Let µ∈ Ml (G,H) and G and H be non-locally compact with structures of
Banach manifolds. Then µ∗ is not equivalent to µ.

Proof. LetT : G→TGbe the tangent mapping. Thenµ induces quasi-invariant measure
λ from an open neighborhoodW of the unite∈ G on a neighborhood of the zero section
V in TeG and then it has an extension onto the entireTeG. Let at firstTeG be a Hilbert
space. PutInv(g) =g−1 thenT ◦ Inv◦T−1 =: K onV is such that there is not any operator
B of trace class onTeG such thatM̃λ ⊂ B1/2TeG andKTeG⊂ M̃λ, whereRe(1−θ(z))→ 0
for (Bz,z)→ 0 andz∈ TeG, θ(z) is the characteristic functional ofλ, M̃λ is a set of all
x∈ TeG such thatλx is equivalent toλ (see Theorem 19.1 [Sko74]). Then using theorems
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for induced measures from a Hilbert space on a Banach space [DF91, Kuo75], we get the
statement of Lemma 4.

5. Lemma. For µ∈ Ml (G,H) and 1 ≤ p < ∞ the translation map(q, f ) → fq(g) is
continuous from H×Lp

H(G,µ,C) into Lp
H(G,µ,C).

Proof. For metrizableG in view of the Lusin theorem (2.3.5 in [Fed69]) and definitions
of τG andτH for eachε > 0 there are a neighborhoodV ∋ e in H and compactsK1 andK
in G such that the closureclGVK1 =: K2 is compact inG with K2 ⊂ K, a restrictionf |K2 is
continuous,(|µ̃|+ |µ|)(G\K2) < ε, whereµ̃(dg) := f (g)µ(dg).

6. Proposition. For a probability measure µ∈ M(G) there exists an approxi-
mate unit, that is a sequence of non-negative continuous functionsψi : G → R such
that

∫

G ψi(g)µ(dg) = 1 and for each neighborhood U∋ e in G there exists i0 such that
supp(ψi) ⊂U for each i> i0.

Proof. A finite union of compact subsets inG is compact. So in view of the Radon
property ofµ for eachb > 0 and for each symmetricU = U−1 neighborhoodU of e in G
there exist a compact setCb in G such thate∈Cb andµ(U \Cb) < bµ(U) andµ(G\Cb) <
b. The groupG has the structure of the Banach manifold also, hence its base of open
neighborhoods of the unit elemente is countable.

Choose such base{U j : j} with U j = U−1
j and cl(U j+1) ⊂ U j for each j ∈ N, with

⋂

j U j = {e}. Then we get the sequenceb j = 2− j andU = U j and the corresponding com-
pact subsetsCb j in G. Take continuous non-negative functionsφ j with supp(φj) ⊂ U j so
thatφ j(g) = k j for eachg∈Cb j+1 ∩U j+1, wherek j ≥ 1 is a positive constant. This is pos-
sible due to the Uryson theorem (see § 1.5.10 in [Eng86]). This theorem states that ifA
andB are two disjoint closed subsets in a normal topological spaceS, then there exists a
continuous functionf : S→ [0,1] such thatf (A) = {1} and f (B) = {0}.

Therefore, 0< µ(φ j)−k jµ(Cb j+1 ∩U j+1) < k j2− j−1, so there exists a positive constant
multiplier h j so thatψ j := h jφ j satisfies the equalityµ(ψ j) = 1, certainlysupp(ψj) ⊂ Uk

for eachj ≥ k by the given construction.
7. Proposition. If (ψi : i ∈ N) is an approximate unit in H relative to a probability

measureν ∈ M(H), thenlim i→∞ ψi ∗̃ f = f in the L1
H(G,µ,C) norm, where µ∈ Ml (G,H),

f ∈ L1
H(G,µ,C).

Proof. Givenb> 0 we choose a neighborhoodU of e in G such that‖ f (x)− f (e)‖L1
H

<

b for eachx∈U . The mappingx 7→ f (xy) is continuous fromH ×L1
H into L1

H . If j is large
enough so thatsupp(ψj) ⊂V, whereV = V−1 is open and symmetric neighborhood ofe in
G andV2 ⊂U , then

∥

∥

∥

∥

∫

H
f (yx)ψ j(y)ν(dy)− f (e)

∥

∥

∥

∥

L1
H

=

∥

∥

∥

∥

∫

H
[ f (yx)ψ j(y)− f (e)]ν(dy)

∥

∥

∥

∥

L1
H

≤
∫

U∩H
ψ j(y)‖ f (yx)− f (e)‖L1

H
ν(dy)≤ b

∫

U∩H
ψ j(y)ν(dy)≤ b,

where the convolution withψ j is the operator fromL1
H into L1

H . In view of Lemmas 2, 5 we
get the statement of this proposition.

8. Lemma. Suppose g∈ Lq
H(G,µ,C) and (gx|H) ∈ Lq(H,ν,C) for each x∈ G, f ∈

Lp(H,ν,C) with 1< p< ∞, 1/p+1/q= 1, where gx(y) := g(yx) for each x and y∈ G. Let
µ andν be probability measures, µ∈ Ml (G,H), ν ∈ M(H). Then f̃∗g ∈ L1

H(G,µ,C) and
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there exists a function h: G→ C such that h|H is continuous, h= f ∗̃g µ-a.e. on G and h
vanishes at∞ on G.

Proof. In view of Fubini theorem and Ḧolder inequality we have

‖ f ∗̃g‖L1
H(G,µ,C) = sup

s∈H

∫

G

∫

H
| f (y)|× |g(z)|ν(dy)µ((ys)−1dz)≤

sup
s∈H

(

∫

G

∫

H
|g(z)|qν(dy)µ((ys)−1dz)

)1/q

×

(

∫

G

∫

H
| f (y)|pν(dy)µ((ys)−1dz)

)1/p

≤

‖ f‖Lp(H,ν,C)×‖g‖Lq
H(G,µ,C)×ν(H)µ(G).

The equationα f (φ) :=
∫

H f (y)φ(y)ν(dy) defines a continuous linear functional on
Lq(H,ν,C). In view of Lemma 5 the functionα f (g(sx)−1

) =: h̃((sx)−1) =: w(s,x) of two
variabless andx is continuous onH ×H for s,x∈ H, since the mapping(s,x) 7→ (sx)−1 is
continuous fromH ×H into H. By Fubini theorem (see § 2.6.2 in [Fed69])

∫

G
h(y)ψ(y)µ(dy) =

∫

G

∫

H
f (y)g(yx)ψ(x)ν(dy)µ(dx)

=
∫

H
f (y)

[

∫

G
g(yx)ψ(x)µ(dx)

]

ν(dy)

for eachψ ∈ Lp(G,µ,C), since
∫

G

∫

H
| f (y)g(yx)ψ(x)| |ν|(dy) |µ|(dx) < ∞,

where|ν| denotes the variation of the real-valued measureν, h(y) := h̃(y−1). Here ψ is
arbitrary inLp(G,µ,C), from this it follows, thatµ({y : h(y) 6= ( f ∗̃g)(y),y∈ G}) =0, since
h and ( f ∗̃g) areµ-measurable functions due to Fubini theorem and the continuity of the
composition and the inversion in a topological group. In view of Lusin theorem (see §
2.3.5 in [Fed69]) for eachε > 0 there are compact subsetsC⊂ H andD ⊂ G and functions
f ′ ∈ Lp(H,ν,C) andg′ ∈ Lq

H(G,µ,C) with closed supportssupp(f ′) ⊂ C, supp(g′) ⊂ D
such thatclGCD is compact inG,

‖ f ′− f‖Lp(H,ν,C) < ε and‖g′−g‖Lq
H(G,µ,C) < ε,

since by the supposition of § 1 the groupH has the baseBH of its topologyτH , such that
the closuresclGV are compact inG for eachV ∈ BH . From the inequality

|h′(x)−h(x)| ≤ (‖ f‖Lp(H,ν,C) + ε)ε+ ε‖g‖Lq
H(G,µ,C)

it follows that for eachδ > 0 there exists a compact subsetK ⊂ G with |h(x)| < δ for each
x∈ G\K, whereh′(x−1) := α f ′(g′

x).
9. Proposition. Let A,B∈ A f(G,µ), µ andν be probability measures, µ∈ Ml (G,H),

ν ∈ M(H). Then the functionζ(x) := µ(A∩ xB) is continuous on H andν(yB−1∩H) ∈
L1(H,ν,C). Moreover, if µ(A)µ(B) > 0, µ({y ∈ G : yB−1 ∩H ∈ A f(H,ν) andν(yB−1 ∩
H) > 0})> 0, thenζ(x) 6= 0 on H.
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Proof. Let gx(y) := ChA(y)ChB(x−1y), thengx(y)∈Lq
H(G,µ,C) for 1< q< ∞, where

ChA(y) is the characteristic function ofA. In view of Propositions 6 and 7 there exists
lim i→∞ ψi ∗̃gx = gx in L1

H(G,µ,C). In view of § 7 and Lemma 8ζ(x)|H is continuous. There
is the following inequality:

1≥
∫

H
µ(A∩xB)ν(dx) =

∫

H

∫

G
chA(y)chB(x−1y)µ(dy)ν(dx).

In view of Fubini theorem there exists
∫

H
ChB(x−1y)ν(dy) =ν((yB−1)∩H) ∈ L1(G,µ,C), hence

∫

H
µ(A∩xB)ν(dx) =

∫

G
ν(yB−1∩H)chA(y)µ(dy).

10. Corollary. Let A,B∈ A f(G,µ), ν ∈ M(H) and µ∈ Ml (G,H) be probability mea-
sures. Then denoting IntHV the interior of a subset V of H with respect toτH , one has

(i) IntH(AB)∩H 6= /0, when

µ({y∈ G : ν(yB∩H) > 0})> 0;

(ii) IntH(AA−1) ∋ e, when

µ({y∈ G : ν(yA−1∩H) > 0})> 0.

Proof. AB∩H ⊃ {x∈ H : µ(A∩xB−1) > 0}.
10.1. Corollary. Let µ∈ Ml (G,H), ρµ(h,z)∈ L1(H,ν,C)×L1(G,µ,C), thenρµ(h,z)

is continuousν×µ-a.e. on H×G.
Proof. Recall the Lusin’s theorem. Ifφ is a Borel regular non-negative measure on a

metric spaceX or a Radon measure on a locally compact Hausdorff spaceX, a function f
is φ-measurable with values in a separable metric spaceY, A ⊂ X andA is φ-measurable
with φ(A)< ∞, b > 0, thenA contains a closed or compact respectively subsetCb such that
φ(A\Cb) < b and the restrictionf |Cb of f onCb is continuous (see also Theorem 2.3.5 in
[Fed69]).

In view of the co-cycle condition

ρµ(φψ,g) := µφψ(dg)/µ(dg)

= (µφψ(dg)/µφ(dg))(µφ(dg)/µ(dg))

= ρµ(ψ,φ−1g)ρµ(φ,g)

on ρµ and Corollary 10 above and the Lusin’s theorem for eachε > 0 the quasi-invariance
factor ρµ(h,g) is continuous onH ×Aε, whereAε is a compact subset inG, but Hε :=
H ∩Gε is a neighborhood ofe in H, whereGε := Aε ◦A−1

ε . SinceH is dense inG, then
µ(G\

⋃∞
n=1

⋃∞
j=1h jG1/n) = 0, where{h j : j ∈ N} is a countable subset inG. Therefore,

ρµ(h,z) is continuousν×µ-a.e. onH ×G.
10.2. Corollary. Let G be a locally compact group,ρµ(h,z)∈ L1(G×G,µ×µ,C), then

ρµ(h,z) is µ×µ-a.e. continuous on G×G.



148 Sergey V. Ludkovsky

11. Corollary. Let G= H. If µ∈ Ml (G,H) is a probability measure, then G is a locally
compact topological group.

Proof. Let us takeν = µ andA = C∪C−1, whereC is a compact subset ofG with
µ(C) > 0, whenceµ(yA)> 0 for eachy∈ G and inevitablyIntG(AA−1) ∋ e.

12. Lemma.Let µ∈Ml (G,H) be a probability measure and G be non-locally compact.
Then µ(H) = 0.

Proof. In the particular case of a real Hilbert spaceX if a non-negative quasi-invariant
measureµ on it is such thatµ(L) = 0 for each finite dimensional subspace, thenµ(Mµ) = 0,
whereMµ := {a∈ X :

∫

X ρ̃µ(a,x)µ(dx) = µ(X)} (see Theorem 19.2 [Sko74]). On the other
hand for each real Banach spaceY their exists a dense Hilbert subspaceX a quasi-invariant
measureµ on which indices a quasi-invariant measureν on the initial Banach spaceY (see
[GV61] and § I.4 in [Kuo75]).

On the other hand, a quasi-invariant measure onG relative to left shiftsLhg := hg with
h ∈ G′ from the dense subgroupG′, whereg ∈ G, induces a quasi-invariant measure on
its tangent spaceTeG, sinceG has the structure of the smooth Banach manifold (see also
[Kl82, Bou76]).

Therefore the statement of this lemma follows from and Theorem 3.25 of Chapter 1 and
the proof of Lemma 4, since the embeddingTeH →֒ TeG is a compact operator in the non-
Archimedean case and of trace class in the real case. See also the papers about construction
of quasi-invariant measures on the considered here groups [DS69, Sha89, Kos94, Lud96,
Lud99t, Lud98s, Lud99r, Lud00a, Lud00d, Lud02b].

Indeed, the measureµ on G is induced by the corresponding measureν on a Banach
spaceZ for which there exists a local diffeomorphismA : W →V, whereW is a neighbor-
hood ofe in G andV is a neighborhood of 0 inZ. The measureµ on G is quasi-invariant
relative toH. Therefore, the measureν onU is quasi-invariant relative to the action of ele-
mentsψ ∈W′ ⊂W∩H due to the local diffeomorphismA, that is,νφ is equivalent toν for
eachφ := AψA−1, whereAW′A−1U ⊂V, W′ is an open neighborhood ofe in H andU is an
open neighborhood of 0 inZ, νφ(E) := ν(φ−1E), φ is an operator onZ such that it may be
non-linear. The quasi-invariance factorρν(φ,v) has expressions through|det(φ′)| and the
quasi-invariance factorqν(z,x) relative to linear shiftsz∈ Z′ given by theorems from § 26
[Sko74] in the real case and Theorem 3.25 of Chapter 1 in the non-Archimedean case:

νφ(dx)/ν(dx) = |det{φ′(φ−1(x))}|qν(x−φ−1(x),x),

wherex ∈ U , φ = AψA−1, ψ ∈ W′. Then(AψA−1v− v)∈ Z′ for eachv ∈ V andψ ∈ W′,
whereν onZ is quasi-invariant relative to shifts on vectorsz∈ Z′ and there exists a compact
operator in the non-Archimedean case and an operator of trace class in the real case of
embeddingθ : Z′ →֒ Z such thatν(Z′) = 0.

13. Theorem. Let (G,τG) and (H,τH) be a pair of topological non-locally compact
groups G,H (Banach-Lie, Frechet-Lie or groups of diffeomorphisms or loop groups)with
uniformitiesτG,τH such that H is dense in(G,τG) and there is a probability measure µ∈
Ml (G,H) with continuous dµ(z,g)on H×G. Also let X be a Hilbert space overC and U(X)
be the unitary group. Then(1) if T : G→U(X) is a weakly continuous representation, then
there exists T′ : G→U(X) equal µ-a.e. to T and T′|(H,τH) is strongly continuous;

(2) if T : G → U(X) is a weakly measurable representation and X is separable, then
there exists T′ : G→U(X) equal to T µ-a.e. and T′|(H,τH) is strongly continuous.
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Proof. Let R(G) := (I)∪ L1(G,µ), whereI is the unit operator onL1. Then we can
define

A(λe+a)h := λI +
∫

G
ah(g)[ρµ(h

−1,g)]Tgµ(dg),

whereah(g) := a(h−1g). Then

|(A(λe+a)h −Aλe+aξ,η)| ≤
∫

G
|ah(g)ρµ(h,g)−a(g)| |(Tgξ,η)|µ(dg),

henceAah is strongly continuous with respect toh∈ H, that is,

lim
h→e

|Aahξ−Aaξ| = 0.

DenoteAah = T ′
hAa (see also § 29 [Nai68]), soT ′

hξ = Aahξ, whereξ = Aaξ0, a∈ L1. Whence

(T ′
hξ,T ′

hξ) = (Aahξ0,Aahξ0) =

∫

G
āh(g)(Tgξ0,Tg′ξ0)ρµ(h

−1,g)ρµ(h
−1,g′)ah(g

′)µ(dg)µ(dg′)

=
∫

G
ā(z)a(z′)(Uzξ0,Uz′ξ0)µ(dz)µ(dz′) = (ξ,ξ).

Therefore,T ′
h is uniquely extended to a unitary operator in the Hilbert spaceX′ ⊂ X. In

view of lemma 12,µ(H) = 0. HenceT ′ may be considered equal toT µ-a.e. Then a space
spanC[Aah : h∈ H] is evidently dense inX, since

(Aahξ1,Axqξ0) =

(

∫

G
ah(g)Tgρµ(h

−1,g)µ(dg)ξ1,
∫

G
xq(g

′)Tg′ρµ(q
−1,g′)µ(dg′)ξ0

)

=

=

(

Th

∫

G
a(g)Tgµ(dg)ξ1,Tq

∫

G
x(g′)Tg′µ(dg′)

)

= (Tq−1hAaξ1,Axξ0).

For proving the second statement let

R := [ξ : Aaξ = 0 for eacha∈ L1(G,µ)].

If
(Aaξ,η) =

∫

G
a(g)(Tgξ,η)µ(dg) =

∫

G
a(g)(T ′

gξ,η)µ(dg)

for eacha(g)∈ L1(G,µ,C), then(Tgξ,η) = (T ′
gξ,η) for µ-almost allg∈ G.

Suppose that{ξn : n∈ N} is a complete orthonormal system inX. If ξ ∈ X, then
∫

G
a(g)(Tgξ,ξm)µ(dg) =0

for eachg ∈ G \ Sm, where µ(Sm) = 0. Therefore,(Tgξ,ξm) = 0 for eachm ∈ N, if
g ∈ G\S, whereS :=

⋃∞
m=1Sm. HenceTgξ = 0 for eachg ∈ G\S, consequently,ξ = 0.

Then(Tgξn,ξm) = (T ′
gξn,ξm) for eachg∈ G\ γn,m, whereµ(γn,m) = 0. Hence(Tgξn,ξm) =

(T ′
gξn,ξm) for eachn,m∈ N and eachg∈ G\ γ, whereγ :=

⋃

n,mγn,m andµ(γ) = 0. There-
fore,R = 0.
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14. Definition and note.Let{Gi : i ∈No} be a sequence of topological groups such that
G = G0, Gi+1 ⊂ Gi andGi+1 is dense inGi for eachi ∈ No and their topologies are denoted
τi , τi |Gi+1 ⊂ τi+1 for eachi, whereNo := {0,1,2, . . .}. Suppose that these groups are sup-
plied with real probability quasi-invariant measuresµi on Gi relative toGi+1. For example,
such sequences exist for groups of diffeomorphisms or wrap (particularly loop) groups con-
sidered in previous papers [DS69, Sha89, Kos94, Lud96, Lud99t, Lud98s, Lud99r, Lud00a,
Lud00d, Lud02b, Lud08].

Let L2
Gi+1

(Gi ,µi ,C) denotes a subspace ofL2(Gi ,µi ,C) as in § 1(b). Such spaces are Ba-
nach and not Hilbert in general. LetL̃2(Gi+1,µi+1,L2(Gi ,µi ,C)) := Hi denotes the subspace
of L2(Gi ,µi ,C) of elementsf such that

‖ f‖2
i := [‖ f‖2

L2(Gi ,µi ,C) +‖ f‖′2i ]/2 < ∞, where

‖ f‖′2i :=
∫

Gi+1

∫

Gi

| f (y−1x)|2µi(dx)µi+1(dy).

EvidentlyHi are Hilbert spaces due to the parallelogram identity. Let

f i+1 ∗ f i(x) :=
∫

Gi+1

f i+1(y) f i(y−1x)µi+1(dy)

denotes the convolution off i ∈ Hi .
15. Lemma.The convolution∗ : Hi+1 ×Hi → Hi is the continuous bilinear mapping.
Proof. In view of Fubini theorem and Cauchy inequality:

∫

Gi+1

∫

Gi

| f i+1 ∗ f i(z−1x)|2µi(dx)µi+1(dz)

=

{

∫

Gi+1

∫

Gi

∫

Gi+1

f i+1(y) f i(y−1z−1x)µi+1(dy)

∫

Gi+1

f̄ i+1(q) f̄ i(q−1z−1x)µi+1(dq)µi(dx)µi+1(dz)

}

≤
∫

Gi

∫

Gi+1

(

∫

Gi+1

| f i+1(y)|2µi+1(dy)

)1/2(∫

Gi+1

| f i+1(q)|2µi+1(dq)

)1/2

(

∫

Gi+1

| f i(y−1z−1x)|2µi+1(dy)

)1/2(∫

Gi+1

| f i(q−1z−1x)|2µi+1(dq)

)1/2

µi(dx)µi+1(dz)

≤ ‖ f i+1‖2
L2(Gi+1,µi+1,C)

∫

Gi

[

∫

Gi+1

∫

Gi+1

| f i(y−1z−1x)|2µi+1(dy)µi+1(dz)

]1/2

[

∫

Gi+1

∫

Gi+1

| f i(q−1z−1x)|2µi+1(dq)µi+1(dz)

]1/2

µi(dx)

≤ ‖ f i+1‖2
L2(Gi+1,µi+1,C)

∫

Gi+1

∫

Gi

∫

Gi+1

| f i(y−1z−1x)|2µi+1(dy)µi+1(dz)µi(dx)

=‖ f i+1‖2
L2(Gi+1,µi+1,C)

(

∫

Gi

∫

Gi+1

∫

Gi+1

| f i(y−1γ)|2µi+1(dy)µi+1(dz)dµi (z−1,γ)µi(dγ)
)
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≤ ‖ f i+1‖2
L2(Gi+1,µi+1,C)

∫

Gi

∫

Gi+1

| f i(z−1x)|2µi+1(dz)µi(dx),

since
∫

Gi

∫

Gi+1

dµi (z−1,γ)µi(dγ)µi+1(dz) =
∫

Gi+1

µi+1(dz)
∫

Gi

µi(zdγ) = 1.

Then

‖ f i+1 ∗ f i‖2
L2(Gi ,µi ,C) =

∫

Gi

∣

∣

∣

∣

∫

Gi+1

f i+1(y) f i(y−1x)µi+1(dy)

∣

∣

∣

∣

2

µi(dx)

≤ ‖ f i+1‖2
L2(Gi+1,µi+1,C)

∫

Gi

∫

Gi+1

| f i(z−1x)|2µi+1(dz)µi(dx).

Therefore,
‖ f i+1 ∗ f i‖i ≤ ‖ f i+1‖L2(Gi+1,µi+1,C)‖ f i‖i .

16. Definition. Let l2({Hi : i ∈ No}) =: H be the Hilbert space consisting of elements
f = ( f i : f i ∈ Hi , i ∈ No), for which

‖ f‖2 :=
∞

∑
i=0

‖ f i‖2
i < ∞.

For elementsf and g ∈ H their convolution is defined by the formula:f ⋆ g := h with
hi := f i+1∗gi for eachi ∈No. Let∗ : H →H be an involution such thatf ∗ := ( f̄ j∧ : j ∈No),
where f j∧(y j) := f j(y−1

j ) for eachy j ∈ G j , f := ( f j : j ∈ No), z̄ denotes the complex
conjugatedz∈ C.

17. Lemma. H is a non-associative non-commutative Hilbert algebra with involution
∗, that is∗ is conjugate-linear and f∗∗ = f for each f∈ H.

Proof. In view of Lemma 15 the convolutionh = f ⋆ g in the Hilbert spaceH has
the norm‖h‖ ≤ ‖ f‖ ‖g‖, hence is a continuous mapping fromH ×H into H. From its
definition it follows that the convolution is bilinear. It is non-associative as follows from
the computation of i-th terms of( f ⋆ g)⋆ q and f ⋆ (g⋆ q), which are( f i+2 ∗gi+1) ∗qi and
f i+1 ∗ (gi+1 ∗qi) respectively, wheref , g andq∈ H. It is non-commutative, since there are
f andg∈H for which f i+1 ∗gi are not equal togi+1 ∗ f i . Sincef j∧∧(y j) = f j(y j) and¯̄z= z,
one hasf ∗∗ = ( f ∗)∗ = f .

18. Note.In general( f ⋆g∗)∗ 6= g⋆ f ∗ for f andg∈ H, since there existf j andg j such
thatg j+1∗ ( f j)∗ 6= ( f j+1∗ (g j)∗)∗. If f ∈ H is such thatf j |G j+1 = f j+1, then

(( f j+1)∗ ∗ f j)(e) =
∫

G j+1

f̄ j+1(y−1) f j+1(y)µj+1(dy) =‖ f j+1‖2
L2(G j+1,µj+1,C),

where j ∈ No.
19. Definition. Let l2(C) the standard Hilbert space over the fieldC be considered as a

Hilbert algebra with the convolutionα⋆β = γ such thatγi := αi+1βi , whereα := (αi : αi ∈
C, i ∈ No), α, β andγ ∈ l2(C).

20. Note. The algebral2(C) has two-sided idealsJi := {α ∈ l2(C) : α j = 0 for each
j > i}, wherei ∈ No. That is,J⋆ l2(C) ⊂ J andl2(C)⋆J = J andJ is theC-linear subspace
of l2(C), but J ⋆ l2(C) 6= J. There are also right ideals, which are not left ideals:Ki :=
{α ∈ l2(C) : α j = 0 for each j = 0, . . . ,i}, where j ∈ No. That is, l2(C) ⋆ Ki = Ki , but
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Ki ⋆ l2(C) = Ki−1 for eachi ∈ No, whereK−1 := l2(C). The algebral2(C) is the particular
case ofH, whenG j = {e} for eachj ∈No. We consider furtherH for non-trivial topological
groups outlined above.

21. Theorem.If F is a maximal proper left or right ideal in H, then H/F is isomorphic
as the non-associative noncommutative algebra overC with l2(C).

Proof. SinceF is the ideal, it is theC-linear subspace ofH. Suppose, that there exists
j ∈ No such thatf j = 0 for each f ∈ F , then f i = 0 for eachi ∈ No, since the space of
bounded complex-valued continuous functionsC0

b(G∞,C) on G∞ :=
⋂∞

j=0G j is dense in
eachH j := { f j : f ∈ H} andC0

b(G∞,C)∩ Fj = {0} andC0
b(G j ,C)|G j+1 ⊃ C0

b(G j+1,C).
Therefore,Fj 6= {0} for each j ∈ No, consequently,C →֒ Fj for each j ∈ No. SinceC is
embeddable into eachFj , then there exists the embedding ofl2(C) into F , whereH j :=
{ f j : f ∈ H}, π j : H → H j are the natural projections.

The subalgebraF is closed inH, sinceH is the topological algebra andF is the maximal
proper subalgebra. The spaceH∞ :=

⋂

j∈No
H j is dense in eachH j and the groupG∞ :=

⋂

j∈No
G j is dense in eachG j .

Suppose thatFi = Hi for somei ∈ No, thenFj = H j for eachj ∈ No, sinceC0
b(G∞,C) is

dense in eachH j andC0
b(G j ,C)|G j+1 ⊃ C0

b(G j+1,C). The idealF is proper, consequently,
Fj 6= H j as theC-linear subspace for eachj ∈ No, whereFj = π j(F).

There are linear continuous operators froml2(C) into l2(C) given by the follow-
ing formulas: x 7→ (0, . . . ,0,x0,x1,x2, . . .) with 0 as n coordinates at the beginning,
x 7→ (xn,xn+1,xn+2, . . .) for n ∈ N; x 7→ (xkl+σk(i) : k ∈ No, i ∈ (0,1, . . . ,l − 1)), where
N ∋ l ≥ 2, σk ∈ Sl are elements of the symmetric groupSl of the set(0,1, . . . ,l − 1).
Then f ⋆ (g⋆ h) + l2(C) and ( f ⋆ g)⋆ h+ l2(C) are considered as the same class, also
f ⋆ g+ l2(C) = g⋆ f + l2(C) in H/l2(C), since( f + l2(C)) ⋆ (g+ l2(C)) = f ⋆ g+ l2(C)
for each f ,g andh ∈ H. For eachf ,g,h ∈ F : f ⋆ (g⋆ h) + l2(C) and( f ⋆ g)⋆ h+ l2(C)
are considered as the same class, alsof ⋆ g+ l2(C) = g⋆ f + l2(C) in F/l2(C), since
( f + l2(C)) ⋆ (g+ l2(C)) = f ⋆ g+ l2(C) ⊂ F for each f andg ∈ F . Therefore, the quo-
tient algebrasH/l2(C) andF/l2(C) are the associative commutative Banach algebras.

Let us adjoint a unit toH/l2(C) andF/l2(C). As a consequence of the Gelfand and
Mazur theorem we have, that(H/l2(C))/(F/l2(C)) is isomorphic withC (see also The-
orem V.6.12 [FD88] and Theorem III.11.1 [Nai68]). On the other hand, as it was proved
aboveFj 6= H j for eachj ∈No, hence there exists the following embeddingl2(C) →֒ (H/F)
and(H/F)/l2(C) is isomorphic with(H/l2(C))/(F/l2(C)). Therefore,H/F is isomorphic
with l2(C).

3.3. Comments

Another methods of construction of unitary representations of topological totally discon-
nected groups which may be non-locally compact with the help of quasi-invariant real-
valued measures were given in [Lud98b, Lud02b, Lud00a, Lud99t, Lud01s, Lud0348,
Lud01f, Lud08, LD03] and references therein.



Chapter 4

Algebras of Non-Archimedean
Measures on Groups

4.1. Introduction

In Chapter II quasi-invariant measures on Banach spaces with values in fields supplied
with non-Archimedean multiplicative norms were studied. Besides Banach spaces they
were constructed and investigated on non-locally compact topological groups. Quasi-
invariant measures with values in non-Archimedean fields on a group of diffeomorphisms
were constructed for non-Archimedean manifoldsM in [Lud96, Lud99t, Lud08]. On
non-Archimedean wrap (particularly loop) groups and semigroups they were provided in
[Lud98s, Lud00a, Lud02b, Lud08]. A Banach space over a locally compact field also serves
as the additive group and quasi-invariant measures on it were studied in Chapter 2.

This chapter is devoted to the investigation of properties of quasi-invariant measures
with values in non-Archimedean fields that are important for analysis on topological groups
and for construction of irreducible representations. The following properties are investi-
gated:

(1) convolutions of measures and functions,
(2) continuity of functions of measures,
(3) non-associative algebras generated with the help of quasi-invariant measures. The

theorems given below show that many differences appear to be between locally compact and
non-locally compact groups. Algebras of measures and functions on groups are considered
below. The groups considered below are supposed to have structure of Banach manifolds
over the corresponding fields if something other is not specified.

4.2. Algebras of Measures and Functions

1. Definitions. (a). Let G be a Hausdorff separable topological group. A tight measure
µ on A f(G,µ) with values in a non-Archimedean fieldF is called left-quasi-invariant (or
right) relative to a dense subgroupH of G, if µφ(∗) (or µφ(∗)) is equivalent toµ(∗) for
eachφ ∈ H, whereBco(G) is the algebra of all clopen subsets ofG, A f(G,µ) denotes its
completion byµ, µφ(A) := µ(φ−1A), µφ(A) := µ(Aφ−1) for eachA∈ A f(G,µ), ρµ(φ,g) :=
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µφ(dg)/µ(dg)∈ L(G,A f(G,µ),µ,F) (or ρ̃µ(φ,g) := µφ(dg)/µ(dg)) denotes a left (or right)
quasi-invariance factor,F is a non-Archimedean field complete relative to its uniformity
and such thatK s⊂ F. We assume that a uniformityτG onG is such thatτG|H ⊂ τH , (G,τG)
and(H,τH) are complete. We suppose also that there exists an open base ine∈ H such that
their closures inG are compact. Such pairs exist for wrap (particularly loop) groups and
groups of diffeomorphisms and Banach-Lie groups. We denote byMl (G,H) (or Mr(G,H))
a set of left-( or right) quasi-invariant tight measures onG relative toH with a finite norm
‖µ‖ < ∞.

(b). Let LH(G,µ,F) denotes the Banach space of functionsf : G→ F such thatfh(g)∈
L(G,µ,F) for eachh∈ H and

‖ f‖LH(G,µ,F) := sup
h∈H

‖ fh‖L(G,µ,F) < ∞,

whereF is a non-Archimedean field for whichK s ⊂ F, fh(g) := f (h−1g) for eachg∈ G.
Forµ∈ Ml (G,H) andν ∈ M(H) let

(ν∗µ)(A) :=
∫

H
µh(A)ν(dh)and(q∗̃ f )(g) :=

∫

H
f (hg)q(h)ν(dh)

be convolutions of measures and functions, whereM(H) is the space of tight measures on
H with a finite norm,ν ∈ M(H) andq∈ L(H,ν,F).

2. Lemma. The convolutions are continuousF-linear mappings

∗ : M(H)×Ml (G,H) → Ml (G,H) and

∗̃ : L(H,ν,F)×LH(G,µ,F) → LH(G,µ,F).

Proof. If X andY are sets with separating covering ringsR and S and measuresµ
andν on them, then the Banach spaceL(µ× ν) is linearly topologically isomorphic with
the (Banach completed) tensor productL(µ)⊗̂L(ν) of Banach spacesL(µ) andL(ν) (see
Theorem 7.16 and Chapter 4 in [Roo78]). By the definition this means that ifE andF are
two Banach spaces over the same field andE⊗̂F is their (Banach completed) tensor product
then the mappingE×F ∋ (x,y) 7→ (x⊗y)∈ E⊗̂F is characterized by two conditions:

(Bi) ‖x⊗y‖ ≤ ‖x‖‖y‖ for all x∈ X andy∈Y;
(Bii) for each continuous bilinear mappingS of E×F into any Banach spaceH over

the same field there exists a unique continuous linear bounded operatorS⊗ with the norm
‖S⊗‖ ≤ ‖S‖ and such thatS⊗ ◦ θ(x,y) = S(x,y) ∈ H for all x ∈ E andy ∈ F , whereθ :
E×F →֒ E⊗̂F is the natural embedding.

In view of the aforementioned theorem and estimates

‖ν∗µ‖ ≤ ‖ν‖×‖µ‖, ‖q∗̃ f‖LH(G,µ,F) ≤ ‖q‖L(H,ν,F)×‖ f‖LH(G,µ,F),

sinceρµ(h,g)∈ L(H ×G,ν×µ,F), we get the statement of this lemma.
3. Lemma. For µ∈ Ml (G,H) the translation map(q, f ) → fq(g) is continuous from

H ×LH(G,µ,F) into LH(G,µ,F).
Proof. In view of Lemma 7.10 and Theorem 7.12 [Roo78] recalled in § 2.32 above for

eachε > 0 the set{x : | f (x)|Nµ(x)≥ ε} is A f(G,µ)-compact andf is A f(G,µ)-continuous.
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The embedding ofH into G is compact (see § 1), hence for eachq ∈ H there existsV
clopen inH and such thatq−1V is a subgroup ofH with clGq−1V compact inG, where
clG(A) denotes the closure of a subsetA in G.

The product of compact subsets inG is compact inG, hencefq(g)∈ LH(G,µ,F) and
(q, f ) 7→ fq(g) is the continuous mapping, since the restriction of theBco(G) and the
A f(G,µ)-topologies ontoXε coincide,‖ fq‖LH(µ) = ‖ f‖LH(µ) for eachq∈ H (see § 1.(b)).

4. Proposition. For a probability measure µ∈ M(G) there exists an approximate unit
which is a sequence of nonzero continuous functionsψi : G→F such that

∫

G ψi(g)µ(dg) =1
and for each neighborhood U∋ e in G there exists i0 such that supp(ψi)⊂U for each i> i0.

Proof. A group G has a countable base of neighborhoods ofe∈ G. A measureµ is
quasi-invariant, hence‖U‖µ > 0 for each neighborhoodU ∋ e,µ is the tight measure, hence
there exists a system of neighborhoods{Ui : Ui ∋ e∀i},

⋂

i Ui = {e},Ui ⊃ Ui+1 for eachi,
supp(ψi) ⊂Ui . Chooseψi such that

∫

G ψi(g)µ(dg) =1 for eachi.
5. Proposition. If (ψi : i ∈ N) is an approximate unit in H relative to a probability

measureν ∈ M(H), thenlim i→∞ ψi ∗ f = f in the LH(G,µ,F) norm, where µ∈ Ml (G,H),
f ∈ LH(G,µ,F).

Proof. In view of Theorem 7.12 [Roo78] recalled in § 2.32 above for eachε >
0 and eachi there exists a finite number ofh j ∈ H, j = 1, . . . ,n, n ∈ N, such that
⋃n

j=1h jUi ⊃ Xε, f ×V, where{x : | f (x)|Nµ(x) ≥ ε} =: Xε, f , V is a clopen neighborhood
of ξ ∈ H which can be chosen such thatξ−1V is a subgroup ofH, clG(ξ−1V) is com-
pact inG, (ψi ∗ f )(g) =

∫

h∈Ui
ψi(h) f (hg)ν(dh)and supg∈G | fξ(g)− (ψi ∗ fξ)(g)|Nµ(g) ≤

supg∈G[suph∈Xε, fξ
|ψi(h)|| fξ(hg)− fξ(g)|Nµ(g)+ε‖ψi‖ν‖G‖µ], hence limi→∞(ψi ∗ f ) = f in

LH(G,µ,F)-norm.
6. Lemma. Suppose g∈ LH(G,µ,F) and (gx|H) ∈ L(H,ν,F) for each x∈ G, f ∈

L(H,ν,F), where gx(y) := g(yx) for each x and y∈ G. Let µ andν be probability measures,
µ∈ Ml (G,H), ν ∈ M(H). Then f̃∗g ∈ LH(G,µ,F) and there exists a function h: G → F
such that h|H is continuous, h= f ∗̃g µ-a.e. on G and h vanishes at∞ on G.

Proof. In view of the Fubini theorem we have

‖ f ∗̃g‖LH(G,µ,F) = sup
h∈H,z∈G

∣

∣

∣

∣

∫

H
f (y)g(yz)ν(dy)

∣

∣

∣

∣

Nµ(z)

≤ ‖g(z)‖LH(G,µ,F)‖ f‖L(H,ν,F)

The equation

α f (φ) :=
∫

H
f (y)φ(y)ν(dy)

defines a continuous linear functional on the Banach space

L∞(H,ν,F) := {φ : H → F : φ is (A f(H,ν),Bco(F))-measurable,

‖φ‖∞ := essν −sup
x∈H

|φ(x)| < ∞}.

In view of Lemma 3 the function

α f (g
(qx)−1

) =: v(qx) =: w(q,x)
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of two variablesq and x is continuous onH ×H for q,x∈ H, since the mapping(q,x) 7→
(qx)−1 is continuous fromH ×H into H. By Theorem 7.16 [Roo78] recalled in § 2

∫

G
v(y)ψ(y)µ(dy) =

∫

G

∫

H
f (y)g(yx)ψ(x)ν(dy)µ(dx)

=
∫

H
f (y)

[

∫

G
g(yx)ψ(x)µ(dx)

]

ν(dy)

for eachψ ∈ L∞(G,µ,F). From this it follows, thatµ({y : h(y) 6= ( f ∗̃g)(y),y ∈ G}) = 0,
sinceh and( f ∗̃g) areµ-measurable functions due to Fubini theorem and the continuity of
the composition and the inversion in a topological group. In view of Theorem 7.12 [Roo78]
recalled in § 2.32 for eachε > 0 there are compact subsetsC⊂ H andD ⊂ G and functions
f ′ ∈ L(H,ν,F) andg′ ∈ LH(G,µ,F) with closed supportssupp(f ′)⊂C, supp(g′)⊂ D such
thatclGCD is compact inG,

‖ f ′− f‖L(H,ν,F) < ε and‖g′−g‖LH(G,µ,F) < ε,

since by the supposition of § 1 the groupH has the baseBH of its topologyτH , such that
the closuresclGV are compact inG for eachV ∈ BH . From the inequality

|h′(x)−h(x)| ≤ (‖ f‖L(H,ν,F) + ε)ε+ ε‖g‖LH(G,µ,F)

it follows that for eachδ > 0 there exists a compact subsetK ⊂ G with |h(x)| < δ for each
x∈ G\K, whereh′(x−1) := α f ′(g′

x).
7. Proposition. Let A,B∈ A f(G,µ), µ andν be probability measures, µ∈ Ml (G,H),

ν ∈ M(H). Then the functionζ(x) := µ(A∩ xB) is continuous on H andν(yB−1∩H) ∈
L(H,ν,F). Moreover, if‖A‖µ‖B‖µ > 0, µ({y ∈ G : yB−1 ∩H ∈ A f(H,ν) and‖yB−1 ∩
H‖ν > 0})> 0, thenζ(x) 6= 0 on H.

Proof. Let gx(y) := ChA(y)ChB(x−1y), thengx(y) ∈ LH(G,µ,F), whereChA(y) is the
characteristic function ofA. In view of Propositions 4 and 5 there exists limi→∞ ψi ∗gx = gx

in LH(G,µ,F). In view of Lemma 6ζ(x)|H is continuous. There is the following inequality:

1≥

∣

∣

∣

∣

∫

H
µ(A∩xB)ν(dx)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

H

∫

G
ChA(y)ChB(x−1y)µ(dy)ν(dx)

∣

∣

∣

∣

.

In view of Theorem 7.16 [Roo78] recalled in § 2 there exists
∫

H
ChB(x−1y)ν(dy) =ν((yB−1)∩H) ∈ L(G,µ,F), hence

∫

H
µ(A∩xB)ν(dx) =

∫

G
ν(yB−1∩H)ChA(y)µ(dy).

8. Corollary. Let A,B ∈ A f(G,µ), ν ∈ M(H) and µ∈ Ml (G,H) be probability mea-
sures. Then denoting IntHV the interior of a subset V of H with respect toτH , one has

(i) IntH(AB)∩H 6= /0, when

‖{y∈ G : ‖yB∩H‖ν > 0}‖µ > 0;
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(ii) IntH(AA−1) ∋ e, when

‖{y∈ G : ‖yA−1∩H‖ν > 0}‖µ > 0.

Proof. We infer the inclusionAB∩H ⊃ {x ∈ H : ‖(A∩ xB−1)‖µ > 0} demonstrating
this corollary.

9. Corollary. Let G= H. If µ∈ Ml (G,H) is a probability measure, then G is a locally
compact topological group.

Proof. Let us takeν = µ and A=C∪C−1, whereC is a compact subset ofG with
‖(C)‖µ>0, whence‖(yA)‖µ > 0 for eachy∈ G and inevitablyIntG(AA−1) ∋ e.

10. Corollary. Let µ∈ Ml (G,H), ρµ(h,z)∈ L(H,ν,F)× L(G,µ,F), thenρµ(h,z) is
continuousν×µ-a.e. on H×G.

Proof. In view of the co-cycle condition

ρµ(φψ,g) := µφψ(dg)/µ(dg) = (µφψ(dg)/µφ(dg))(µφ(dg)/µ(dg))

= ρµ(ψ,φ−1g)ρµ(φ,g)

on ρµ and Corollary 8 above, Theorem 7.12 [Roo78] recalled in § 2.32 for eachε > 0
the quasi-invariance factorρµ(h,g) is continuous onH ×Gε, but Gε is neighborhood of
e in G, whereGε := {g ∈ G : Nµ(g) ≥ ε}. SinceH is dense inG and G is separable,
then

⋃∞
j=1h jGε = G, where{h j : j ∈ N} is a countable subset inG. Therefore,ρµ(h,z) is

continuousν×µ-a.e. onH ×G.
11. Corollary. Let G be a locally compact group,ρµ(h,z)∈ L(G×G,µ×µ,F), then

ρµ(h,z) is µ×µ-a.e. continuous on G×G.
Proof. It follows from Corollaries 9 and 10.
12. Remark.The latter two corollaries show, that the condition of continuity ofρµ(h,z)

imposed in Chapter 2 is not restrictive.
13. Lemma.Let µ∈Ml (G,H) be a probability measure and G be non-locally compact.

Then‖H‖µ = 0.
Proof. This follows from Theorem 2.3.13 above and the proof of Lemma 2, since

the embeddingTeH →֒ TeG is a compact operator in the non-Archimedean case and a
tight measureµ on G induces a tight measure on a neighborhoodV of 0 in TeG such that
V is topologically homeomorphic to a clopen subgroupU in G (see also Chapter 3 and
the papers about construction of quasi-invariant measures on the considered here groups
[Lud96, Lud99t, Lud98s, Lud00a, Lud02b]).

14. Let (G,τG) and(H,τH) be a pair of topological non-locally compact groupsG, H
(Banach-Lie, Frechet-Lie or groups of diffeomorphisms or loop groups) with uniformities
τG,τH such thatH is dense in(G,τG) and there is a probability measureµ∈ Ml (G,H) with
continuousρµ(z,g) onH ×G. Also letX be a Banach space overF andIS(X) be the group
of isometricF-linear automorphisms ofX in the topology inherited from the Banach space
L(X) of all boundedF linear operators fromX into X.

Theorem. (1). If T : G→ IS(X) is a weakly continuous representation, then there exists
T ′ : G→ IS(X) equal µ-a.e. to T and T′|(H,τH) is strongly continuous.

(2). If T : G→ IS(X) is a weakly measurable representation and X is of separable type
c0(F) overF, then there exists T′ : G → IS(X) equal to T µ-a.e. and T′|(H,τH) is strongly
continuous.
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Proof. TakeK (G) := (I)∪L(G,µ,F), whereI is the unit operator onL(G,µ,F). Then
we can define

A(λe+a)h := λI +
∫

G
ah(g)[ρµ(h,g)]Tgµ(dg),

whereah(g) := a(h−1g). Then

|(A(λe+a)h −Aλe+aξ,η)| ≤ sup
g∈G

[|ah(g)ρµ(h,g)−a(g)| |Tgξ|Nµ(g)],

henceAah is strongly continuous with respect toh∈ H, that is,

lim
h→e

|Aahξ−Aaξ| = 0.

DenoteAah = T ′
hAa, soT ′

hξ = Aahξ0, whereξ = Aaξ0, a∈ L(G,µ,F). Whence

T ′
hξ = Aahξ0 =

∫

G
ah(g)Tgξ0ρµ(h,g)µ(dg)

= Th

∫

G
a(z)Tzξ0µ(dz) =Thξ,

hence|T ′
hξ| = |ξ| for eachh ∈ H. Therefore,T ′

h is uniquely extended to an isometric
operator on the Banach spaceX′ ⊂ X. In view of Lemma 10,‖H‖µ = 0. HenceT ′ may be
considered equal toT µ-a.e. Then a spacespanF[Aah : h∈ H] is evidently dense inX, since

Aahξ =
∫

G
ah(g)Tgρµ(h,g)µ(dg)ξ

= Th

∫

G
a(g)Tgµ(dg)ξ.

For proving the second statement let
R := [ξ : Aaξ = 0 for eacha∈ L(G,µ,F)]. If η ∈ X∗ and

η(Aaξ) = η
(

∫

G
a(g)Tgξµ(dg)

)

= η
(

∫

G
a(g)T′

gξµ(dg)

)

for eacha(g)∈ L(G,µ,F), thenη(Tgξ) = η(T ′
gξ) for µ-almost allg∈ G, whereX∗ denotes

the topological dual space of allK-linear functionalsf : X → K. Suppose that{ξ∗n : n∈ N}
is an orthonormal system inX∗ separating points ofX. It exists, since by the supposition of
this theoremX = c0(F). If ξ ∈ X, then

ξ∗m

(

∫

G
a(g)Tgξµ(dg)

)

= 0

for eachg∈ G\Sm, where‖Sm‖µ = 0. Therefore,ξ∗m(Tgξ) = 0 for eachm∈ N, if g∈ G\S,
whereS:=

⋃∞
m=1Sm. HenceTgξ = 0 for eachg∈ G\S, consequently,ξ = 0. Consider the

embeddingX →֒ X∗ with the help of the standard orthonormal basis{ej : j} in X overF.
Therefore, let{ξm : m∈ N} ⊂ X →֒ X∗. Thenξ∗m(Tgξn) = ξ∗m(T ′

gξn) for eachg∈ G\ γn,m,
where‖γn,m‖µ = 0, ξ∗m is the image ofξm under this standard embeddingX →֒ X∗. Hence
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ξ∗m(Tgξn) = ξ∗m(T ′
gξn) for eachn,m∈ N and eachg∈ G\γ, whereγ :=

⋃

n,mγn,m and‖γ‖µ =
0, since inL(G,µ,F) the family of all step functions is dense. Therefore, we getR = 0.

15. Definition and note. Let {Gi : i ∈ No} be a sequence of topological groups such
thatG = G0, Gi+1 ⊂ Gi andGi+1 is dense inGi for eachi ∈ No and their topologies are de-
notedτi , τi |Gi+1 ⊂ τi+1 for eachi, whereNo := {0,1,2, . . .}. Suppose that these groups are
supplied withF-valued probability quasi-invariant measuresµi on Gi relative toGi+1. For
example, such sequences exist for groups of diffeomorphisms or wrap (particularly loop)
groups considered in previous papers [Lud96, Lud99t, Lud98s, Lud00a, Lud02b, Lud08]).
Let LGi+1(Gi ,µi ,F) denotes the Banach subspace ofL(Gi ,µi ,F) as in § 1(b). Let
L̃(Gi+1,µi+1,L(Gi ,µi ,F)) =: Hi denotes the completion of the subspace ofL(Gi ,µi ,F) of
all elementsf such that

‖ f‖i := max[‖f 2‖1/2
L(Gi ,µi ,F),‖ f‖′i ] < ∞, where

‖ f‖′i := [ sup
x∈Gi ,y∈Gi+1

| f (y−1x)|2Nµi (x)max(1,Nµi+1(y))]1/2.

EvidentlyHi are Banach spaces overF. Let

f i+1 ∗ f i(x) :=
∫

Gi+1

f i+1(y) f i(y−1x)µi+1(dy)

denotes the convolution off i ∈ Hi .
16. Lemma.The convolution∗ : Hi+1×Hi → Hi is the continuousF-bilinear mapping.
Proof. From the definitions we have:

‖( f i+1 ∗ f i)2‖
1/2
L(Gi ,µi ,F)

= sup
x∈Gi

|( f i+1 ∗ f i)(x)|N1/2
µi (x)

≤ sup
x∈Gi ,y∈Gi+1

[| f i+1(y)|N1/2
µi+1(y)][| f i(y−1x)|N1/2

µi (x)N1/2
µi+1(y)]

= ‖( f i+1)2‖
1/2
L(Gi+1,µi+1,F)

‖ f i‖′i and

‖ f i+1 ∗ f i‖′i = [ sup
x∈Gi ,y∈Gi+1

|( f i+1 ∗ f i)(y−1x)|2Nµi (x)Nµi+1(y)]1/2

≤ [ sup
x∈Gi ,y∈Gi+1,z∈Gi+1

| f i+1(z)|2Nµi+1(z)|f i(y−1z−1x)|2Nµi (x)Nµi+1(y)Nµi+1(z)]1/2

≤ ‖( f i+1)2‖
1/2
L(Gi+1,µi+1,F)

‖ f i‖′i ,

since fromA ∋ y and B ∋ z for A,B ∈ A f(Gi+1,µi+1) it follows that AB∋ yz and AB∈
A f(Gi+1,µi+1), which follows from

µi+1(AB) =
∫

A∋a
µi+1(aB)µi+1(da) =

∫

B∋b

∫

A∋a
µi+1(adb)µi+1(da),

so that‖A‖µi+1 ≤ ‖Gi+1‖µi+1 = 1, henceNµi+1(z)≤ 1 for eachz∈ Gi+1 for the probability
measureµi+1. Therefore,‖ f i+1 ∗ f i‖i ≤ ‖ f i+1‖i+1‖ f i‖i and inevitably the convolution∗ :
Hi+1 ×Hi → Hi is the continuousF-bilinear mapping.
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17. Definition. Let c0({Hi : i ∈ No}) =: H be the Banach space consisting of elements
f = ( f i : f i ∈ Hi , i ∈ No), for which limi→∞ ‖ f i‖i = 0, where

‖ f‖ :=
∞

sup
i=0

‖ f i‖i < ∞.

For elementsf and g ∈ H their convolution is defined by the formula:f ⋆ g := h with
hi := f i+1∗gi for eachi ∈No. Let∗ : H →H be an involution such thatf ∗ := ( f j∧ : j ∈No),
where f j∧(y j) := f j(y−1

j ) for eachy j ∈ G j , f := ( f j : j ∈ No).
18. Lemma. H is a non-associative non-commutative Banach algebra with involution

∗, that is∗ is F-bilinear and f∗∗ = f for each f∈ H.
Proof. In view of Lemma 16 the convolutionh = f ⋆ g in the Banach spaceH has

the norm‖h‖ ≤ ‖ f‖ ‖g‖, hence is a continuous mapping fromH ×H into H. From its
definition it follows that the convolution isF-bilinear. It is non-associative as follows from
the computation of i-th terms of( f ⋆ g)⋆ q and f ⋆ (g⋆ q), which are( f i+2 ∗gi+1) ∗qi and
f i+1 ∗ (gi+1 ∗qi) respectively, wheref , g andq∈ H. It is non-commutative, since there are
f andg∈ H for which f i+1 ∗gi are not equal togi+1 ∗ f i . From f j∧∧(y j) = f j(y j) it follows
that f ∗∗ = ( f ∗)∗ = f .

19. Note.In general( f ⋆g∗)∗ 6= g⋆ f ∗ for f andg∈ H, since there existf j andg j such
thatg j+1∗ ( f j)∗ 6= ( f j+1∗ (g j)∗)∗. If f ∈ H is such thatf j |G j+1 = f j+1, then

(( f j+1)∗ ∗ f j)(e) =
∫

G j+1

( f j+1(y))2µj+1(dy), hence

|(( f j+1)∗ ∗ f j)(e)| ≤ ‖( f j+1)2‖
1/2
L(G j+1,µj+1,F)

≤ ‖ f j+1‖ j+1,

where j ∈ No.
20. Definition. Consider the standard Banach spacec0(F) over the fieldF as a Banach

algebra with the convolutionα⋆β = γ such thatγi := αi+1βi , whereα := (αi : αi ∈F, i ∈No),
α, β andγ ∈ c0(F).

21. Note. The algebrac0(F) has two-sided idealsJi := {α ∈ c0(F) : α j = 0 for each
j > i}, wherei ∈ No. That is,J⋆c0(F) ⊂ J andc0(F)⋆J = J andJ is theF-linear subspace
of c0(F), but J ⋆ c0(F) 6= J. There are also right ideals, which are not left ideals:Ki :=
{α ∈ c0(F) : α j = 0 for each j = 0, . . . ,i}, where j ∈ No. That is,c0(F) ⋆ Ki = Ki , but
Ki ⋆c0(F) = Ki−1 for eachi ∈ No, whereK−1 := c0(F). The algebrac0(F) is the particular
case ofH, whenG j = {e} for eachj ∈No. We consider furtherH for non-trivial topological
groups outlined above withG∞ :=

⋂∞
j=0G j dense in eachG j .

22. Theorem.If F is a maximal proper left or right ideal in H, then H/F is isomorphic
as the non-associative noncommutative algebra overF with c0(F).

Proof. The idealF is also theF-linear subspace ofH. In view of Theorem 7.12 [Roo78]
recalled above in § 2.32 a functionf : G j → F is µj -integrable if and only if it satisfies two
properties: f is A f(G,µj)-continuous and for eachε > 0 the set{x : | f (x)|Nµj (x) ≥ ε} is
A f(G,µj)-compact and hence contained in{x : Nµj (x) ≥ δ} for someδ > 0. Suppose, that
there existsj ∈ No such thatf j = 0 for eachf ∈ F , then f i = 0 for eachi ∈ No, since the
space of boundedF-valued continuous functionsC0

b(G∞,F) onG∞ is denseH j := { f j : f ∈
H} andC0

b(G∞,F)∩Fj = {0} andC0
b(G j ,F)|G j+1 ⊃C0

b(G j+1,F).
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Therefore,F j 6= {0} for eachj ∈ No, whereF j := { f j : f ∈ F }, consequently,F →֒ Fj

for each j ∈ No. SinceF is embeddable into eachFj , then there exists the embedding of
c0(F) into F , whereH j := { f j : f ∈ H}, π j : H → H j are the natural projections.

The subalgebraF is closed inH, sinceH is the topological algebra andF is the maxi-
mal proper subalgebra. The spaceH∞ :=

⋂

j∈No
H j is dense in eachH j .

If F i = Hi for somei ∈ No, thenF j = H j for each j ∈ No, sinceC0
b(G∞,F) is dense in

eachH j andC0
b(G j ,F)|G j+1 ⊃ C0

b(G j+1,F). The idealF is proper, consequently,F j 6= H j

as theF-linear subspace for eachj ∈ No, whereF j = π j(F ).
There existF-linear continuous operators fromc0(F) into c0(F) such thatx 7→

(0, . . . ,0,x0,x1,x2, . . .) with 0 as n coordinates at the beginning,x 7→ (xn,xn+1,
xn+2, . . .) for n∈ N; x 7→ (xkl+σk(i) : k ∈ No, i ∈ (0,1, . . . ,l −1)), whereN ∋ l ≥ 2, σk ∈ Sl

are elements of the symmetric groupSl of the set(0,1, . . . ,l −1). Then f ⋆ (g⋆h)+c0(F)
and( f ⋆g)⋆h+c0(F) are considered as the same class, alsof ⋆g+c0(F) = g⋆ f +c0(F)
in H/c0(F), since ( f + c0(F)) ⋆ (g + c0(F)) = f ⋆ g + c0(F) for each f ,g and h ∈ H.
Then f ⋆ (g⋆ h)+c0(F) and( f ⋆ g)⋆ h+ c0(F) are considered as the same class for each
f ,g,h∈ F , also f ⋆g+c0(F) = g⋆ f +c0(F) in F /c0(F), since( f +c0(F))⋆(g+c0(F)) =
f ⋆ g+ l2(F) ⊂ F for each f andg ∈ F . Therefore, the quotient algebrasH/c0(F) and
F /c0(F) are the associative commutative Banach algebras.

Fromµi ∈ Ml (Gi ,Gi+1) it follows that for each open subsetW ∋ e,W ⊂ Gi there exists
a clopen subgroupU ⊂ W such thatµi(U) 6= 0, since otherwiseµi(zV) = 0 for eachz∈
Gi+1 and each openV ⊂W, henceµi(Gi) = 0 contradicting supposition, that eachµi is the
probability measure.

Let us adjoin a unit toH/c0(F) and to F /c0(F). There is satisfied the equal-
ity ChGi+1 ∗ChGi = ChGi . Let Ui, j be a clopen subgroup inGi , that is possible, since
eachGi is ultrametrizable. ChooseUi, j such thatUi, j+1 ⊂ Ui, j ∩G j+1 andUi, j ⊃ Ui+1, j

for each i and j,
⋂

i Ui, j = e ∈ G j for each j. Since µj(G j) = 1 and ‖G j‖µj =
1, then by induction (i, j) ∈ {(1,1),(1,2), . . . ,(1,n), . . .;(2,1),(2,2), . . . ,(2,n), . . .;
. . . ,(m,1),(m,2), . . . ,(m,n), . . .}, wherem,n∈ N, there exists a familyαi, j ∈ F and{Ui, j :
i, j} such thatαi, j+1ChUi, j+1 ∗αi, jChUi, j = αi, jChUi, j and 0< |αi, j ||µi(Ui, j)| ≤ 1 for eachi, j.
Putei := {αi, jChUi, j : j ∈ No}, thenei ∗ei = ei for eachi. From the properties ofUi, j it fol-
lows, thatspanF{ei(z−1g) : i ∈ N,z∈ G∞} is dense inH, whereg := (g j : g j ∈ G j∀ j ∈ No),
z−1g = (z−1g j : j).

Consider the algebrasH/c0(F) =: A andF /c0(F) =: B. The algebrasA and B are
commutative and associative. From the preceding proof it follows thatspanF{ei(z−1g)+
c0(F) : i ∈ N, z∈ G∞} is dense inA, eachei(z−1g)+c0(F) is the idempotent element inA.

Remind Van der Put’s theorem aboutC-algebras. The following conditions on a com-
mutative Banach algebraA over a fieldK are equivalent:

(α) A is aC-algebra;
(β) A+ is aC-algebra;
(γ) the linear span of{e∈ A : e= e2,‖e‖ ≤1} is dense inA;
(δ) everyK[a] with a∈ A is aC-algebra;
(ε) A is the smallest closed subalgebra ofA that contains{a ∈ A : K[a] is a

C-algebra}, where ifA does not contain a unit elementA+ denotes the Banach algebra
obtained fromA by adding the unit element asK ⊕A (see also Theorem 6.12 [Roo78]).
Remind that a commutative Banach algebraA is called aC-algebra if there exists a locally
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compact zero-dimensional Hausdorff spaceX such thatA is isomorphic withC∞(X ). A
normed algebra is an algebraA with a norm such that‖xy‖ ≤ ‖x‖‖y‖ for all x,y∈ A. A Ba-
nach algebra is a complete normed algebra. As usuallyK[x] denotes the ring of polynomials
over a fieldK, clXB = B̄ denotes the closure of a subsetB in a topological spaceX.

Therefore, by the aforementioned theoremA is theC-algebra. By the definition this
means, that there exists a locally compact zero-dimensional Hausdorff spaceX such thatA
is isomorphic withC∞(X,F), whereC∞(X,F) is the subspace of allf ∈Cb(X,F) for which
for eachε > 0 there exists a compact subsetXε, f of X with | f (x)| < ε for eachx∈ X \Xε, f .

Recall that ifA is commutative Banach algebra overK, then the spectrum ofA denoted
by Sp(A)is the set of all non-zero algebra homomorphisms fromA into a fieldK topolo-
gized as a subset ofKA. In accordance with Theorem 6.3 [Roo78] ifX is a locally compact
zero-dimensional Hausdorff space, then

(Si)everya∈ X induces an ˆa∈ Sp C∞(X) so that ˆa( f ) := f (a), wheref ∈C∞(X);
(Sii) for every closed ring idealI in C∞(X) there exists a closed subsetZ ⊂ X such that

I = { f ∈C∞(X) : f = 0 onZ}. In particular, each closed ring ideal is an algebra ideal;
(Siii) to every maximal ring (or algebra) idealM in C∞(X) there corresponds a unique

a∈ X such thatM = { f ∈C∞ : f (a) = 0}, each maximal ring (or algebra) ideal ofC∞(X)
is the kernel of a unique homomorphism fromC∞(X) into K;

(Siv)the mappinga 7→ â is a homeomorphism ofX ontoSp C∞(X);
(Sv)suppose thatf ∈C∞(X), if X is compact, thenSp(f ) = f (X); otherwiseSp(f ) =

f (X)∪{0}. In either case,Sp(f ) = f (X) and‖ f‖= ‖ f‖sp, where‖x‖sp := supφ∈Sp(A) |φ(x)|
for an elementx∈ A in a commutative Banach algebraA.

In view of this theorem we get that each maximal idealB of C∞(X,F) has the
form B = { f ∈ C∞(X,F) : f (z0) = 0}, wherez0 is a marked point inX. On the other
hand, as it was proved aboveF j 6= H j for each j ∈ No, hence there exists the follow-
ing embeddingc0(F) →֒ (H/F ) and this implies that(H/F )/c0(F) is isomorphic with
(H/c0(F))/(F /c0(F)). Therefore,H/F is isomorphic withc0(F).

4.3. Comments

Another methods of construction of isometrical representations of topological totally dis-
connected groups which may be non-locally compact with the help of quasi-invariantF-
valued measures were given in [Lud98b, Lud02b, Lud00a, Lud99t, Lud01s, Lud0348,
Lud01f, LD03, Lud08] and references therein.

One may mention that the non-local compactness of groups causes a twisted al-
gebraic structure of measure spaces. This situation can be compared with representa-
tion theory of groups in non-Archimedean linear spaces. Over infinite fields with non-
trivial non-Archimedean multiplicative norms the aforementioned theorem of Gelfand and
Mazur is not accomplished due to existence of transcendental extensions of such fields
(see Chapter 6 in [Roo78] and references therein). It was one of the basic reasons why
there was demonstrated that even infinite compact groups and even commutative may
have infinite-dimensional topologically irreducible representations in Banach spaces over
non-Archimedean fields, for example, the additive groupZp of p-adic integer numbers
[Dia79, Dia84, Dia95, R84, Roo78, RS71, RS73].
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The idea is the following (it was also communicated by B. Diarra). Take an algebra of
bounded operators on a Banach spaceX over a locally compact infinite fieldK, consider
its closed subalgebrasA2 ⊂ A1 ⊂ L(X,X) such thatA2 is a maximal closed ideal inA1, but
the quotient algebraA1/A2 is isomorphic with a field which is a transcendental extension
F of K. Let α be a transcendental element ofF overK. PutT1 := β, whereβ ∈ θ−1(α) is
an invertible operator andθ : A1 → A1/A2 is the quotient mapping. This induces a strongly
continuous representation of the additive groupZ so thatTn = Tn

1 for eachn∈ Z. As usually
GL(X) denotes the group of all invertible operators onX bounded together with its inverse,
GL(X) ⊂ L(X,X). For suitableF andK andA1 andA2, for example, when the residue
class field ofF contains the finite fieldFp consisting ofp elements, we can chooseT : Z →
GL(X) so that limn→∞ Tpnx = x for p-adic integers of the formpn, for eachx in an infinite
dimensional closed subspaceY of X on whichA1 acts irreducibly. ThenT has a strongly
continuous extension onZp. For this also the exponential and logarithmic functions for
F can be used relating multiplicative and additive representations. Such representation
may happen to be isometrical so thatTm ∈ IS(X), whereIS(X) denotes the group of linear
isometries ofX.

The considered representation has a topologically irreducible infinite dimensional com-
ponentT : Zp → GL(X). That isclX spanK{Tgx : g∈ Zp}= Y for each non-zero elementx
from some closed linear subspaceY in X, whereY is infinite dimensional over the fieldK.

Mention also in relation with this that each ultra-metric space can isometrically be em-
bedded into an infinite field with a non-trivial non-Archimedean multiplicative norm in
accordance with Theorem 1.10 [Sch84].

The main feature of representationsT : G → GL(H) of a groupG in vector spacesH
over a fieldK as it is well-known consists in using group algebrasA(G) and the linear
structure ofH so that one has already not only a group homomorphism, but also the sec-
ond operation related with addition of vectorsTg(ax+ by) = aTgx+ bTgy for all a,b ∈ K
andx,y∈ H andg∈ G, whereGL(H) ⊂ L(H,H) (see [Nai68, FD88]). For infinite locally
compact Hausdorff topological groups the cornerstone for decomposition of unitary repre-
sentations into direct integrals of topologically irreducible representations consists in using
Haar measures and Banach algebras on groups associated with such measures.

In the class of non-locally compact commutative groups there exist groupsG having
no any finite-dimensional topologically irreducible unitary representationT : G → U(H),
but having infinite dimensional strongly continuous representationsT : G→ GL(H), where
GL(H) is the general linear group on a Banach spaceH andU(H) is the unitary group
on the complex Hilbert spaceH. That is invariant closed subspaces inH are all infinite-
dimensional in the considered case. This means that the closure of theF-linear span
cl spanF{Tgx : g ∈ G} is infinite-dimensional over the fieldF for each non-zero vector
x 6= 0 in the linear spaceH over a fieldF [B83, B87, B91].

Such groups can be constructed even as quotient groups of additive groups of topolog-
ical vector spaces. In accordance with Theorem 5 [B87] ifE is an infinite dimensional
vector space overR with the topological weight ofE equal to the topological weight of its
topological dual spaceE∗, then there exists a discrete subgroupZ in E such thatG := E/Z
has no any non-trivial continuous character. This imply that such group has not any weakly
continuous finite dimensional unitary representation, since it is Abelian and any weakly
continuous finite dimensional unitary representations decomposes into the direct sum of
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characters corresponding to one-dimensional irreducible components.
A topological groupG is called bounded, if for each open neighborhoodV of its unit

elemente there exists a natural numbern ∈ N so thatVn = G. Particularly, ifG = E/Z,
whereZ is an additive subgroup of a normed spaceE, thenG is bounded if there exists a
positive number 0< r < ∞ so thatE = Z + rB, whereB denotes the unit ball with center
at zero inE. By Proposition 3 [B87] ifG is a bounded commutative topological group
satisfying the first axiom of countability andT is a weakly continuous representation ofG in
a complex Hilbert space, thenT is equivalent to a unitary weakly continuous representation.
Lemma 4 in [B83] states that every bounded representation of an amenable group in a
Hilbert space is equivalent to a unitary representation, where a groupG is called amenable if
it possess an invariant left mean on the spaceC0

b(G,C) of all continuous bounded functions
onG supplied with the norm‖ f‖C0

b
:= supx∈G | f (x)|.

At the same time each topological groupG admits a strongly continuous representation
in a suitable Banach spaceS, for example,T : G → BUC(G,C) so thatTg 6= I for each
g 6= e, by left shifts on the Banach spaceBUC(G,C) of bounded uniformly continuous
complex-valued functions onG [B91]. If a Banach spaceH can be embedded into a Hilbert
spaceX and this representation can weakly continuously be extended intoX and if G is
bounded, then this representation would be equivalent to unitary. Also when the groupG is
a dense subgroup inG1 andµ is a quasi-invariant non-negative non-trivial measure onG1

relative to left shifts fromG, thenG has a strongly continuous infinite dimensional unitary
representation as it was outlined in [Lud06, Lud08].

This theory is rather complicated and is not considered in this book, but it is worth
to note, that the non-commutative non-associative structure of measure and function al-
gebras explain in part the known differences in the linear representation theory in non-
Archimedean spaces and of non-locally compact groups in complex Hilbert spaces. More-
over, one gets more differences for representations of groups in linear spaces over infinite
fields with non-Archimedean multiplicative norms. Indeed, in these cases any technique re-
lated with associative Banach algebras of functions on groups already does not work, since
the algebras of functions on non-locally compact groups associated with quasi-invariant
measures are already non-associative (see Lemmas 17 in Chapter III and 18 in Chapter IV)
and the Gelfand-Mazur theorem is not valid for them. The initial algebras and quotient al-
gebras as well in Theorems III.21 and IV.22 are non-associative and non-commutative and
infinite-dimensional over the corresponding fields.

This is logical also due to the following. In accordance with the A. Weil’s theorem if a
Hausdorff group has a quasi-invariant non-trivial measure relative to itself, then it is locally
compact (see [Bou63-69, FD88, VTC85] and Corollary 11 in Chapter III). Its analog for
measures with values in non-Archimedean fields is valid as well (see Corollary 9 in Chapter
IV).

Recall that a commutative Hausdorff topological group is called exotic if does not admit
any non-trivial strongly continuous unitary representation; and strongly exotic, if it does not
admit any non-trivial weakly continuous representation (not necessarily unitary) in Hilbert
spaces. Using technique of exotic groups it is possible to construct further examples of
Banach-Lie commutative groups having infinite dimensional strongly continuous topologi-
cally irreducible unitary representations. For wrap (particularly loop) groups and groups of
diffeomorphisms they were considered in [Lud06] besides cited above works.
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At first we mention the following well-known fact.
C.1. Lemma. For an infinite dimensional complex Hilbert space X the entire unitary

group U(X) is not topological group relative to the weak topologyτw.
Proof. It is sufficient to prove this lemma for the separable complex Hilbert spacel2(C),

sincel2(C) has the embedding intoX and inevitablyU(l2(C)) has an embedding intoU(X).
The weak operator topologyτw is generated by base of neighborhoods of zero

Wb(x1, . . . ,xn;y1, . . . ,yn) := {S∈ L(X,X) : |(Sxj ,y j)| < b ∀ j = 1, . . . ,n} with 0 < b < ∞,
n ∈ N, whereL(X,X) denotes the space of all continuous linear operators fromX into
X; while (∗,∗) denotes the scalar product inX, x1, . . . ,yn ∈ X. If (U(X),τw) would be a
topological group, then due to continuity of the multiplication(T,S) 7→ TSand inversion
T 7→ T−1 and the conditionsT∗T = TT∗ = I for eachT ∈ U(X) it would be closed in
(B,τw), whereB := B(L(X,X),0,1) denotes the unit ball inL(X) := L(X,X) relative to the
operator norm topologyτn.

Due to the Alaoglu-Bourbaki theorem(B,τw) is compact [NB85]. Suppose thatUn is
a Cauchy net inU(X). In view of compactness ofB there exists the limit limnUn =: A
relative to the weak topology so thatA ∈ B. If (U(X),τw) is the topological group, then
there exists limnU∗

nUn = limnU∗
n limnUn = A∗A = I , sinceU∗

nUn = I for eachn and the
multiplication is continuous. Analogously limnUnU∗

n = limnUn limnU∗
n = AA∗ = I . Thus

this would imply that(U(X),τw) is complete and hence closed inB. Therefore,(U(X),τw)
would be also compact. As the compact topological group it would have a non-trivial non-
negative Haar measureλ onB f(U(X),τw) [Bou63-69, FD88, Nai68]. SinceX is separable,
thenB f(U(X),τw) = B f(U(X),τn).

ButU(X) is the BanachC∞-manifold as well [Kl82], hence its tangent spaceTeU(X) is
the separable Banach space, since(U(X),τn) is separable, whereτn is inherited fromL(X).
Each element inU(X) lies on some one-parameter subgroup [Bou76, Kl82, FD88, RS72].
To each local one-parameter subgroup some vector inY := TeU(X) corresponds.

Consider the exponential mapping from an open neighborhoodV of zero in the algebra
Y onto an open neighborhoodU of the identity elemente in U(X). Then the linear term of
exp(tv) induces the shiftw 7→ w+ tv in Y, wherev, tv∈V, w∈Y, t ∈ R. Consider embed-
dingsU(Cn) intoU(X) for eachn∈N and the multiplication of basic generators inTeU(Cn)
for eachn. The multiplications inU(X) and inY are related by the Campbell-Hausdorff
formula locally on sufficiently small neighborhoodsU andV [Bou76]. Consider the opera-
tor Lhg := hg in U(X), h,g∈U(X). It induces the operatorLh in Y. The multiplication in
Y is [v,w] = ad v(w). But generally operators neitherDLh− I nor (ad v)− I are compact
in Y, v∈V, whereI denotes the unit operator inY. Nevertheless their compactness is the
necessary condition for a quasi-invariance of a non trivial measure relative toLh or ad v in
Y (see Chapter I).

Over R the spaceY is isomorphic withl2(R). Thus a measure onU(X) induces a
measureν on a neighborhoodV = −V of zero in its tangent spaceY so that 0< ν(V) < ∞.
SinceY is separable then a measure onV induces the measureµ(A) := ∑∞

j=1 ν(A∩ (V +

x j))/2 j for each Borel subsetA in Y, where{x j : j} is a set of vectors inY so thatx1 = 0
and

⋃∞
j=1(x j +V) = Y. From the left invariance ofλ relative to the entireU(X) it would

follow that µ is quasi-invariant onY relative toY, but it can be quasi-invariant relative to
neitherLh nor ad v, whereh∈U , v∈V. But this is impossible due to Theorem I.3.18 and
Corollary I.3.19. This contradiction finishes the proof.



166 Sergey V. Ludkovsky

This can also be demonstrated directly using operators. For non-Archimedean Banach
spaces an analogous result is valid.

C.2. Lemma.For an infinite dimensional Banach space X over infinite locally compact
field F with a non-Archimedean non-trivial multiplicative norm the entire isometry group
IS(X) is not topological group relative to the weak topologyτw.

Proof. It is sufficient to prove this lemma forX of separable type overF , since ifX →֒
X1 is the embedding of Banach spaces, then there exists the embeddingIS(X) →֒ IS(X1) of
groups.

For the Banach spaceX the topologically dual spaceX∗ separates points inX, sinceF is
locally compact and so spherically complete [NB85, Roo78]. A base of neighborhoods of
the weak topologyτw in L(X,X) is: W(b;x1, . . . ,xn;y1, . . . ,yn) := {A∈ L(X,X) : |y j(Sxj)|<
b}, where 0< b < ∞, x1, . . . ,xn ∈ X, y1, . . . ,yn ∈ X∗, n ∈ N. Each isometric operatorS is
characterized by the condition:‖Sx‖X = ‖x‖X for eachx∈ X.

Therefore, if(IS(X),τw) would be a topological group, then we shall show that it would
be closed in(B,τw), whereB := B(L(X,X),0,1) is the unit ball inL(X,X) relative to the
operator norm. By the Alaogly-Bourbaki theorem [NB85](B,τw) is compact for the locally
compact fieldF .

Consider a Cauchy netUn in (IS(X),τw). Since(B,τw) is compact, then there exists
limnUn = A∈ B relative to the weak topology. In view of the Hahn-Banach theorem (8.4.7)
[NB85] for eachx∈ X there existsy∈ X∗ in the topological dual spaceX∗ so that|y(x)| =
|x|. Thus for eachx ∈ X and eachUn there existsy ∈ X∗ so that|y(Unx)| = |x|, since
|Unx| = |x| for eachx∈ X andUn ∈ IS(X). Let x∈ X be non-zero, take 0< ε < |x|. For any
y∈ X∗ and each suchε andx there existsn0 such that|y(Unx)− y(Ax)| < ε for all n > n0.
On the other hand, supy∈X∗,|y|=1|y(Unx)| = |Unx| = |x|, since|y(z)| ≤ |y||z|for eachz∈ X
andy∈ X∗. Take particularlyy such that|y(Ax)| = |Ax|, then|y(Unx)−y(Ax)| < ε for each
n> n0 = n0(x,y), hence|y(Unx)|= |Ax|, consequently,|Ax|= |x|, sinceA∈B⊂ L(X,X) and
y◦A∈ X∗ andAx∈ X and also limn[limmy(U−1

n Umz)] = limny(U−1
n Az) =limny(AU−1

n z) =
y(z)for all y∈ X∗ andz∈ X. Thus(IS(X),τw) would be complete and hence closed inB.

Therefore, as the compact group(IS(X),τw) would have a HaarR-valued on
B f(IS(X),τw) = B f(IS(X),τn) and alsoK s-valued measures onBco(IS(X)),τw), where
s 6= p, while the residue class field ofF contains the finite fieldFp.

Then consider the exponential mapping from an open neighborhoodV of zero in the
algebraY onto an open neighborhoodU of the identity elemente in IS(X). We get that
the linear term of exp(tv) induces the shiftw 7→ w+ tv in Y, wherev, tv∈V, w∈Y, t ∈ F.
There exist embeddingsIS(Fn) into IS(X) for eachn ∈ N and the multiplication of basic
generators inTeIS(Fn) for eachn. The multiplications inIS(X) and inY are related by the
Campbell-Hausdorff formula locally on sufficiently small neighborhoodsU andV [Bou76].
Consider the left multiplication operatorLhg := hg in IS(X), h,g ∈ U(X). It induces the
operatorLh in Y. The multiplication inY is [v,w] = ad v(w). But generally operators
neitherDLh− I nor (ad v)− I are compact inY, v∈ V, whereI denotes the unit operator
in Y. Nevertheless their compactness is the necessary condition for a quasi-invariance of a
non trivial measure relative toLh or ad v in Y (see Chapters I and II).

The isometry groupIS(X) is the Banach manifold as well and its tangent spaceTeIS(X)
is isomorphic with the Banach space of separable type overF [Bou76, Roo78]. Using
Theorem II.3.13 and Corollary II.3.14 for theK s-valued measure or Theorem I.3.18 and
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Corollary I.3.19 for theR-valued measure analogously to § C.1 we infer the statement of
this lemma.

Nevertheless, for a complex Hilbert spaceX weak and strong continuity of a unitary
representationT : G → U(X) of a topological groupG are equivalent, but this is another
thing, because it is already supposed thatG is the topological group [Nai68, FD88].

Recall that a locally convex representationT of a topological groupG in a locally
convex spaceX over a fieldF is called topologically irreducible, ifT : G→ GL(X), Tg 6= I
for someg∈ G, and there is not any closedF-linear subspace other than{0} andX stable
(invariant) underT, that isTgX ⊂ X for eachg∈ G.

C.3. Theorem. For each infinite dimensional real Hilbert space E2 there exists a dis-
crete additive subgroup H2 in E2 such that E2/H2 has no any continuous character, but has
infinite dimensional topologically irreducible strongly continuous unitary representations.
The family of such pairwise non-equivalent representations is at leastc := card(R).

Proof. It is sufficient to demonstrate this theorem for the separable Hilbert spaceE. If
X is a non-separable infinite dimensional Hilbert space, thenX = l2⊕Y, whereY = X⊖ l2
and there is the natural projection operatorP : X → l2, P(x+ y) = x for eachx ∈ l2 and
y∈Y. If X andl2 are considered as additive groups this gives the homomorphism.

In accordance with [B91] there exists a discrete subgroupH in X so thatX/H is exotic
andH = H1 ⊕H2, whereH1 = H ∩ l2 andH2 = Y∩H up to an isomorphism of Hilbert
spaces. ThenP(H) = H1 andP induces the quotient mapping fromX/H ontol2/H1, so that
l2/H1 is also exotic.

Remind that a symmetric Hilbert-Schmidt non-degenerate operatorA in the separable
real Hilbert spaceE2 has an orthonormal system of vectors{ f j : j ∈N} and numberssj ∈R
such thatA f = ∑ j sj( f , f j) f j for each f ∈ E2, where∑ j s

2
j < ∞. For the nuclear (trace)

operator∑ j |sj |< ∞. If A is positive definite, thensj > 0 for eachj. If λ j are eigenvalues of
such positive symmetric nuclear operatorA = A∗ > 0, then 0< ∑ j λ j ≤ ∑ j sj . The product
of two Hilbert-Schmidt operators is the nuclear operator [Pie65].

Let nowE be separable andH be its discrete subgroup so thatE/H is the exotic group
(see Theorems 5.3 and 6.1 [B91]). The procedure of a choice ofH described there is
inductive related with a consideration of volumes of some convex bodies in linear subspaces
in E, so that each generatorv j of H on j-th step is chosen from some suitable open subset
in the Euclidean subspaceRn(j) embedded intoE.

Construct the rigged Hilbert spaceE2 →֒ E1 →֒ E with linear embeddingsθ1 : E1 →
E and θ2 : E2 → E1 such thatA−1

1 : E → E1 and A−1
2 : E1 → E2, whereA1 and A2 are

symmetric non-degenerate positive definite operators of Hilbert-Schmidt class, henceA =
A1A2 is the trace class (nuclear) operator, choose these operators satisfyingA2 = A1|E2

with ‖A2‖L(E2,E1) ≤ 1 and‖A1‖L(E1,E) ≤ 1 [DF91]. The scalar products in these spaces
are such that(x,y)E1 = (A−1

1 x,A−1
1 y)E for eachx,y ∈ E1 and(x,y)E2 = (A−1

2 x,A−1
2 y)E1 =

(A−1x,A−1y)E for all x,y ∈ E2, where(∗,∗)E2, (∗,∗)E1 and(∗,∗)E denote scalar products
in these Hilbert spacesE2,E1,E (see § § II.2.1 and 2.2 in [DF91]). Therefore,‖θ(x)‖E ≤
‖θ2(x)‖E1 ≤ ‖x‖E2 for eachx ∈ E2, whereθ(x) = θ1(θ2(x)) for all x ∈ E2. ChooseH
contained inE2, that is possible sinceH is discrete relative to‖ ∗ ‖E, henceH is discrete
in E1 andE2 relative to their norms. Therefore,θ j induce embeddingsθ1 : E1/H1 → E/H
andθ2 : E2/H2 → E1/H1 and their compositionθ : E2/H2 → E/H, whereH1 := θ2(H2),
H = θ1(H1) = θ(H2).
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The cylinder Gaussian distribution onE1 with the unit correlation operator and zero
mean value (centered) induces the Gaussianσ-additive probability measureν on E quasi-
invariant relative toE1. The correlation operator of such Gaussian measure isA1. This
induces the measureµ on E/H quasi-invariant relative toE1/H1 for suitable correlation
operatorA1. If Q is a νy-null subset inE with a markedy ∈ E1, thenνz(Q+ H) = 0 for
eachz∈ E1, sinceν is countably additive and quasi-invariant relative to shifts on vectors
from E1. For each Borel subsetQ in E/H its counter-imageq−1(Q) is a Borel subset inE
so thatν(q−1(Q)) = µ(Q), whereq : E → E/H is the quotient mapping. Thus,µa ≪ µb for
all a,b ∈ E1/H1 and henceµa ∼ µ for eacha ∈ E1/H1, sinceE1/H1 is the additive dense
subgroup embedded intoE/H.

Consider an arbitrary open subsetV in E such thatV ∩H ⊂ {0}, which is possible,
sinceH is discrete inE. Then inE/H its image isV +H. Therefore,

ν(V +H) = ∑
h∈H

ν(V +h) and (1)

µa(dx)/µ(dx) = [µa(dx)/ν(dy)]/[µ(dx)/ν(dy)]

=

[

∑
h∈H

νb+h(dy)/ν(dy)

]

/

[

∑
h∈H

νh(dy)/ν(dy)

]

=

[

∑
h∈H

ρν(h+b,y)

]

/

[

∑
h∈H

ρν(h,y)

]

, (2)

wherea = b+H, b∈ E2, x = y+H, b andy are vectors inE2 of minimal absolute values
‖∗‖E2 satisfying these conditions. In accordance with Theorem I.4.2 [DF91]

ρν(h+b,y) = exp{(A−1
1 (h+b),y)− (A−1/2

1 (h+b),A−1/2
1 (h+b))/2},

where(∗,∗) = (∗,∗)E is the scalar product inE, hence series in(2) are converging and
continuous onG× (E/H), whereG := E2/H2 (see Remark I.4.1 [DF91]). Indeed, the
function

ω(b,y) := ∑
h∈H

exp{(A−1
1 (h+b),y)− (A−1/2

1 (h+b),A−1/2
1 (h+b))/2}

is positive and continuous onE2×E due to the Weierstrass theorem and estimates of the
remainder due to the generalization of Cauchy integral theorem for series of positive ad-
dends and usingσ-additive Gaussian measures onE2 up to positive multipliers. Moreover,
the latter functionω(b,y) on product of bounded balls inE2×E is bounded from below,
since infh∈H\0‖h‖> 0.

Consider independent generators{v j : j ∈ N} of H2 so that eachh ∈ H2 is the linear
combination ofv j with integer expansion coefficientsmj ∈ Z, wherev j 6= 0 for eachj.

Suppose that forA2 eigenvectorsw j are given with eigenvaluesσ2
j , A2w j = σ2

j w j . Cer-
tainly clE2spanC{w j : j} = E2. Then

ρν(h+b,y) = lim
n→∞

exp

{ n

∑
k=1

[(yk(hk +bk)/σ2
k)− (hk +bk)

2/(2σ2
k)]

}

, (3)
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whereyk denotes coordinates ofy in the basisvk/‖vk‖E, h∈ H2, b∈ E2.
Consider strongly continuous unitary regular representation ofG := E2/H2 in the

Hilbert spaceL2(E/H,µ,C) =: X associated with the quasi-invariant measureµ (see
[Lud02b, Lud06, Lud08]). Remind its construction. The scalar product inX is

( f ,g) :=
∫

E/H f (y)ḡ(y)µ(dy),
wherez̄ denotes the complex conjugated numberz, f : E/H → C. Take a marked number
b∈ R, i = (−1)1/2, and put

Th f (y) := ρib+1/2
µ (h,y) f (h−1y)

for eachh∈ G and f ∈ X, whereρµ(h,y) =µh(dy)/µ(dy),µh(A) := µ(h−1A) for each Borel
subsetA in E/H and everyh∈ G.

Suppose thatT : G→U(X) has a finite dimensional reducible component. Each finite
dimensional unitary representation decomposes into direct sum of characters up to an inter-
twining operator onX. We demonstrate that each continuous characterψ : G→ S1, where
S1 is the unit circle inC, gives the continuous characterχ := ψ ◦ θ−1 on E/H. Indeed,
to each non-trivial continuous charactersψ and alsoχ there correspond continuous linear
functionals f2 and f on E2 andE respectively so thatf |E2 = f2 is continuous, since the
topology ofE2 is stronger than that ofE (see [Eng86] and Proposition 4.5 in [B91]).

For each linear continuous functionalf2 on a Hilbert spaceE2 there exists a de-
compositionE2 = L1 ⊕M2, whereL1 is a one-dimensionalR-linear subspace inE2 and
M2 = ker( f2) = f−1

2 (0) (see § III.1.6 [KF89]). SinceE2 is the subspace inE, thenL1 ⊂ E.
Take the orthogonal complementM of θ(L1) in E so thatE = L1⊕M. Put f (x) := f2(x1),
wherex = x1 + m is the unique decomposition of eachx ∈ E with x1 ∈ L1 and m∈ M,
sinceE is presented as the direct sum of these subspacesL1 andM. Therefore,f is the de-
clared continuous extension off2 from E2 ontoE and inevitably there exists the continuous
characterχ extending the characterψ from G ontoE/H.

The spaceE2 is everywhere dense inE, consequently,E2 is not contained inM. There-
fore, if f2 is non-trivial, thenf is non-trivial. ButE/H is exotic, hencef is trivial and
inevitably f2 is trivial, that produces the contradiction. ThusG has no any continuous char-
acter and no any weakly continuous finite dimensional unitary representation. It remains
that it has the infinite dimensional strongly continuous topologically irreducible unitary
representation.

By our constructionE2 is the separable Hilbert space, hence isomorphic with the stan-
dard separable Hilbert space, whileH2 is its discrete subgroup. IfE3 is not a separable
Hilbert space, then there exists the quotient mappingP : E3/H3 → E2/H2 induced by the
projectionP from E3 ontoE2 with P(H3) = H2, whereE2 is separable and closed and em-
bedded intoE3, while H3 is a discrete additive subgroup inE3, H2 = H3∩E2, E3 = E2⊕E4,
whereE4 = E3⊖E2, H3 = H2 +H4, H4 = H3∩E4, E2 ⊥ E4. Thus any infinite dimensional
topologically irreducible unitary representationT of G induces the claimed representation
T ◦P for E3/H3.

Two unitary representations associated with quasi-invariant measures are equivalent if
and only if the corresponding measures are equivalent (see [Lud06, Lud08]). The family
of pairwise inequivalent quasi-invariant Gaussian measures onE and hence onE/H is at
leastc due to Theorems about equivalence and orthogonality of Gaussian measures [DF91,
Sko74]. ThusG is the desired additive group.
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Mention that the topologyτE/H of E/H induces the topologyτ′ in G strictly weaker,
than the initial topologyτG of G and the quasi-invariance factorρµ(a,x) does not exist for
all a∈ E/H, consequently, the regular representationT = Tµ of (G,τG) has not any weakly
continuous extension on(E/H,τE/H) (see also Lemmas III.12 and IV.13).

C.4. Corollary. For each infinite dimensional real Hilbert space there exists a family of
topologically irreducible infinite dimensional strongly continuous unitary representations.
This family has at leastc pairwise inequivalent representations.

Proof. TakeE2 and the quotient mappingq : E2 →E2/H2 = G from §C.3. Each strongly
continuous infinite dimensional unitary representationT : E2/H2 →U(X) induces the uni-
tary representationT ◦q =: S : E2 → U(X). As the composition of continuous mappings
it is continuous. Moreover,S(H2) = I , hence ifT is topologically irreducible, soSalso is
such.

Suppose thatG is an infinite topological group with a topologyτ such that a topolog-
ical density ofG is d(G,τ) ≥ ℵ0 and its topological character isχ(G,τ) ≥ ℵ0 (see also
[Eng86]). Let alsoµ be a quasi-invariant non-trivial regular Radon measure onG with val-
ues in eitherF = R or in the non-Archimedean fieldF = K s. Consider an everywhere dense
subsetJ in G of the cardinalitycard(J) = d(G,τ). For each pointx∈ J its baseU x of open
neighborhoods can be chosen of cardinalityχ(x,τ) = χ(G,τ), sinceG is the topological
group.

Then the density of eitherXτ = Lr(G,µ,C) with 1≤ r < ∞ or Xτ = L(G,µ,K s) corre-
spondingly isd(Xτ,‖∗‖Xτ) = d(G,τ)χ(G,τ)d(F, | ∗ |F), since finite linear combinations of
characteristic functions of open subsetsU j from the family{U x : x ∈ J} are dense in this
Banach spaces due to Radon property ofµ and its regularity and that each infinite covering
of a compact subset inG byU j has a finite sub-covering. Particularly ifG is metrizable and
F is locally compact, thend(Xτ,‖∗‖Xτ) = d(G,τ)ℵ2

0 = d(G,τ).
Thus if the topological groupG is supplied with two topologiesτ and ξ and mea-

suresµ andν as above are so thatℵ0 ≤ d(G,τ)χ(G,τ) < d(G,ξ)χ(G,ξ) andd(F, | ∗ |F) ≤
d(G,τ)χ(G,τ), thend(Xτ,‖ ∗ ‖Xτ) < d(Xξ,‖ ∗ ‖Xξ). This implies thatXξ and Xτ are not
isomorphic Banach spaces in the aforementioned cases.

Therefore, a problem of finding topologically irreducible components of strongly con-
tinuous representations of(G,τ) in Xτ can generally not be reduced to that of(G,ξ). For
example, when(G,τ) is a metrizable separable Frechet-Lie non-discrete topological group
overK, thencard(G)≥ card(K) ≥ c := card(R) > ℵ0 := card(N), butd(G,τ) = χ(G,τ) =
ℵ0. Whend(F, | ∗ |F) is greater, thanℵ0 it is possible to take a locally compact subfieldK
in F and consider aK-linear Banach spaceXK so that the enlargement of the field fromK
to F gives fromXK the Banach spaceX overF that to judge whether two spacesXτ andXξ
are linearly topologically isomorphic or not.

If now ξ is the discrete topology inG, thend(G,ξ) = card(G)> d(G,τ)χ(G,τ) = ℵ2
0 =

ℵ0. Moreover, topologiesτ andξ in G may generally be incomparable and a representa-
tion strongly continuous relative to one topology may be discontinuous relative to another
topology.

Mention that an algebraic reduction of a representation implies that a group is consid-
ered relative to the discrete topology. Remind that a topological spaceQ is called locally
compact, if for eachq∈ Q there exists a neighborhoodU of q such thatcl(U) is the com-
pact subspace inQ. For compact and locally compact groupsC∗-algebras are used, where
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by the definitionC∗-algebras are complete. OnC∗-algebras multiplicative continuous linear
functionals are taken and related closed ideals are considered [FD88]. For either compact
or a locally compact groupG and a weakly continuous unitary representationT : G→U(X)
some tricks are used. They are caused by the facts: (i) that a continuous image of a compact
set is compact, (ii) each continuous bijective mapping of the compact space on a Haus-
dorff space is a homeomorphism, (iii) each uniformity on the compact topological space is
complete (see Theorems 3.1.10, 3.1.13, 8.3.15 in [Eng86] and [FD88, HR79]).

This also is based on completeness ofC∗-algebras and their ideals. Indeed, a topological
group isT0 if and only if it is completely regular (see Theorems 4.8 and 8.4 in [HR79]), but
a topological space isT1 if and only if each its point is closed in it (see § 1.5 in [Eng86]).
A subsetQ of a complete uniform spaceY is complete if and only ifQ is closed inY in
accordance with Theorem 8.3.6 [Eng86]. Therefore, iff : A → B is a quotient mapping
of algebras, whereB is supplied with the quotient topology, thenB is T0 or Hausdorff if
and only if f−1(0) is closed inA. So that a quotient ofA by a non-closed ideal produces a
non-Hausdorff even without any separability axiom algebra.

But this technique generally is useless for non locally compact groups. Indeed, the
unitary groupU(X) of an infinite dimensional complex Hilbert space is not closed in the
algebraL(X,X) relative to the weak topologyτw in L(X,X) so that the weak closure of
U(X) is not a group [Nai68]. For a non locally compact topological group its imageT(G)
in (L(X,X),τw) need not be complete and its completion need not be a group, moreover,
(T(G),τw) generally may be not a topological group even whenT is bijective.

Using results of this book it is possible to make further investigations of non-locally
compact totally disconnected topological groups, their structures and representations, mea-
surable operators in Banach spaces over non-Archimedean fields, apply this for the de-
velopment of non-Archimedean quantum mechanics and quantum field theory, quantum
gravity, superstring theory and gauge theory, etc. Certainly this measure theory is helpful
for studying random functions and stochastic processes in Banach spaces and topological
groups.





Appendix A

Operators in Banach Spaces

SupposeX = c0(ω0,K) is a Banach space over a locally compact non-Archimedean infinite
field K with a non-trivial normalization andI is a unit operator onX. If A is an operator
on X, then in some basis ofX we have an infinite matrix(Ai, j)i, j∈N, so we can consider its
transposed matrixAt . If in some basis the following equality is satisfiedAt = A, thenA is
called symmetric.

A.1. Lemma. Let A: X → X be a linear invertible operator with a compact operator
(A− I). Then there exist an orthonormal basis(ej : j ∈ N) in X, invertible linear operators
C,E,D : X → X with compact operators(C− I), (E− I), (D− I) such that A= SCDE, D
is diagonal, C is lower triangular and E is upper triangular, S is an operator transposing
a finite number of vectors from an orthonormal basis in X. Moreover, there exists n∈ N
and invertible linear operators A′,A” : X → X with compact operators(A′− I), (A” − I)
and (A′

i, j − δi, j = 0) for i or j > n, A” is an isometry and there exist their determinants
det(A′)det(A”) = det(A), |det(A”)|K = 1, det(D) = det(A). If in addition A is symmetric,
then Ct = E and S= I.

Proof. In view of Lemma 2.2[Sch89] for eachc > 0 there exists the following decom-
positionX =Y⊕Z into K-linear spaces such that‖(A− I)|Z‖< c, wheredimKY = m< ℵ0.
In the orthonormal basis(ej : j) for which spanK (e1, . . . ,em) = Y for c ≤ 1/p we get
A = A′A” with (A− I)|Z = 0, |A” i, j − δi, j | ≤ c for eachi, j such that(A′

i, j − δi, j) = 0 for
i or j > n, wheren ≥ m is chosen such that|Ai, j − δi, j | ≤ c2 for i > n and j = 1, . . . ,m,
Ai, j := e∗i (Aej), e∗i are vectorsei considered as linear continuous functionalse∗i ∈ X∗. In-
deed,(Ai, j : i ∈ N) = Aej ∈ X and limi→∞ Ai, j = 0 for eachj. From the form ofA” it fol-
lows that‖A”e j −ej‖ ≤ 1/p for each j, consequently,‖A”x‖ = ‖x‖ for eachx∈ X. Since
A” = (A′)−1A, (A− I) and(A′− I) being compact, hence(A”− I) is compact together with
(A−1− I), ((A′)−1− I) and((A”)−1− I). Moreover, there exists limk→∞ det(A)k = det(A)
= limk det((A′)k(A”)k) = limk det(A′)kdet(A”)k = det(A′)det(A”), where (A)k := (Ai, j :
i, j ≤ k). This follows from the decompositionsX = Yk ⊕ Zk for c = c(k) → 0 whilst
k → ∞. This means that for eachc(k) = p−k there existsn(k) such that|Ai, j − δi, j | <
c(k), |A′

i, j − δi, j | < c(k) and |A” i, j − δi, j | < c(k) for each i or j > n(k), consequently,

|A
(1···n(k)i1···iq

1···n(k) j1··· jq

)

−A
(1···n(k)

1···n(k)

)

δi1, j1 · · ·δiq, jq|< c(k), whereA
( i1···ir

j1··· jr

)

is a minor corresponding to
rowsi1, . . . , ir and columnsj1, . . . , jr for r,q∈N. From the ultra-metric inequality it follows
that|det(A”)−1| ≤1/p, hence|det(A”)|K = 1,det(A”)k 6= 0 for eachk, det(A′)k = det(A′)n
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for eachk≥ n. Using the decomposition ofdet(A′)n by the last row (analogously by the col-
umn) we getA′

n, j 6= 0 and a minorA′
( 1···n−1

1··· j−1, j+1,n

)

6= 0. Permuting the columnsj andn (or

rows) we get as a result a matrix(Ā′)n with Ā′
(1···n−1

1···n−1

)

6= 0. Therefore, by the enumeration

of the basic vectors we getA′
(1···k

1···k

)

6= 0 for eachk = 1, . . . ,n, since|det(Ā′)n| = |det(A′)n|.
Therefore, there exists the orthonormal basis(ej : j) such thatA

(1··· j
1··· j

)

6= 0 for each j

and limj A
(1··· j

1··· j

)

= det(A) 6= 0. Applying to (A) j the Gaussian decomposition and using
compactness ofA− I due to formula (44) in § II.4[Gan88], which is valid in the case of
K also, we getD = diag(Dj : j ∈ N), D j = A

(1··· j
1··· j

)

/A
(1··· j−1

1··· j−1

)

; Cg,k = A
(1,...,k−1,g

1,...,k−1,k

)

/A
(1···k

1···k

)

;

Ek,g = A
(1,...,k−1,k

1,...,k−1,g

)

/A
(1···k

1···k

)

for g = k+ 1,k+ 2, . . ., k ∈ N. Therefore,(C− I), (D− I),
(E− I) are the compact operators,Ci, j , D j , Ei, j ∈ K for eachi, j. Particularly, forAt = A
(At denotes the transposed matrix forA) we getEk,g = Cg,k.

A.2. Notes. 1.An isometry operatorS does not influence on the results given above
by the measures, sinceA|Z andS−1A on X have decompositions of the formCDE, where
X⊖Z is a finite-dimensional subspace ofX overK, henceX⊖Z is locally compact for the
locally compact fieldK. Therefore, onX⊖Z there exists the Haar measure with values in
R or Qs with s 6= p, K ⊃ Qp.

A.2.2. For compactA− I we can construct the following decompositionA = BDBtC,
whereBBt = I , CCt = I , D is diagonal,B, D and E are operators onc0(ω0,Cp) with
lim i j→∞(Bi, j − δi, j) = lim j(D j −1) lim i+ j→∞(Ci, j − δi, j) = 0. But, in general, matrix ele-
ments ofB,C,D are inCp and may be inCp\K, since from the secular equationdet(A−λI)
even for symmetric matrixA overK in general may appearp1/n for n∈ N, butR is not con-
tained inK andCp is not locally compact. This decomposition is not used in the present
chapter for the construction of quasi-invariant measures on a Banach spaceX overK, since
on Cp there is not any non-trivial invariant measure (or even quasi-invariant relative to all
shifts fromCp) and may beBi, j , D j , Ci, j ∈ Cp \K. Instead of it (and apart from [Sko74])
we use the decomposition given in the Lemma A.1.

A.3. Remarks. Let K be a non-Archimedean infinite field with a non-trivial normal-
ization. Let X andY be normed spaces overK, and F : U → Y be a function, where
U ⊂ X is an open subset. The functionF is called differentiable, if for eacht ∈ K,
x ∈ U andh ∈ X such thatx+ th ∈ U there existsDF(x,h) := {dF(x+ th)/dt | t = 0}=
limt→0,t 6=0{F(x+ th)−F(x)}/t andDF(x,h) linear byh, that is,DF(x,h) =:F ′(x)h, where
F ′(x) is a bounded linear operator (derivative). LetΦ1F(x;h;t) := {F(x+ th)−F(x)}/t
for eacht 6= 0, x ∈ U , x+ th ∈ U , h ∈ X. If this function Φ1F(x;h;t) has a continu-
ous extensionΦ̄1F on U ×V ×S, whereU andV are open neighborhoods ofx and 0
in X, S= B(K, 0,1) and‖Φ̄1F(x;h;t)‖ := sup{‖Φ̄1F(x;h;t)‖/‖h‖ : x ∈ U,0 6= h ∈ V, t ∈
S} < ∞ and Φ̄1F(x;h;0) = F ′(x)h, thenF is called continuously differentiable onU ,
the space of all suchF is denoted byC1(U,Y), whereB(X,y, r) := {z∈ X : ‖z− y‖X ≤
r}. By induction we defineΦn+1F(x;h(1), . . . ,h(n+ 1);t(1), . . . ,t(n+ 1)} := {ΦnF(x+
t(n+1)h(n+1);h(1), ..,h(n);t(1), . . . ,t(n))−ΦnF(x;h(1), . . . ,h(n);t(1), . . . ,t(n))}/t(n+
1) and the spaceCn(U,Y) [Lud99t, Lud98b].

The family of all bijective surjective mappings ofU onto itself of classCn is called the
diffeomorphism group and it is denoted byDi f f n(U) := Cn(U,U)∩Hom(U).

A.4. Theorem. Let K be a spherically complete non-Archimedean infinite field with
non-trivial normalization, F∈Cn(U,Y) with n∈N := {1,2, ..}, F : X →Y, X and Y be Ba-
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nach spaces, U be an open neighborhood of y∈ X, F(X) = Y and[F ′(y)]−1 be continuous,
where n∈ Z, 0≤ n < p when char(K) =: p > 0, n≥ 0 when char(K) = 0. Then there ex-
ists r> 0 and a locally inverse operator G= F−1: V := B(Y,F(y),‖F ′(y)‖r) → B(X,y, r),
moreover, G∈Cn(V,X) and G′(F(y)) = [F′(y)]−1.

Proof. Let us consider an open subsetU ⊂ X, [y,x] := [z : z = y+ t(x− y), |t| ≤ 1,
t ∈ K] ⊂U andg : Y → K be a continuousK-linear functional, f (t) := g(F(y+ t(x− y)).
Such family of non-trivialg separating points ofX exists due to the Hahn-Banch theorem
[NB85, Roo78], sinceK is spherically complete. Then there existsf ′(t) = g(F′(y+ t(x−
y))(x−y)), f ∈Cn(B(K, 0,1),K), consequently, forF ′(z) 6= 0, z∈ [x,y] there existsb > 0
such that forg(F′(z)) 6= 0 we haveg(F(x+ t(x− y)))−g(F(x))| = |g(F′(z)(x− y))|× |t|
for each|t| < b. From|g(u(z))−g(u(x))| = |g(z)−g(x)| and the Hahn-Banach it follows,
that u is the local isometry, whereu(z) := [F ′(y)]−1(F(z)), z, x ∈ B(X,y, r), r is chosen
such that‖(Φ̄1u(x,h,t))−h‖< ‖h‖/2 for eachx∈ B(X,y, r), h∈ B(X,0,r), t ∈ B(K, 0,1).
Therefore,F(B(X,y, r)) ⊂ B(Y,F(y),‖F ′(y)‖r) =: S. Applying to the functionH(z) :=
z− [F ′(y)]−1(F(z)− q) for q ∈ S the fixed point theorem we getz′ such thatF ′(z′) = q,
since‖H(x)−H(z)‖< b×‖x−z‖.From the uniform continuous by(g,h) differentiability
fg,h(t) := g(F(y+ th) by t it follows continuous differentiability ofG.

A.5. Theorem.Let f ∈Cn(U,Y), where n∈ N, Y is a Banach space, n∈ Z, 0≤ n < p
when p:= char(K) > 0, n≥ 0 when char(K) = 0. Then for each x and y∈ U is ac-
complished the following formula: f(x) = f (y) +∑n−1

j=1 f ( j)(y)(x− y) j/ j! + Rn(x,y)(x−

y)n−1, where f( j)(y)(x−y) j = (Φ̄ j f ) (y;x−y, . . . ,x−y;0, . . . ,0)× j!, f ( j)(y)hj := f ( j)(y)
(h, . . . ,h), f( j)(y) : U → L j(X⊗ j ,Y), Rn(x,y) : U2 → Ln−1(X⊗(n−1),Y) with Rn(x,y) =
o(‖x−y‖), where Lj(X⊗ j ,Y) is the Banach space of continuous polylinear operators from
X⊗ j to Y , U is open in X.

Proof. For n = 1 this formula follows from the definition of̄Φ1 f . Forn = 2 let us take
R2(x,y) = Φ̄2 f (x;y,y). Evidently,Cn−1(U,Y)⊃Cn(U,Y). Let the statement be true forn−
1, wheren≥ 3. Then fromΦ̄n−1 f (y+ tn(x−y);x−y, . . . ,x−y;t1, . . . , tn−1) = Φ̄n−1 f (y;x−
y, . . . ,x− y;t1, . . . , tn−1)+ (Φ̄1(Φ̄n−1 f (y;x− y, . . . ,x− y;t1, . . . , tn−1))(y;x− y;tn))× tn and
continuity of Φ̄n it follows that Rn(x,y)(x− y)n−1 = Φ̄n f (y;x− y, . . . ,x− y;0, . . . ,0,1)−
f (n)(y)(x− y)n/n! = α(x− y)(x− y)n−1, where limx→y, x6=y α(x− y)/‖x− y‖ = 0, that is,
α(x−y) = o(‖x−y‖).

A.6. Suppose thatX andY are Banach spaces over a (complete relative to its uniformity)
locally compact fieldK. Let X andY be isomorphic with the Banach spacesc0(α,K)
and c0(β,K) and there are given the standard orthonormal bases{ej : j ∈ α} in X and
{q j : j ∈ β} in Y respectively, then eachE ∈ L(X,Y) has its matrix realizationE j,k :=
q∗kEej , whereα andβ are ordinals,q∗k ∈Y∗ is a continuousK-linear functionalq∗k : Y → K
corresponding toqk under the natural embeddingY →֒Y∗ associated with the chosen basis,
Y∗ is a topologically conjugated or dual space ofK-linear functionals onY.

A.7. Let A be a commutative Banach algebra andA+ denotes the Gelfand space ofA,
that is,A+ = Sp(A), whereSp(A)in another words spectrum ofA was defined in Chapter 6
[Roo78]. LetC∞(A+,K) be the same space as in [Roo78, LD02].

A.8. Definition. A commutative Banach algebraA is called aC-algebra if it is isomor-
phic withC∞(X,K) for a locally compact Hausdorff totally disconnected topological space
X, where f +g and f g are defined point-wise for eachf ,g∈C∞(X,K).

A.9. Remark. Fix a Banach spaceH over a non-Archimedean complete fieldF, as
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aboveL(H) denotes the Banach algebra of all boundedF-linear operators onH. If b∈ L(H)
we write shortlySp(b)instead ofSpL(H)(b) := cl(Sp(spanF{bn : n= 1,2,3, . . .})) (see also
[Roo78]).

It was proved in Theorem 2 in [Put68] in the case ofF with the discrete normalization
group, that each continuousF-linear operatorA : E → H with ‖A‖ ≤ 1 from one Banach
spaceE into anotherH has the form

A = U
∞

∑
n=0

πnPn,A,

wherePn := Pn,A, {Pn : n ≥ 0} is a family of projections andPnPm = 0 for eachn 6= m,
‖Pn‖ ≤ 1 andP2

n = Pn for eachn,U is a partially isometric operator, that is,U |cl(∑n Pn(E)) is
isometric,U |E⊖cl(∑n Pn(E)) = 0, ker(U) ⊃ ker(A), Im(U) = cl(Im(A)), π ∈ F, |π| < 1 andπ
is the generator of the normalization group ofF.

We restrict our attention to the case of the locally compact fieldF, consequently,F has
the discrete valuation group. If‖A‖> 1 we get

(i) A = λAU
∞

∑
n=0

πnPn,A,

whereλA ∈ F and|λA| = ‖A‖. In view of [LD02] this is the particular case of the spectral
integration on the discrete topological spaceX. Evidently, for each 1≤ r < ∞ there exists
J ∈ L(H) for which

(ii)

{

∑
n≥0

sr
ndimFPn,J(H)

}1/r

< ∞

for 1 ≤ r < ∞, where J has the spectral decomposition given by Formula(i), sn :=
|λJ||π|n‖Pn‖. Using this result it is possible to give the following definition.

A.10. Definition. Let E andH be two normedF-linear spaces, whereF is an infinite
spherically complete field with a nontrivial non-Archimedean normalization. TheF-linear
operatorA∈ L(E,H) is called of classLq(E,H) if there existsan ∈ E∗ andyn ∈ H for each
n∈ N such that

(i)

( ∞

∑
n=1

‖an‖
q
E∗‖yn‖

q
H

)

< ∞

andA has the form

(ii) Ax=
∞

∑
n=1

an(x)yn

for eachx∈ E, where 0< q < ∞. For each suchA we put

(iii) νq(A) = inf

{ ∞

∑
n=1

∥

∥

∥

∥

an‖
q
E∗‖yn‖

q
H

}1/q

,

where the infimum is taken by all such representations(ii) of A,

(iv) ν∞(A) := ‖A‖

andL∞(E,H) := L(E,H).
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A.11. Proposition. Lq(E,H) is the normedF-linear space with the normνq, when
1≤ q; it is the metric space, when0 < q < 1.

Proof. Let A∈ Lq(E,H) and 1≤ q< ∞, since the caseq= ∞ follows from its definition.
ThenA has the representation A.10.(ii). Then due to the ultra-metric inequality

‖Ax‖H ≤ ‖x‖E sup
n∈N

(‖an‖E∗‖yn‖H) ≤ ‖x‖E

( ∞

∑
n=1

‖an‖
q
E∗‖yn‖

q
H

)1/q

,

hence supx6=0‖Ax‖H/‖x‖E =: ‖A‖ ≤ νq(A).
Let now A,S∈ Lq(E,H), then there exists 0< δ < ∞ and two representationsAx =

∑∞
n=1an(x)yn andSx= ∑∞

m=1bm(x)zm for which

( ∞

∑
n=1

‖an‖
q
E∗‖yn‖

q
H

)1/q

≤ νq(A)+δ and

( ∞

∑
n=1

‖bn‖
q
E∗‖zn‖

q
H

)1/q

≤ νq(S)+δ, hence

(A+S)x = ∑∞
n=1(an(x)yn +bn(x)zn) and

νq(A+S) ≤

( ∞

∑
n=1

‖an‖
q‖yn‖

q
)1/q

+

( ∞

∑
n=1

‖bn‖
q‖zn‖

q
)1/q

≤ νq(A)+νq(S)+2δ

due to the Ḧolder inequality. The case 0< q < 1 is analogous to the classical one given in
[Pie65].

A.12. Proposition. If J ∈ Lq(H), S∈ Lr(H) are commuting operators, the fieldF is with
the discrete valuation group and1/q+1/r = 1/v, then JS∈ Lv(H), where1≤ q,r,v≤ ∞.

Proof. SinceF is with the discrete valuation, thenJ andS have the decompositions
A.9.(i). Certainly each projectorPn,J andPm,Sbelongs toL1(H) and have the decomposition
A.10.(ii). TheF-linear span of

⋃

n,mrange(Pn,JPm,S) is dense inH. In particular, for each
x ∈ range(Pn,JPm,S) we haveJkSl x = λk

Jλl
Sπnk+mlPn,JPm,Sx. Applying § A.9 to commuting

operatorsJk andSl for eachk, l ∈ N and using the base ofH we get projectorsPn,J andPm,S

which commute for eachn and m, consequently,JS= UJUSλJλS∑n≥0,m≥0πn+mPn,JPm,S,
henceUJS= UJUS, λJS= λJλS, Pl ,JS= ∑n+m=lPn,JPm,S. In view of the Ḧolder inequality
νv(JS) = inf(∑∞

n=0sv
n,JSdimFPn,JS(H))1/v ≤ νq(J)νr(S).

A.13. Proposition. If E is the normed space and H is the Banach space over the
field F (complete relative to its uniformity), then Lr(E,H) is the Banach space such that if
J,S∈ Lr(E,H), then

‖J+S‖r ≤ ‖J‖r +‖S‖r ; ‖bJ‖r = |b| ‖J‖r for each b∈ K;

‖J‖r = 0 if and only if J= 0, where1≤ r ≤ ∞, ‖∗‖q := νq(∗).
Proof. In view of Proposition A.11 it remains to prove thatLr(E,H) is complete, when

H is complete. Let{Tα} be a Cauchy net inLr(E,H), then there existsT ∈ L(E,H) such
that limα Tαx = Tx for eachx ∈ E, sinceLr(E,H) ⊂ L(E,H) and L(E,H) is complete.
We demonstrate thatT ∈ Lr(E,H) and Tα converges toT relative toνr for 1 ≤ r < ∞.
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Let αk be a monotone subsequence in{α} such thatνr
r(Tα − Tβ) < 2−k−2 for each

α,β ≥ αk, wherek∈N. SinceTαk+1 −Tαk ∈ Lr(E,H), then(Tαk+1 −Tαk)x= ∑∞
n=1an,k(x)yn,k

with ∑∞
n=1‖an,k‖

r‖yn,k‖
r < 2−k−2. Therefore,(Tαk+p −Tαk)x = ∑k+p−1

h=k ∑∞
n=1an,h(x)yn,h for

eachp ∈ N, consequently, using convergence whilep tends to∞ we get(T − Tαk)x =

∑∞
h=k∑∞

n=1an,h(x)yn,h. Then νr
r(T − Tαk) ≤ ∑∞

h=k∑∞
n=1‖an,h‖

r‖yn,h‖
r ≤ 2−k−1, henceT −

Tαk ∈ Lr(E,H) and inevitablyT ∈ Lr(E,H). Moreover,νr(T−Tα)≤ νr(T−Tαk)+νr(Tαk−
Tα) ≤ 2−(k−1)/r2 for eachα ≥ αk.

A.14. Proposition. Let E,H,G be normed spaces over spherically completeF. If
T ∈ L(E,H) and S∈ Lr(H,G), then ST∈ Lr(E,G)andνr(ST)≤ νr(S)‖T‖. If T ∈ Lr(E,H)
and S∈ L(H,G), then ST∈ Lr(E,G) andνr(ST) ≤ ‖S‖νr(T).

Proof. For eachδ > 0 there arebn ∈ H∗ andzn ∈ G such thatSy= ∑∞
n=1bn(y)zn for

eachy ∈ H and∑∞
n=1‖bn‖

r‖zn‖
r ≤ νr

r(S) + δ. Therefore,STx= ∑∞
n=1T∗bn(x)zn for each

x∈E, henceνr(ST)≤∑∞
n=1‖T∗bn‖

r‖zn‖
r ≤‖T‖[νr

r(S)+δ], since‖T∗bn(x)‖= |bn(Tx)| ≤
‖bn‖‖Tx‖ ≤ ‖bn‖‖T‖‖x‖, whereT∗ ∈ L(H∗,E∗) is the adjoint operator such thatb(Tx) =:
(T∗b)(x) for eachb ∈ H∗ and x ∈ E. The operatorT∗ exists due to the Hahn-Banach
theorem for normed spaces over the spherically complete fieldF [NB85, Roo78].

A.15. Proposition. If T ∈ Lr(E,H), then T∗ ∈ Lr(H∗,E∗) andνr(T∗) ≤ νr(T), where
E and H are over the spherically complete fieldF.

Proof. For eachδ > 0 there arean ∈ E∗ andyn ∈ H such thatTx= ∑∞
n=1an(x)yn for

eachx∈ E and∑∞
n=1‖an‖

r‖yn‖
r ≤ νr

r(T)+ δ. Since(T∗b)(x) = b(Tx) = ∑∞
n=1an(x)b(yn)

for eachb∈ H∗ andx∈ E, thenT∗b = ∑∞
n=1y∗n(b)an, wherey∗n(b) := b(yn), that is correct

due to the Hahn-Banach theorem forE andH over the spherically complete fieldF [NB85,
Roo78]. Therefore,νr

r(T
∗) ≤ ∑∞

n=1‖yn‖
r‖an‖

r ≤ νr
r(T)+δ, since‖y∗‖H∗ = ‖y‖H for each

y∈ H.
A.16. Comments.Bounded operators on non-Archimedean Banach spaces were inves-

tigated, for example, in [Gru66, Put68, Roo78, LD02, Lud0341] and references therein. In
this book only some specific results in operator theory are used, so there are not referred all
works on this subject.



Appendix B

Non-Archimedean Polyhedral
Expansions

B.1. Ultra-uniform Spaces

B.1.1. Let us recall that by an ultra-metric space(X,ρ) is implied a setX with
a metric ρ such that it satisfies the ultra-metric inequality:ρ(x,y) ≤ max(ρ(x,z);
ρ(z,y)) for eachx, y and z∈ X. A uniform spaceX with ultra-uniformity U is called
an ultra-uniform space(X,U) such thatU satisfies the following condition:|x−z|< V ′, if
|y− z|< V ′ and |x− y|< V, whereV ⊂ V ′ ∈ U , x, y andz∈ X [Eng86, Roo78]. If inX
a family of pseudo-ultra-metricsP is given and it satisfies conditions(UP1,UP2), then it
induces an ultra-uniformityU due to proposition 8.1.18 [Eng86].

Let L be a non-Archimedean field. We say thatX is a L-Tychonoff space, ifX is a
T1-space and for eachF = F̄ ⊂ X with x /∈ F there exists a continuous functionf : X →
B(L, 0,1) such thatf (x) = 0, f (F) = {1}, whereB(X,y, r) := {z∈ X : ρ(y,z)≤ r} for
y ∈ X and r ≥ 0. From Ind(L) = 0 it follows Ind(X) = 0 (see §6.2 and Chapter 7 in
[Eng86]). Since the norm| ∗ |L : L → Γ̃L is continuous, thenX is the Tychonoff space,
whereΓ̃L := {|x|L : x∈ L} ⊂ [0,∞). Vice versa ifX is a Tychonoff space withInd(X) = 0,
then it is alsoL-Tychonoff, since there exists a clopen (closed and open at the same time)
neighborhoodW ∋ x with W∩F = /0 and as the locally constant functionf may be taken
with f (x) = 0 and f (W) = {1}.

Let us consider spacesC(X,L) := { f : X → L| f is continuous} andC∗(X,L) := { f ∈
C(X,L) : | f (X)|L is bounded inR}, then for each finite family{ f1, . . . , fm} ⊂ C(X,L)
(or C∗(X,L)) the following pseudo-ultra-metric is defined:ρ f1,..., fm(x,y) := max(|f j(x)−
f j(y)|L : j = 1, . . . ,m}. FamiliesP or P∗ of suchρ f1,..., fm induce ultra-uniformitiesC or C∗

respectively and the initial topology onX. If a sequence{Vj : j = 0,1, . . .} ⊂ U is such
thatV0 = X2, pVj+1 ⊂ Vj for j = 1,2, . . . , wherep is a prime number, then there exists a
pseudo-ultra-metricρ(x,y) := 0 for (x,y)∈

⋂∞
j=0Vj , ρ(x,y) = p− j for (x,y)∈Vj \Vj+1, so

Vi ⊂ {(x,y) : ρ(x,y)≤ p−i} ⊂Vi−1. Indeed, from(x,y)∈Vi \Vi+1 and(y,z)∈Vj \Vj+1 for
j ≥ i it follows (x,z)∈Vi andρ(x,z)≤ p−i = ρ(x,y). Therefore, ultra-uniform spaces may
be equivalently characterized byU or P (see § 8.1.11 and § 8.1.14 in [Eng86] ).

Henceforth, locally compact non-discrete non-Archimedean infinite fieldsL are con-
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sidered. If the characteristicchar(L) = 0, then due to [Wei73] for each suchL there exists
a prime numberp such thatL is a finite algebraic extension of the fieldQp of p-adic num-
bers. Ifchar(L) = p > 0, thenL is isomorphic with the fieldFpn(θ) of the formal power
series by the indeterminateθ, wheren ∈ N, p is the prime number, eachz∈ L has the
form z = ∑+∞

j=k(z) a jθ j with a j ∈ Fpn for each j, |θ|L = p−1 up to the equivalence of the
non-Archimedean normalization,k(z)∈ Z, Fpn is the finite field consisting ofpn elements,
Fpn →֒ L is the natural embedding.

For an ordinalA with its cardinalitym= card(A) by c0(L, A) it is denoted the following
Banach space with vectorsx = (xa : a∈ A,xa ∈ L) of a finite norm‖x‖ := supa∈A |xa|L and
such that for eachb > 0 a set{a ∈ A : |xa|L ≥ b} is finite. It has the orthonormal in the
non-Archimedean sense basis{ej := (δ j,a : a ∈ A) : j ∈ A}, whereδ j,a = 1 for j = a and
δ j,a = 0 for eachj 6= a [Roo78]. If card(A1) = card(A2) thenc0(L, A1) is isomorphic with
c0(L, A2). In particularc0(L, n) = Ln for n∈ N. Thencard(A) is called the dimension of
c0(L, A), card(A) = dimL c0(L, A).

B.1.2. Lemma.Let (X,ρ) be an ultra-metric space, then there exists an ultra-metricρ′

equivalent toρ such thatρ′(X,X) ⊂ Γ̃L .
Proof. Let ρ′(x,y) := supb∈Γ̃L ,b≤ρ(x,y)b, wherexandy∈X, eitherL ⊃Qp orL = Fpn(θ).

Thenρ′ is the ultra-metric such thatρ′(x,y)≤ ρ(x,y)≤ p×ρ′(x,y) for eachx andy∈ X.
B.1.3. Lemma. Let (X,P) be an ultra-uniform space, then there exists a familyP′

such thatρ′(X,X) ⊂ Γ̃L for eachρ′ ∈ P′; (X,P) and(X,P′) are uniformly isomorphic, the
completeness of one of them is equivalent to completeness of another.

Proof. In view of Lemma 2 for eachρ ∈ P there exists an equivalent pseudo-ultra-
metricρ′. They form a familyP′. Evidently, the identity mappingid : (X,P)→ (X,P′) is
the uniform isomorphism. The last statement follows from 8.3.20 [Eng86].

B.1.4. Theorem. For each ultra-uniform space(X,ρ) there exist an embedding
f : X → B(c0(L, AX),0,1) and an uniformly continuous embedding into c0(L, AX), where
card(AX) = w(X), w(X) is the topological weight of X.

Proof. In view of theorem 7.3.15 [Eng86] there exists an embedding ofX into the
Baire spaceB(m), wherem= w(X)≥ ℵ0. In the casew(X) < ℵ0 this statement is evident,
sinceX is finite. In view of lemma 2.2 we choose inB(m)an ultra-metricρ equivalent to
the initial one with values iñΓL such thatρ({xi},{yi}) = p−k, if xk 6= yk andxi = yi for
i < k, ρ({xi},{yi}) = 0, if xi = yi for all i, where{xi} ∈ B(m), i ∈ N, xi ∈ D(m), D(m)
denotes the discrete space of cardinalitym. LetA = N×C, card(C) = m, {ei,a|(i, a)∈ A}
be the orthonormal basis inc0(L, A). For each{xi} ∈ B(m) we havexi ∈ D(m) and we
can takexi = ei,a for suitablea = a(i), sinceD(m) is isomorphic with{ei,a : a ∈ C). Let
f ({xi}) := ∑i∈N,a=a(i) piei,a, consequently,‖ f ({xi})− f ({yi})‖c0(L,A) = ρ({xi},{yi}).

The last statement of the theorem follows from the isometrical embedding of(X,ρ) into
the corresponding free Banach space, which is isomorphic withc0(L, A) (see theorem 5 in
[Lud95] and Theorems 5.13 and 5.16 in [Roo78] ).

For each ultra-metricρ ∈ P of an ultra-uniform space(X,P) there exists the equiva-
lence relationRρ such thatxRρy if and only if ρ(x,y) = 0. Then there exists the quotient
mappinggρ : X → Xρ := (X/Rρ) , whereXρ is the ultra-metric space with the ultra-metric
also denoted byρ, X̃ denotes the completion ofX. ThenX has the uniform embedding into
the limit of the inverse spectrainv− limρ Xρ = X̃. Hence we have got the following.

B.1.5. Corollary. Each ultra-uniform space(X,P) has a topological embedding into
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∏ρ∈PB(c0(L, Aρ),0,1) and an uniform embedding into∏ρ∈Pc0(L, Aρ) with card(Aρ) =
w(Xρ.

B.1.6. Corollary. For each j∈ N and f(X) ⊂ c0(L, AX) from Theorem4 there are
coverings Uj of the space f(X) by disjoint clopen balls Bl with diameters not greater than
p− j and withinf l 6=k dist(Bl ,Bk) > 0.

Proof follows from the consideration of the covering ofc0(L, A) by balls
B(c0(L, A),x, r) with 0 < r ≤ p− j andx ∈ c0, since such balls are either disjoint or one
of them is contained in another andΓL is discrete in(0,∞), whereΓL := Γ̃L \ {0}. Then
⋃

q∈J B(c0,xq, rq) is the clopen ball inc0 with r ≤ p− j , if all balls in the familyJ have non-
void pairwise intersections. TakingB(c0,x, r)∩ f (X) we get the statement forf (X) using
the transfinite sequence of the covering.

B.1.7. Note. A simplex s in Rn may be taken with the help of linear functionals,
for example,{ej : j = 0, . . . ,n}, whereej = (0, . . . ,0,1,0, . . . ,0) with 1 in the j-th place
for j > 0 ande0 = e1 + · · ·+ en, s := {x ∈ Rn : ej(x) ∈ [0,1] for j = 0,1, . . . ,n}. In the
case ofLn, if to takeB(L, 0,1) instead of[0,1], then conditionsx j := ej(x) ∈ B(L, 0,1) for
j = 1, . . . ,n imply e0(x) = x1+ · · ·+xn ∈B(L, 0,1) due to the ultra-metric inequality ( since
B(L, 01,) is the additive group ), that iss= B(L, 0,1). Moreover, its topological border is
emptyFr(s) = /0 andInd(Fr(s)) =−1. Let us denote byπL an element fromL such that
B(L, 0,1−) := {x∈ L : |x|L < 1}= πL B(L, 0,1) and|πL |L = supb∈ΓL ,b<1b =: bL .

B.1.8. Definitions. (1). A subsetP in c0(L, A) is called a polyhedron if it is a
disjoint union of simplexessj , P =

⋃

j∈F sj , whereF is a set,sj = B(c0(L, A′),x, r) =

x+πk
L B(c0(L, A′),0,1) are the clopen balls inc0(L, A′), A′ ⊂ A, r = bk

L , k∈ Z. For eachL
we fix πL and such affine transformations. The polyhedronP is called uniform if it satisfies
conditions(i, ii):

(i) supi∈F diam(si) < ∞,
(ii) inf i6= j dist(si ,sj) > 0, wheredist(s,q) := infx∈s,y∈q ρ(x,y). By vertices of the sim-

plex s= B(c0(L, A),0,1) we call pointsx = (x j) ∈ c0(L, A) such thatx j = 0 or x j = 1 for
each j ∈ A, dimL (s) := card(A). For eachE ⊂ A, E 6= A and a vertexe by verge of the
simplexs we call a subsete+B(c0(L, E),0,1)⊂ s. For an arbitrary simplex its verges and
vertices are defined with the help of affine transformation as images of verges and vertices
of the unit simplexB(c0(L, A′),0,1).

Then in analogy with the classical case there are naturally defined notions of a simplicial
complexK and his space|K|, also a sub-complex and a simplicial mapping. The latter has
restrictions on each simplex of polyhedra that are affine mappings over the fieldL and
images of vertices are vertices.

Instead of the barycentric subdivision in the classical case we introduce ap j -subdivision
of simplexes and polyhedra forj ∈ N and L ⊃ Qp, that is a partition of each sim-
plex B(c0(L, A′),x, r) into the disjoint union of simplexes with diameters equal torp− j .
Each simplexs with dimL s = card(A′) may be considered also inc0(L, A), whereA′ ⊂
A, since there exists the isometrical embeddingc0(L, A′) →֒ c0(L, A) and the projec-
tor π : c0(L, A) → c0(L, A′). By a dimension of a polyhedronP we call dimL P :=
sup(s⊂P,s is a simplex) dimL s. The polyhedronP is called locally finite-dimensional if
all simplexess ⊂ P are finite dimensional overL, that is, dimL s ∈ N. For a simplex
s = B(c0(L, A′),x, r) by L-border ∂s we call the union of all its vergesq with the codi-
mension overL equal to 1 inc0(L, A′) =: X, that is, q = e+ B′, whereB′ are balls in
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c0(L, A”) =: Y, (A′ \A”) is a singleton,A” ⊂ A′, X⊖Y = L, Y →֒ X. For the polyhedron
P =

⋃

j∈F sj by theL-border we call∂P =
⋃

j∈F ∂sj , whereF is the set.
(2). A continuous mappingf of a setM, M ⊂ c0(L, A) into a polyhedronP we call

essential, if there is not any continuous mappingg : M → P for which are satisfied the
following conditions:

(i) g(M) does not containP;
(ii) there existsM0 ⊂ M, M0 6= M with f (M)∩ ∂P = f (M0) = g(M0) ⊂ ∂P and their

restrictions coincidef |M0 = g|M0;
(iii) if f is linear on[x,y] := {tx+(1− t)y|t ∈ B(L, 0,1)} ⊂M, theng is also linear on

[x,y] such thatg(x) 6= g(y) for eachf (x) 6= f (y).
(3). The functionf from § 2.8.(2) is inessential, if there exists suchg.
(4). Let f : M → N be a continuous mapping,c0(L, A)⊃ N ⊃ P, P be a polyhedron.

ThenP is called essentially (or unessentially) covered byN under the mappingf , if f | f−1(P)

is essential (or inessential respectively).
(5). Let f : M → P andg : M → P are continuous mappings, whereM is a set,P is

a polyhedron. Theng is called a permissible modification off , if three conditions are
satisfied:

(i) from a∈ M and f (a)∈ s it follows g(a)∈ s, wheres is a simplex fromP;
(ii) if x andy∈ M, [x,y]⊂ M and f : [x,y]→ P is linear, theng : [x,y]→ P is also linear

(overL) andg(x) 6= g(y) for eachf (x) 6= f (y);
(iii) f (∂M) = g(∂M).
(6). The mappingf : M → P is called reducible (or irreducible), when it may (or not

respectively) have the permissible modificationg such thatf (M) is not the subset ofg(M).
(7). A mapping f : P→ Q for polyhedraP andQ is called normal, if
(i) ρQ( f (x), f (y))≤ ρP(x,y) for eachx andy∈ P, that isf is a non-stretching mapping;
(ii) there exists ap j -subdivisionQ′ of polyhedraQ such thatf : P→ Q′ is a simplicial

mapping, that is,f |s is affine on each simplexs⊂ P and f (s) is a simplex fromQ′.
(8). Let X = inv− lim j{Xj , f j

i ,E} be an expansion ofX into the limit of inverse spectra
of polyhedraXj over L. This expansion is called(a) irreducible, if for each openV ⊂ X
there exists a co-final subsetEV ⊂E such that{Xj , f j

i ,EV} is also the irreducible polyhedral
representation of the spaceV, that is f j

i : Xj → Xi are irreducible and surjective for each
i ≥ j ∈ EV . The polyhedral system (representation){Xj , f j

i ,E} is called(b) n-dimensional,
if dimL Xj ≤ n for eachj ∈ E, supj∈E dimL Xj = n.

B.1.9. Notes.Conditions 2.8.(2(iii),(5(ii, iii)) and restrictions onf j
i in 8.(8(a)) are

additional in comparison with the classical case. They are imposed in § 8, since there exists
a continuous non-linear retractionr : sj → ∂sj for the non-Archimedean fieldL, which may
be constructed with the help ofp-subdivision. If f is simplicial on each polyhedronM and
2.8.(2(iii)) is accomplished, thendimL g(M) = dimL f (M).

Here we mean by ANRU an ultra-uniform spaceX such that under embedding into
an ultra-uniform spaceY it is the uniformly continuous retractr : V → X of its uniform
neighborhoodV, X ⊂ V ⊂ Y. We denote byU(X,Y) for two ultra-uniform spacesX and
Y an ultra-uniform space of uniformly continuous mappingsf : X →Y with the uniformity
generated by a base of the formW = {( f ,g)|( f (x),g(x))∈V for eachx∈X}, whereV ∈V,
V is a uniformity onY corresponding toPY.
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Here we call an ultra-uniform spaceY injective, if for each ultra-uniform spaceX with
H ⊂ X and an uniformly continuous mappingf : H →Y there exists an uniformly continu-
ous extensionf : X →Y.

B.1.10. Theorem.B(c0(L, A),0,1) is an injective space for card(A)< ℵ0.
Proof may be done analogously to theorem 9 on p. 40 in [Isb64].
B.1.11. Theorem.Each uniform polyhedron P overL is ANRU.
Proof. Sincea = inf i6= j∈F dist(si ,sj) > 0, b = supi∈F diam(si) < ∞, then there exists

a uniform coveringU such that for eachsi there existsa/p-clopen neighborhoodVi ∈ U .
Eachsi is an uniform retractVi , r i : Vi → si , consequently, there exists uniformly continuous
retractionr : S=

⋃

Vi∈U Vi → P such thatr|si = r i for eachi, since supi∈F diam(si) < ∞. The
neighborhoodS is uniform, sinceSt(M,U) = S.

B.1.12. Note.Further for uniform spaces are considered uniformly continuous map-
pings and uniform polyhedra and for topological spaces continuous mappings and polyhe-
dra if it is not specially outlined.

B.1.13. Lemma.Let (X,P) be an ultra-uniform strongly zero-dimensional space, P be
a polyhedra overL, A1,. . . ,Aq are non-intersecting closed subsets in X, q∈N, card(P)≥ q.
Then there exists an uniformly continuous mapping f: X → P such that f(Ai)∩ f (A j) = /0
for each i6= j.

Proof. There exists a disjoint clopen coveringVj for X satisfyingA j ⊂ Vj for each
j = 1, . . . ,q (see Theorem 6.2.4 [Eng86]). Then we can take locally constant mappingf
with f (Vj) ⊂ sj ⊂ P.

B.1.14. Lemma.Each non-stretching mapping f: E → P has non-stretching continu-
ation on(X̃,ρ), where P is a uniform polyhedron overL, E ⊂ X.

Proof. There exists an embeddingP →֒ c0(L, A) for card(A) = w(P) due to Lemma 4
[Lud95]. We choosef : E → c0(L, A) with f = ( f i : i ∈ A), f i : E → Lei , where(ei : i ∈ A)
is the orthonormal basis inc0(L, A) and inf(i6= j,si andsj⊂P)dist(si ,sj) > 0, si are simplexes
from P.

B.1.15. Definition.An ultra-uniform space(X,P) is calledLE-space, if each uniformly
continuousf : Y → L has an uniformly continuous extension on allX, whereY ⊂ X.

B.1.16. Theorem. An ultra-metric space X is an LE-space if and only ifX̃ =
inv− limm{Xm, f m

n ,E}, where Xm are fine spaces and bonding mappings fm
n : Xm → Xn are

uniformly continuous for each m≥ n∈ E.
Proof. Let us considerXA = B(c0(L, A),0,1) for card(A) ≥ ℵ0 or XA = Ln which

are not fine spaces, since onXA there are continuousf : XA → L which are not uniformly
continuous. Then for the embedding of the non-fine spaceXA →֒ c0(L, A) there is not
compactH with XA ⊂ H ⊂ c0(L, A). Therefore, inXA there exists a countable closed subset
of isolated pointsY = {xi : i ∈ N) and a continuous functionf : Y → L with | f (x j)−
f (xi)|/|x j − xi | > ci > 0 for each j ≥ i and limi→∞ ci = ∞ such thatf has a continuous
extensiong on XA. Indeed, there exists a clopen neighborhoodW, that is ab-enlargement
(with b> 0) relative to the ultra-metricρA onXA, so there is a continuous retractionr : W →
Y, g(x) = const∈ L on (XA\W), g(x) = f (r(x)) onW, g|Y = f . Therefore,g is continuous
and uniformly continuous onXA (see also Theorem 1.7 [CI60]).
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B.2. Polyhedral Expansions

B.2.1. Theorem.Each complete ultrauniform space(Y,P) is a limit of an inverse spectra
of ANRU Yj , where Yj are embedded into complete locallyL-convex spaces.

Proof. In view of Corollary 1.5 there exists a uniform embeddingY →֒

∏ρ∈Pc0(L, Aρ) =: H. In eachc0(L, Aρ) may be taken the orthonormal basis{ej,ρ :
j ∈ Aρ}, card(Aρ) = w(Yρ) and define canonical neighborhoodsU( f ,b;( j1,ρ1), . . . ,
( jn,ρn)) := {q ∈ H : |π j i ,ρi (q)− π j i ,ρi ( f )| < b for i = 1, . . . ,n}, where π j,ρ : H →
Le j,ρ are projectors, f ∈ H, b > 0, n ∈ N. Each clopen subsetZb := H \
U( f ,b;( j1,ρ1), . . . ,( jn,ρn)) is uniformly continuous (non-stretching) retract ofZb/p,
that is Zb is ANRU. Analogously each finite intersections

⋂q
l=1Z( fl ,bl ,( j l1,ρ

l
1), . . . ,

( j ln,ρl
n)) =

⋂k
l=1Zl ,bl are also ANRU, sinceZk,bk ⊃

⋂k
l=1Zl ,bl and a retractiongk : Zk,bk/p →

Zk,bk produces non-stretching relative to the corresponding pseudo-ultra-metric retraction
gk :

⋂k
l=1Zl ,bl /p →

⋂k
l=1Zl ,bl . Hencegq ◦ · · · ◦ g1 = g :

⋂q
l=1Zl ,bl /p →

⋂q
l=1Zl ,bl is the

(non-stretching) retraction. LetS be the ordered family of such
⋂q

l=1Zl ,bl ⊂ H \Y, then
⋂

Z∈S(H \Z) = Y. Further as in the proof of Theorem 7.1 [Isb61].
B.2.2. Lemma.Let (X,ρX) and(Y,ρY) be ultra-metric spaces, f: X →Y be a contin-

uous mapping such that f|H is a b-mapping, where H is dense in X, b> 0. Then X and Y
may be embedded into a Banach space W overL such that X with equivalent ultra-metric
in W and‖ f (x)−x‖ ≤ b for each x∈ X, that is, f is a b-shift or a b-mapping.

Proof. From Theorem 1.4 and Lemma 1.3 and Corollary 1.6 it follows that there ex-
ists such embedding ofX into the correspondingW = c0(L, A) with card(A) = w(X) with
the disjoint clopen coveringV = {B(c0(L, A),x j ,b j) =: B j : x j ∈ H,∞ > b j > 0, j ∈ F}.
Let Yj := f (B j) ⊂ Y, consequently,diam(Yj) ≤ b, since f is theb-mapping, that isf re-
alizes the covering ofX consisting from subsets of diameters not greater thanb. Then
ρX(x′,x”) ≤ max(ρ(x′,x j),ρ(x j ,x”)) , wherex” ∈ f−1(y), y ∈ Yj , x′ ∈ B(c0(L, A),x j ,b j),
f (x′) = y, diam(f−1(y))≤ b. Letxi 6= x j , this is equivalent toBi ∩B j = /0 and is equivalent
to ρX(xi ,x j) > b, consequently,Yi ∩Yj = /0 andY =

⋃

j∈F Yj . In view of continuity of f there
exists the embedding ofYj into B j , since f is theb-mapping,w(Y) ≤ w(X), 0< b j ≤ b and
due to theorem 2.4.

B.2.3. Lemma. Let there exists a non-stretching(uniformly continuous) mapping f:
R→ P and a non-stretching(uniformly continuous) permissible modification g: M → P,
where R is a complete ultra-metric space(LE-space respectively), P is a polyhedron, M
is a subspace in R; if R is a polyhedron let M be a sub-polyhedron. Then g has a non-
stretching(uniformly continuous respectively)extension on the entire R and this extension
is a permissible modification of f .

Proof. For a complete ultra-metric spaceR the mappingg has the non-stretching (uni-
formly continuous) extension on the completion ofM which coincides with the closure
M̄ of M in R, sinceR andP are complete. The spaceP is complete, since it is ANRU
by Theorem 1.11 (see also Theorem 1.7 [Isb59], Theorems 8.3.6 and 8.3.10 [Eng86]).
For the embeddingR →֒ c0(L, A) with card(A) = w(R) by Theorem 1.4 it may be taken
due to Corollary 1.6 the disjoint clopen coveringV such that eachW ∈ V has the form
W = R∩B(c0(L, A),x, rW), whererW > 0, x ∈ R, supW∈V rW ≤ p− j (for each j ∈ N there
exists suchV).

In view of uniform continuity of f and uniformity of the polyhedronP there existsV
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such that for eachW from V there exists a simplexT ⊂ P with f (W) ⊂ T. The space
c0(L, A) has the orthonormal basis{ej : j ∈ A}. If f is linear on no any[a,b]⊂ R, then for
the construction ofg may be used lemma 2.14 or Theorem 1.16. This may be done with
the help of transfinite induction by the cardinality of sets of vertices of simplices fromP (or
using the Teichm̈uller-Tukey lemma) and with the modification of the proof of Lemmas 1
in [Fre37, Isb61]. In general letg(M̄) contains each zero-dimensional simplexT0 ⊂ P. If it
is not so, then there exists a pointb = f−1(T0) in which g is not defined. Iff is non-linear
on each[a,b]⊂ R with a ∈ M̄, theng(b) = f (b). If f is linear on such[a,b], then from
ρ(a,b) < ∞ it follows that [a,b] is homeomorphic with the compact ballB(L, a,ρ(b,a)) in
L and f ([a,b]) is homeomorphic withB(L, f (a),‖ f (b)− f (a)‖). Then inM̄ ∩ [a,b] = Y
there existsy such thatρ(y,a) = supx∈Y ρ(a,x) = t. The subspaceY is covered by the finite
number ofW ∈V. Fory 6= a, that ist > 0, f ([a,b]) is compact and is contained in the finite
number of simplexes fromP, consequently, there exists the permissible modification ofg
on [a,b] also.

Let E and F be two subsets inR. We denote bysp(E,F, f ) the subspace
cl((

⋃

(a∈E,b∈F, f |[a,b] is L− linear)[a,b])∪ E ∪ F) in R, wherecl(S) denotes the closure of

S in R for S⊂ R. If B = {q : f−1(T0) = q,T0 ⊂ P,g is not defined inq}, then by the
Teichm̈uller-Tukey lemma there exists the extension ofg on sp(M̄,B, f ) =: M0. Let
M j := sp(

⋃

i< j Mi ,B, f ), where B =
⋃

(T j is not the subset ofg(M)) T j , T j are simplexes
from P with the cardinality of sets of vertices equal toj, where j ≤ w(P). From Lemma
2.2 it follows that conditions 1.8.(5(i− iii)) may be satisfied onM j ∩R. Considering ver-
tices ofs from R∩ f−1(T j)\

⋃

i< j Mi we constructg on M j ⊂ R. SinceR →֒ c0(L, A), then
supj M j = R, whereM j are ordered by inclusion:M j ⊃ Mi for eachi ≤ j.

Henceforth, we assume that for uniformly continuous mappingf : Y → P are satisfied
Conditions 1.14 and 1.16, whereY ⊂ (X,ρ).

B.2.4. Lemma. Let f : M → P is irreducible, M and P are polyhedrons, N is a sub-
polyhedron in M, Q is a sub-polyhedron in P, f(N) ⊂ Q, then a mapping f: N → Q is
irreducible.

Proof. Let f : N → Q be reducible, that is there exists an permissible modification
g : N → Q with g(N) not contained inf (N), q∈ f (N)\g(N). In view of Lemma 2.3 there
exists the extensiong : M → P. Let r > 0 is sufficiently small andU := Nr = {y ∈ M :
there existsx ∈ N with ρ(x,y)≤ r} be ther-enlargement of the subspaceN such thatq /∈
g(Nr). SinceM andP are (uniform) polyhedra andf is (uniformly) continuous andU is
clopen inM, then there existsp j -subdivisionM′ and clopen polyhedronH with Nr/p ⊂ N ⊂
U ⊂ M′ such thath|H = g|H , M′ \H is the sub-polyhedron inM′, h|M\H = f |M\H . Then
q /∈ h(H) and from the irreducubility off it follows thatq /∈ f (M \H), consequently,h is
the permissible modification off andh(M) is not the subset off (M). This contradiction
lead to the statement of this lemma.

B.2.5. Lemma.Let f : M → P, M and P be polyhedrons overL. Then the condition of
irreducibility of f is equivalent to that each sub-polyhedron in Q⊂ P is essentially covered.

Proof. If f is irreducible, then due to Lemma 2.4 each sub-polyhedronQ is essentially
covered. Let vice versa eachQ is essentially covered andf has the permissible modification
g with P = f (m) not contained ing(M). From f (∂M) = g(∂M) and thatf is essential the
contradiction with{P is not contained ing(M)} follows, consequently,f is irreducible.

B.2.6. Lemma.Let P and M be polyhedrons. If f: M → P has only admissible modifi-
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cations, then f is irreducible.
Proof. From f (∂M) = g(∂M) and thatg is the permissible modification off it follows

that each sub-polyhedronQ from P is essentially covered due to lemma 3.3. In view of
Lemma 2.5f is irreducible.

B.2.7. Lemma. Let there is an inverse spectra S= {Rm, f m
n ,E} of polyhedra Rm over

L, f m
n are simplicial mappings, gl : Rl → P, gn = gl ◦ f n

l for a fixed l, fn = inv− limm f m
n ,

g = gl ◦ fl , R= inv− lim S, fn : R→ Rn, E is linearly ordered. If g: R→ P is reducible for
a polyhedron P, then for almost all n(that is, there exists k∈ E such that for each n≥ k)
gn : Rn → P are reducible.

B.2.8. Lemma. If f : M → N, g : N → T, f(M) = N, where M and N are polyhedra,
then from g is inessential(reducible)it follows f ◦g is inessential(reducible).

B.2.9. Lemma.Suppose that there is given an irreducible inverse mapping system S=
{Pm, f m

n ,E} of polyhedra Pm overL, M is closed in P= inv− lim S such that Mn := fn(M)
are sub-polyhedra in Pn and for each m> l permissible modifications gm

l for f m
l are given

(on the entire Pm) and for each n> m mappings gml ◦ f n
m are permissible modifications of

f m
l . Then the inverse mapping system SM := {Mn,gm

l ◦ f n
m,El} is irreducible, where El =

{n∈ E : n≥ l}.
Proof is analogous to the proofs of Lemmas IV.30.V-VII in [Fre37] using the preceding

lemmas (see also [Isb61]). Indeed, in Lemma 2.8, iff is L-linear on [a,b]⊂ M andg is
L-linear on[ f (a), f (b)], thenf ◦g is L-linear on[a,b]. In Lemma 2.9 from surjectivity and
irreducibility of f m

l it follows surjectivity and irreducibility ofgm
l ◦ f n

m due to Lemmas 2.4,
2.5 and 2.8. SinceEl is cof-inal withE, then for eachW open inM there existsV open in
P such thatW = M∩V.

B.2.10. Lemma. If T is a simplex from a pj -subdivision P′ of polyhedron P then for
each clopen neighborhood U⊃ T such that U is a sub-polyhedron in P′ there exists a
mapping k: P→ P such that k|U is simplicial and k(U) = T.

Proof. In view of Theorem 1.11 there exists the retractionr : P→U (it is uniform if P
is the uniform polyhedron), then analogously to the proof of Lemma VIII [Fre37].

B.2.11. Lemma. Let P be a polyhedron, f: M → P and g: M → P are two b-close
mappings(that is,ρ( f (a), f (b))≤ b for each a∈ M), then there exists k from lemma3.10
such that kg and f are b-close and kg is a permissible modification of f .

B.2.12. Lemma.Let f : P→ Q be a non-stretching mapping of a uniform polyhedron
P onto a uniform polyhedron Q overL. Then there exists a pj -subdivision P′ of P and a
normal mapping g: P→ Q such that g is a permissible modification of f .

Proof. For eachb > 0 in view of uniform continuity off there existsp j -subdivision
P′ of P and pi-subdivision ofQ and a simplicial mappingh : P′ → Q, which isb-close to
f . Indeed, simplexesT l ⊂ P′ are disjoint and clopen for them due to Lemmas 3 and 4
[Lud95] h can be chosen such that:(i) |h(e)− f (e)|< b for linearly independent vertices
el , j ∈ T l , that is,{(el , j −ei,0) : j ∈ Al} are linearly independent,el ,0 is a marked vertex from
T l , card(Al ) = dimL T l and(ii) h(Tl ) are simplexes inQ with diam(h(Tl ))≤ diam(Tl ) for
suitableb > 0 andpi-subdivisionQ′ of Q, whereh|T l are affine mappings for eachl . This
is possible due to uniformity of polyhedraP andQ. Takingg= k◦h, wherek is the suitable
mapping from Lemma 2.11 we get the desiredg.

B.2.13. Lemma. Let g be a permissible modification of f: R→ P and h: P → Q is
a normal mapping, where P and Q are uniform polyhedra. Then h◦ g is the permissible
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modification of h◦ f .
B.2.14. Lemma. Let {Pn, f n

m,E} = S be an irreducible inverse system of uniform
polyhedrons overL, M be closed in P= inv− lim S, Mn = fn(M) be sub-polyhedra in
Pn, {Qk,gk

l ,F} be an inverse spectra of polyhedra Qk, which appear by pj(k)-subdivisions

of Pn(k), gk
l be normal and permissible modifications of fn(k)

n(l) , where F is co-final with E,

Nk = gk(M), gk
l |Nk and gl |M are irreducible. Then Nk are polyhedra.

Proof follows from Lemmas 3.7-3.12 (see also [Fre37, Isb61]).
B.2.15. Lemma. Suppose that for a complete ultra-metric space R there is a non-

stretching mapping f: R→ P, f(R) = P, P is a uniform polyhedron overL. Then for
each b> 0 there exists a b-mapping g: R→ Q and Q is a uniform polyhedron overL such
that for sufficiently fine pj -subdivision Q′ of a polyhedron Q there exists a normal mapping
h : Q→ P and h◦g is a non-stretching permissible modification of f .

Proof. ForR there exists the embeddingR →֒ c0(L, A)with card(A) =w(R)by theorem
2.4 and a clopen neighborhoodS with R⊂ S⊂ R(r) that is a uniform polyhedron due to
Corollary 1.6, whereR(r) denotes ther = b/p-enlargement ofR. By Lemma 2.2 there
exists the sub-polyhedronQ with R⊂ Q ⊂ S and theb′-mappingg : R→ Q. If [a,z]⊂ S
and f |[a,z] is L-linear, then we can chooseg such that it is linear on[a,z] andg(a) 6= g(z)
when f (a) 6= f (z). From the completeness ofR and lemma 2.14 it follows thatf has the
non-stretching extensionf : S→ P. Then there areg, Q and non-stretchingh : Q→ P for
sufficiently smallr > 0 andb′ > 0. Forh due to Lemma 2.12 there exists the permissible
modification and normalk : Q′ → P such thath◦g(R) =P, f (∂R) =h◦g(∂R) for ∂R 6= 0,
that is, whenR contains simplexesT with dimL T > 0. Suchk, h andg may be constructed
on each simplexT from Q′ and then on the entire space.

B.2.16. Lemma.Suppose that R is a complete ultra-metric space, fn : R→ Pn are non-
stretching bn-mappings, Pn are uniform polyhedra overL, n ∈ E, E is an ordered set such
that for each b> 0 there exists l∈ E with 0 < bn < b for n> l. Then there exists a normal
irreducible inverse mapping system S= {Qm,gn

m,F}, F is co-final with E, inv− lim S= R,
Qm are sub-polyhedra of pj(m)-subdivisions of Pn(m) and gm are permissible modifications
of fn(m), where gn = inv− limngn

m : R→ Qm.
Proof. In view of Lemmas 2.5, 2.6, 2.13 and 2.14 it is sufficient at first to construct

S with non-stretching normal normal and surjective mappingsgm
n . This can be done due

Lemma 2.15 withgm
l ◦ fn(m) being non-stretching permissible modifications offn(l) and

inv− limmgm
l ◦ fn(m) are non-stretching permissible modifications offn(l).

B.2.17. Lemma. If the ultra-metric space(X,ρ) is isomorphic with inv−
lim{(Xm,ρm); f m

n ;F} and the following conditions are satisfied:
(1) for each m there are embeddings qm : Xm →֒ (E,ρ) into a complete space(E,ρ);
(2) fm : X → Xm are projections;
(3) (Xm,ρm) are ultra-metric spaces;
(4) there is given a family{bm > 0 : m∈ F}, bm ∈ ρ(X,X) and for each b> 0 the set

{m : bm > b} is finite, tm := infρ(x,y)>bm
ρ(qm(x),qm(y)), limmtm = 0, for each m> n and x

and the inequalityρ(qm(x),qn ◦ f m
n (x)) < tn is accomplished. Then the mappings qm◦ fm

converge uniformly to the embedding X→֒ E.
Proof. In view of Lemma 1.2 we may suppose thatρ(X,X) andρm(Xm,Xm) ⊂ Γ̃(Qp).

If x andy∈ X andρ(x,y)> bn, thenρ(qn◦ fn(x),qn◦ fn(y))≥ tn. From conditions(2,4,5)
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it follows the existence ofk such thatρ(qm◦ fm(x),qm◦ fm(y)) ≥ tn for eachm > k and
ultra-metricρ, consequently,q = inv− limmqm is the embedding, sinceρ(q(x),q(y))≥ tn.

B.2.18. Theorem. Let (X,P) be a complete ultra-metric space andL be a locally
compact field,L ⊃ Qp. Then there exists an irreducible normal expansion of(X,P) into
the limit of the inverse mapping system S= {Pn, f n

m,E} of uniform polyhedra Pn over L,
moreover, inv− lim S is isomorphic with(X,P), in particular for ultra-metric space(X,ρ)
the system S is the inverse sequence.

Proof. From Corollary 1.5 and Theorem 2.1 it follows the existence of the expansion of
(X,P) into the uniformly isomorphic limit of the inverse mapping systemR= {Yj , f j

i ,F} of
ANRU Yj with non-stretchingf j

i , whereYj are the complete ultra-metric spaces. EachYj is
closed in the finite products of the spacesc0(L, Ak). From Lemmas 2.2-2.17 it follows the
existence of the irreducible normal uniform polyhedral expansion for eachYj , moreover,
using the permissible modifications ofg j

i of f j
i and the same lemmas we can construct the

system of the entire space(X,P) with the same properties.
We consider further uniform coveringsV corresponding to the uniform polyhedra

P =
⋃

W∈V W, which due to theorem 2.11 are ANRU. Letρ be the ultra-metric inX and
ρ(X,X) ⊂ Γ̃(L). We can associate withV a pk-nerve withk ∈ Z, that is, an abstract sim-
plicial complexNk vertices of which are elements fromV. Its simplexes are the spans of
(pulled on) verticesWj satisfyingρ(Wj ,Wi) ≤ pkb, whereb = supW∈V diam(W) < ∞, each
rib [Wj ,Wi ] from s has the lenghts no less thant = infWj 6=Wi∈V ρ(Wj ,Wi) > 0. Then from
Nk →֒ c0(L, Ak) with card(Ak) = w(Nk) it follows that eachs is uniformly isomorphic with
some ballB(c0(L, A),0,1), wherecard(A) = m≤ w(Nk). With eachV is associated the
equivalence relation:xRy if and only if there existsW ∈ V such thatx andy ∈ W. Since
V is disjoint and clopen, then the quotient mappingf : X → X/R is defined. With eachV
is associated the partition of the unity{ fW : W ∈ V}, fW : X → B(L, 0,1), fW(x) = 1 for
x∈W and fW(x) = 0 for x /∈W, { fW : W ∈V} is subordinated toV. There are the canonical
non-stretching mappingsFk : X → Nk. If X is compact, thenX/R is the finite discrete space
anddimL Nk = n∈N. Into eachV may be refined a disjoint clopen uniform coveringK with
supW∈K diam(W) ≤ bp− j , where j ∈ N. That is,V has the uniform strict shrinking.

We can consider the sequence of such shrinkings:Vm+1⊂Vm with bm = bp−m, where
m∈ N. With eachVm is associatedpk(m)-nerveNk(m). Let k(m)≥−m,k(m+1)≤ k(m) for
eachm∈ N and limm→∞k(m) =−∞. If x is an isolated point inX, then there existsn∈ N
with max(bn, pk(n)bn) < infy∈X\{x} ρ(x,y). Then the simplexs⊂ Nk(m) with x∈ sandm≥ n
is zero-dimensional overL, that is,s= {x}.

By the construction ofNk for each simplexsm+1 ⊂ Nk(m+1) there existssm ⊂ Nk(m)

with f m+1
m (sm+1) ⊂ sm, where f j

i are the bonding mappings of the inverse sequence
S= {Nk(m), f m

i ,n). Each f m+1
m is non-stretching, since decreases the distance at least into

p times andbm/bm+1 ≥ p. If x 6= y, then there existsn with max(bn,bnpk(n)) < ρ(x,y),
consequently, for eachm> n there are disjoint simplexess ands′ ⊂ Nk(m) with x ∈ s and
y∈ s′. Therefore, there exists the uniformly continuous mappingg : X → inv− lim S, where
g(x) = inv− limm{sm, f m

i } andsm ∋ x for eachm∈ N. Therefore, the uniformly continuous
projectors fm : X → Nk(m) are defined, since for eachb > 0 there existsr ∈ N such that
bmpk(m+r)−k(m) < b and fm(W) = f m+r

m ◦ fm+r(W) anddiam(fm(W)) < b, whereW ∈Vm+r,
fm+r(W) belongs to clopen star of the corresponding vertexv ∈ Nk(m+r). Further as in
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Lemma IV.33 in [Isb64] we can verify thatg(X) = inv− lim Sandg is the uniform isomor-
phism.

Evidently, dimL Nk(m) may be from 0 fork(m) =−m up to card(A) with card(A) =
w(X). Fork(m)> −m in the inverse sequenceS the mappingsf m+1

m may map simplexess
from Nk(m+1) into simplexesq from Nk(m) of lower dimension overL, for example, when
Wm+1⊂ Wm, Wm ∈ Vm, Wm = B(c0(L, A j),x, r), Wm+1 = B(c0(L, An),x′, r/p), card(An) >
card(X/Rm)≥ dimL Nk(m)≥ card(A j), sincedimL Nk(m+1)≥ card(An) for k(m+1)>−m−
1.

For the complete ultra-uniform space(X,P) we can consider the base of uniform
coverings{Vn

ρ : n ∈ N,ρ ∈ P), where eachVn
ρ is given relative to the consideredρ,

S= {Nρ,k(m), f ρ,k(m)
ρ′,k(m′),P×N}. To eachVm

ρ there correspondsNρ,k(m); ρ′ ≤ ρ if and only
if ρ′(x,y)≤ ρ(x,y) for eachx andy∈ X; (ρ′,m′) ≤ (ρ,m) if and only if ρ′ ≤ ρ andm′ ≤ m.
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(1999)

[Lud99s] Ludkovsky, S.V.: Non-Archimedean polyhedral expansions of ultrauniform
spaces.Russ. Math. Surv.,54: 5, 163–164 (1999) (detailed version:Los Alamos
National Laboratory, USA. Preprintmath.AT/0005205, 39 pages, May 2000)

[Lud99t] Ludkovsky, S.V.: Measures on groups of diffeomorphisms of non-Archimedean
manifolds, representations of groups and their applications.Theoret. and Math. Phys.,
119: 3, 698–711 (1999)

[Lud00a] Ludkovsky, S.V.: Quasi-invariant measures on non-Archimedean groups and
semigroups of loops and paths, their representations. I, II.Annales Math. B. Pascal,
7: 2, 19–53, 55–80 (2000)

[Lud00d] Ludkovsky, S.V.: Quasi-invariant measures on loop groups of Riemann mani-
folds.Russ. Acad. Sci. Dokl.,370: 3, 306–308 (2000)

[Lud00f] Ludkovsky, S.V.: Non-Archimedean polyhedral decompositions of ultrauniform
spaces.Fundam. i Prikl. Math.6: 2, 455–475 (2000)

[Lud01f] Ludkovsky, S.V.: Stochastic processes on groups of diffeomorphisms and loops
of real, complex and non-Archimedean manifolds.Fundam. i Prikl. Math., 7: 4,
1091–1105 (2001)

[Lud01s] Ludkovsky, S.V.: Representations of topological groups generated by Poisson
measures.Russ. Math. Surv.,56: 1, 169–170 (2001)

[Lud02a] Ludkovsky, S.V.: Quasi-invariant and pseudo-differentiable real-valued mea-
sures on a non-Archimedean Banach space.Analysis Math.,28, 287–316 (2002)

[Lud02b] Ludkovsky, S.V.: Poisson measures for topological groups and their representa-
tions.Southeast Asian Bull. Math.,25: 4, 653–680 (2002)

[Lud0321] Ludkovsky, S.V.: Stochastic processes on non-Archimedean Banach spaces.
Int. J. of Math. and Math. Sci.,2003: 21, 1341–1363 (2003)

[Lud0341] Ludkovsky, S.V.: Stochastic antiderivational equations on non-Archimedean
Banach spaces.Int. J. of Math. and Math. Sci.,2003: 41, 2587–2602 (2003)

[Lud0348] Ludkovsky, S.V.: Stochastic processes on totally disconnected topological
groups.Int. J. of Math. and Math. Sci.,2003: 48, 3067–3089 (2003)



196 References

[Lud03s2] Ludkovsky, S.V.: Quasi-invariant and pseudo-differentiable measures on non-
Archimedean Banach spaces.Russ. Math. Surv.,58: 2, 167–168 (2003)

[Lud03s6] Ludkovsky, S.V.: A structure of groups of diffeomorphisms of non-
Archimedean manifolds.Russ. Math. Surv.,58: 6, 155–156 (2003)

[Lud03b] Ludkovsky, S.V.: A structure and representations of diffeomorphism groups of
non-Archimedean manifolds.Southeast Asian Bull. of Math.,26, 975–1004 (2003)

[Lud04a] Ludkovsky, S.V.: Quasi-invariant and pseudo-differentiable measures on non-
Archimedean Banach spaces with values in non-Archimedean fields.J. Mathem. Sci-
ences,122: 1, 2949–2983 (2004)

[Lud04b] Ludkovsky, S.V.: Stochastic processes and antiderivational equations on non-
Archimedean manifolds.Int. J. of Math. and Math. Sci.,31: 1, 1633–1651 (2004)

[Lud05] Ludkovsky, S.V.: Non-Archimedean valued quasi-invariant descending at infinity
measures.Int. J. of Math. and Math. Sci.,2005: 23, 3799–3817 (2005)

[Lud06] Ludkovsky, S.V.:Semidirect Products of Loops and Groups of Diffeomorphisms
of Real, Complex and Quaternion Manifolds and Their Representations.Nova Science
Publishers, Inc., New York (2006)

[Lud08] Ludkovsky, S.V.: Topological transformation groups of manifolds over non-
Archimedean fields, representations and quasi-invariant measures.J. Mathem. Sci.,
147: 3, 6703–6846 (2008); II150: 4, 2123–2223 (2008) [Transl. from: Part I (Chap-
ters 1 and 2) inSovrem. Math. i ee Pril.39 (2006); Part II (Chapters 3-5) inSovrem.
Mathem. Fundam. Napravl.18, 5-100 (2006)]

[LD02] Ludkovsky, S., Diarra, B.: Spectral integration and spectral theory for non-
Archimedean Banach spaces.Int. J. Math. and Math. Sci.,31: 7, 421–442 (2002)

[LD03] Ludkovsky, S., Diarra, B.: Profinite and finite groups associated with loop and
diffeomorphism groups of non-Archimedean manifolds.Int. J. Math. and Math. Sci.,
2003: 42, 2673–2688 (2003)

[LK02] Ludkovsky, S.V., Khrennikov, A.: Stochastic processes on non-Archimedean
spaces with values in non-Archimedean fields.Markov Processes and Related Fields,
8, 1–34 (2002)

[Mad91a] Ma̧drecki, A.: Some negative results on existence of Sazonov topology inl -adic
Frechet spaces.Arch. Math., 56, 601–610 (1991)

[Mad91c] Ma̧drecki, A.: Minlos’ theorem in non-Archimedean locally convex spaces.
Comment. Math. (Warsaw),30, 101–111 (1991)

[Mad85] Ma̧drecki, A.: On Sazonov type topology inp-adic Banach space.Math. Zeit.,
188, 225–236 (1985)



References 197

[Mil84] Milnor, J.: Remarks in infinite-dimensional Lie groups, 1007–1057. In: Relativity,
groups and topology.II. Stora, R., Witt, B.S. De (eds). Les Hauches, 1983. Elsevier
Sci. Publ., Amsterdam (1984)

[MS63] Monna, A.P., Springer, T.A.: Integration non-archimedienne.Indag. Math., 25,
634–653 (1963)

[Nai68] Naimark, M.A.:Normed Rings.Nauka, Moscow (1968)

[NB85] Narici, L., Beckenstein, E.:Topological Vector Spaces. Marcel Dekker Inc., New
York (1985)

[Ner88] Neretin, Yu.A.: Representations of the Virasoro algebra and affine algebras, 163–
230. In: Itogi Nauki i Tech. Ser.Sovr. Probl. Math., Fund. Napravl.,22. Nauka,
Moscow (1988)

[Pas65] Pasynkov, B.A.: About spectral expansions of topological spaces.Mathem. Sborn.,
66: 1, 35–79 (1965)

[Pie65] Pietsch, A.:Nucleare Lokalkonvexe Räume. Akademie-Verlag, Berlin (1965)
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